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Abstract

We give some characterizations of semicomputability of sets of reals by programs
in certain While programming languages over a topological partial algebra of reals
R. We show that such sets are semicomputable if and only if they are any of the
following;:

(i) unions of effective sequences of disjoint algebraic open intervals;

(ii) unions of effective sequences of rational open intervals;

(iii) unions of effective sequences of algebraic open intervals.

For the equivalence (i), the While language must be augmented by a strong
(Kleene) OR operator, and for equivalences (ii) and (iii) it must be further augmented
by a strong existential quantifier over the naturals ( WhileV).

We also show that the class of While N semicomputable relations on reals is closed
under projection. The proof makes essential use of the continuity of the operations

of the algebra.
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Chapter 1

Introduction

1.1 Background

Our research in this thesis is based on computations by high level programming lan-
guages featuring the Whale construct over many-sorted topological partial algebras.
An algebra A is a finite family of sets

Ay oy A

n

called carriers of sort sy, $s,...,S,, and a finite set of operations (total or partial
functions) defined over these sets'.

An algebra is said to be standard if it contains the sort of booleans and standard
boolean operators. It is N-standard if in addition, it contains the sort of naturals and
the standard arithmetic operations.

Classical computability theory on naturals has been studied since the 1930’s.

'We consider constants to be 0-ary functions.
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There are many extensions of this theory to abstract structures.

One of these extensions has been the investigation of total (non-topological) alge-
bras of reals [BCSS98]. A detailed discussion of such extensions is given in [TZ00]. We
have adapted many of the definitions and proofs from [TZ00] to fit partial topological
algebras.

There are two kinds of computational models for algebras: abstract and concrete.
Abstract models are independent of the representations of the data type of the al-
gebras while concrete models are dependent on such representations. The While
language is an example of an abstract model. Examples of concrete models over R
are the classical computable analysis of Pour-El and Richards [PER89], and TTE
(Type-2 Theory of Effectivity) of Weihrauch [Wei00]; both these models represent
reals as effective Cauchy sequences of rationals, and their equivalence follows from
the results in [SHT99].

Some work in bridging the gap between abstract and concrete models is made in
[TZ04a, TZ04b].We will discuss this issue again in §6.2.

In the studies of computability theories, we assume the continuity principle [TZ799,

TZ04a:

Computability =  Continuity

(This principle is ignored in [BCSS98].)

The While programming language is an imperative language with the basic op-
erations of concurrent assignments, sequential composition, conditional and ‘while’
loops. The syntax and semantics of the While language are strictly defined, using

“algebraic operational semantics”.



1. Introduction 3

We will focus on an N-standard topological partial algebra R, which is formed by
the “N-standardization” of the ring of reals, by adding the two boolean valued partial

operations:
. ™2
eqp, less, : R® — B

It follows from the continuity principle that these operations have to be partial.
(This is because the real numbers are connected and the booleans are discrete, so the
only total continuous functions from real to boolean are constants.)

Abstract models of computations such as the While language, with partial basic
operations on R, suffer from a limitation, namely the inability to implement interleav-
ing or dovetailing. The problem is that when interleaving two processes, one process
may converge and the other diverge locally (because of the partial basic operations).
The resulting process will then diverge, whereas we would want it to converge. Thus
we cannot even prove that the union of two semicomputable sets is semicomputable!
(Concrete models do not have this limitation.)

To correct this deficiency, we establish two enhancements of the While language
and construct two new languages: While®R and While3N.

In the While®R language, we introduce a strong (Kleene) disjunction operation
OR, which converges to true if either component converges to true, even if the other
one diverges. By means of this, interleaving of finitely many processes can be simu-
lated at the abstract level.

The Whilea language includes a strong ‘Exist’ construct over the naturals:

x® = Exist z: P(t,z)
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where z : nat and P is a boolean-valued procedure. By means of this, interleaving of
infinitely many processes can be simulated at the abstract level.

We will study the structure of semicomputable sets in R, where a set is said to
be (for example) While semicomputable if it is the domain of a While computable

function, or the halting set of a Whaile procedure.

1.2 Objectives

In this thesis, we will prove certain structure theorems for semicomputable sets in R.

For sets of reals:

(1) While®R semicomputable over R~ <=

countable union of effective sequence of disjoint algebraic intervals.?3

(2) While™ semicomputable over R =~ <=

countable union of an effective sequence of algebraic intervals.

(3) While™ semicomputable over R <=

countable union of an effective sequence of rational intervals.*
We have no structure theorem for While semicomputability, only a partial result:
(4) For sets of reals:

(a) While semicomputable = countable union of effective sequence of

rational intervals;

2By “interval” we will always mean open interval of reals.
3An algebraic interval is an interval between two algebraic numbers (roots of polynomials).
4A rational interval is an interval between two rational numbers.
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(b) countable union of an effective sequence of disjoint rational intervals =

While semicomputable

Notice that in (1) and (4), we need disjointedness because the While and While°R
languages cannot implement interleaving on infinitely many of processes over partial
algebras. For that we need the ‘Exist’ construct, as in (2) and (3).

The main steps in proving these results are:

(a) Engeler’'s Lemma, which states (roughly) that a semicomputable set can be
expressed as the disjunction of an effective sequence of booleans. It is proved

by constructing a computation tree for the procedure being considered.

(b) The Canonical Form Lemma for booleans over R, which states that a boolean
term over R can be expressed as a finite disjunction of finite conjunctions of

polynomial inequalities.’?

(¢) The Characterization Lemma for booleans over R, which states that a boolean
term with only one real variable defines a union of finitely many algebraic in-

tervals.

Note that Engeler’s Lemma applies to all standard partial algebras, whereas the
Canonical Form Lemma and Characterization Lemma apply only in special cases,
such as While computability on R.

R)

The sequence of booleans given by Engeler’s Lemma for While(©®6 has a seman-

tic disjointedness property, which is used in the “==" direction of the proof of (1).

A polynomial inequality is a boolean term p(z) > 0, where p(z) is a polynomial with integer
coefficients.
6 While(°®) means that the case fits both the While and While®R languages.
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This property does not hold for While3N, because of the special nature of the asso-

ciated “computation hypertree”, which is not strictly a tree, but a directed acyclic

graph (DAG).

1.3 Overview of the thesis

Chapter 2 gives the fundamental definitions of signature, algebra, standard and N-
standard algebra and topological partial algebra, and a description of the topological
partial algebra R, which is used throughout the thesis.

In Chapter 3, we give the syntax and semantics of the While, While®R and
While3N languages. Our semantic definition follows the algebraic operational se-
mantics of [TZ00].

Chapter 3 also defines the notions of computability, relative computability, semi-
computability and projective semicomputability over the While language and its
variants.

In Chapter 4 we prove Engeler’s Lemma for the While, While®R and While N
languages over N-standard partial algebras.

To prove this Lemma, two kinds of computation trees are constructed, one for the
While©R) languages and the other, the “hypertree” for the While3N language.

This chapter was found to be the most mathematically challenging of the thesis.

Chapter 5 gives the main results of the thesis, namely the Structure Theorems,
listed in §1.2.

Finally, this chapter also gives a proof of the theorem that While3N semicom-
putability on R is closed under projection, i.e., a projection of a While®N semicom-

putable set in R is again While®N semicomputable. This result is interesting because
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it does not hold in general over many-sorted algebras; projective semicomputability
is generally more powerful (and less algorithmic) than semicomputability [TZ00]. We

do not know if the result also holds for While and While®°R.



Chapter 2

Basic Concepts

In this chapter, we introduce the basic concepts used in this thesis, including sig-
nature, partial algebras, standard algebras, N-standard algebras, array algebras and
topological algebras. We give examples of such algebras, specifically, the topological
partial algebra R of real numbers, which will be central to our investigations.

Most of the material in this chapter is taken from [TZ99, TZ00], adapted to partial

algebras.

2.1 Signatures

Definition 2.1 (Many-sorted signatures). A many-sorted signature X is a pair
(Sort(X), Func (X)) where

(a) Sort(X) is a finite set of sorts.

(b) Func (X)) is a finite set of (primitive or basic) function symbols

F:si X oo X8, —s (m >0)

8
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Each symbol F has a type s; X -+ X s, — s, where m > 0is the arity of F, and
S1,.-+,8m € Sort(X) are the domain sorts and s € Sort(Y) is the range sort

of F. The case m = 0 corresponds to constant symbols; we then write F : — s.

Definition 2.2 (Product types over X). A product type over X, or X-product
type, is a symbol of the form sy x --- x s, (m > 0), where s1,...,s,, are sorts of

X, called its component sorts. We write u,v,w ... for Y-product types.

For a Y-product type u and X-sort s, let Func(Y), _ s denote the set of all

JY-function symbols of type u — s.

Definition 2.3 (Function types). Let A be a Y-algebra. A function type over X,
or X-function type, is a symbol of the form u — s, with domain type u and range
type s, where u is a Y-product type. We define Func Type (X)) to be the set of

Y -function types, denoted 7, 7/, ....

Definition 2.4 (X-algebras). A Y-algebra A has, for each sort s of X a non-
empty set Ay, called the carrier of sort s, and for each X-function symbol F :

§1 X -+ X 8y, — S, a (not necessarily total) function FA . Agy X - X A, — Al

For a Y-product type u =s; X -+ X §,,,, we define

A" =g Ag XX A

Sm *

Thus z € A* iff = = (21,...,2,), where z; € A;, for i =1,...,m. So each
Y-function symbol F : u — s has an interpretation F* : A% — A,. If u is empty,

i.e., F is a constant symbol, then F? is an element of A,.

'We use ‘—’ to denote partial functions.
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The algebra A is total if F* is total for each Y-function symbol F. Without such
a totality assumption, A is called partial. In this thesis we deal mainly with partial
algebras.

We will write X (A) for the signature of an algebra A.

Example 2.5 (Booleans). The signature of booleans is of fundamental importance.

It is defined as

signature X(B)

sorts bool

functions true, false : — bool,
and, or : bool> — bool,

not : bool — bool

The algebra B of booleans contains the carrier B = {tt, ff} of sort bool, and, as
constants and functions, the standard interpretations of the function and constant

symbols of X(B).

Y

Note that for convenience, we use ‘A’; ‘V’ (in infix) and ‘=’ in place of ‘and’ ‘or’

and ‘not’ respectively.
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Example 2.6 (Naturals). The signature of naturals is defined as

signature X (Np)
sorts nat
functions 0: — nat,

suc : nat — nat

The corresponding algebra of naturals Ny consists of the carrier N={0,1,2,...} for

sort nat and functions ON : — N, sucN:N — N.

Definition 2.7 (Reducts and expansions). Let X and X’ be signatures.

(a) We write X C 3’ to mean Sort(Y) C Sort(X’) and Func (X) C Func(X').
(b) Suppose X C X', Let A and A’ be algebras with signatures 3 and X’ respectively.

e The Y-reduct A'lx, of A’ is the algebra of signature X, consisting of the
carriers of A’ named by the sorts of X' and equipped with the functions of

A’ named by the function symbols of X

o A'is a X'-expansion of A if and only if A is the Y-reduct of A.

Definition 2.8 (Y-variables). For each Y-sort s, there are (program) variables

a® b® ...,x% y° ... of sort s. Let Vary(Y) be the class of variables of sort s, and

Var(X) be the class of all Y-variables, x,y,....

Definition 2.9 (X-terms). Let Term(X) be the class of Y-termst, ..., and Term4(X)

the class of X-terms of sort s, defined by

t* = x*|F (¢, ... 6 |if b then t] else ¢ fi
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where F € Func (X), 5, u =81 X -+ X 8, b is a boolean term, i.e., a term of sort
bool. (We are assuming here that bool C Sort(X)). We write ¢ : s to indicate that

t € Term,. Further,

We write Term Tup(X') for the class of all tuples of distinct Y-terms, and for

U =581 X ... X S, Term Tup, for the class of u-tuple of terms, i.e.,

Term Tup, =4 Term, x ... x Term,

we write ¢ : u to indicate that ¢ is a u-tuple of terms, i.e., a tuple of terms of sorts

S1y++-438m-

We will often write Var for Var(XY), Term for Term(X), etc.

Definition 2.10 (Closed terms over X). We define the class T'(X') of closed terms
over X, and for each X-sort s, the class T'(X)s of closed terms of sort s. These are

generated inductively by the rule:

t* = F(t7, ... tm)|if b then t] else ¢ fi

where F € Func (X), s u =81 X -+ X Sy, t;" are closed terms for 1 <7 < m and b

is a boolean closed term,

Note that the implicit base case of this inductive definition is the case that m = 0,
which yields: for all constants c: — s, ¢() € T(X),. In this case we write c instead

of ¢(). Hence if X contains no constants, T'(X) is empty.
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Definition 2.11 (Value of closed terms). For a Y-algebra A and t € T (X),, we

define the value t4 € A, of t in A by structural induction on ¢:

F(ti, s tm)a = FHN () 4y, () a)

(tl)A if bA = tt,
(if bthen ty else ty fi)4 == ¢ (ty)4 if by = fF,

T otherwise;

where “7”7 means the evaluation diverges or is undefined, (and correspondingly, “|”
means the evaluation converges) and “~” means that either both sides diverge or
converge to same value.

In particular, for m=0, i.e., for a constant ¢ : — s, ¢4 = ¢
Definition 2.12 (Default terms; Default values).

(a) For each sort s, we pick a closed term of sort s, selected by the instantiation
assumption. We call this the default term of sort s, written 6°. Further, for
each product type u = s; X -+ X s, of X, the default (term) tuple of type u,
written 8%, is the tuple of default terms (6™,...,8%").

(b) Given a XY-algebra A, for any sort s, the default value of sort s in A is the
value 6% € A, of the default term 0°;(which assigned by the instantiation
assumption), and for any product type u = s; X -+ X 8, the default (value)

tuple of type u in A is the tuple of default values 8% = (8% ,...,0%") € A"
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Assumption 2.13 (Instantiation). In this thesis, we will assume: For each X-sort

s, there is a closed term ¢ : s such that for each Y-algebra with which we deal, t4 |.

2.2 Standard signatures and algebras

Recall the algebra B of booleans defined in Example 2.5.
Definition 2.14 (Standard signatures). A signature X' is standard if ¥(B) C X.

Definition 2.15 (Standard algebras). Given a standard signature X, a Y-algebra

A is a standard algebra if it is an expansion of B.

Any many-sorted signature X can be standardized to a signature 2B, by adjoining
the sort bool together with the standard boolean operations; and, correspondingly,

any algebra A can be standardized to an algebra AB by adjoining the algebra B.

Assumption 2.16 (Standardness). In this thesis, we will assume:

All signatures X and X-algebras A are standard.

2.3 N-standard signatures and algebras

We standardize and extend Ny to include equality (eqV) and order (less") on the

naturals.



2. Basic Concepts

15

Example 2.17 (Naturals with order). The signature of the standard algebra N

of the naturals is defined as

signature

import

functions

Z(N)
No, B

eqV, lessN :

nat? — bool

Definition 2.18 (N-standard signature). A standard signature X is called N-

standard if

SIN)C ¥

Definition 2.19 (N-standard algebra). The corresponding Y-algebra A is N-

standard if it is an expansion of N.

Any many-sorted standard signature X can be N-standardized to a signature XN,

by adjoining the sort nat together with the standard arithmatic operations; and,

correspondingly, any standard algebra A can be N-standardized to an algebra AN by

adjoining the algebra N.
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2.4 Topological partial algebras

Definition 2.20 (Continuity). Given two topological spaces X and Y, a partial

function f : X — Y is continuous if for every open V C Y,
V] =4 {z € X|r € dom(f) and f(x) € V}

is open in X.
Remarks 2.21.
(a) dom(f) = f~1[Y] is open in X because Y is open.

(b) We will see that R (defined in Example 2.24), like all topological algebras, satisfies
the Continuity Principle [TZ99, Chapter 6].

Computability =  Continuity.

In other words, we assume that all computable functions are continuous.?

Definition 2.22 (Topological partial algebra). A topological partial algebra is
a partial X-algebra with topologies on the carriers such that each of the basic X-

functions is continuous.

Definition 2.23 (N-standard topological partial algebra). An N-standard topo-
logical partial algebra is a topological partial algebra which is also an N-standard
algebra, such that the carriers B and N have the discrete topologies and the carrier

R has the usual (Euclidean) topology.

2We note that all the well known concrete models over R [PER89, Wei00] satisfies this principle.
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Examples 2.24 (Real algebras). The ring of reals Ry has a carrier R of sort real:

algebra Ro

carriers R

functions 0,1: — R,
+,x :R* S5 R,
—: R*>R

Next we standardize and N-standardize Ry to form the N-standard real algebra

B,N
RO

algebra ~ RBN
import R,,N

carriers R

Note that B C N.

Then we further expand Rg N to a partial algebra:

algebra R

import REN

functions Iessp:R2 —B
eq,:R* —~B
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where less;, : R* ~ B, and eq, : R? — B are partial functions defined by:?

t ifx<y
lessp(7,y) = f if x>y
T ifx=y
T ifx=y
eqp(7,y) =
ff ifx#y
We will sometimes use the infix ‘<’ and ‘=’ for ‘less,” and ‘eq,’” respectively.

The motivation for the above definition of less, and eq, was to make these functions

continuous, in accordance with the Continuity Principle, as discussed in §1.1.

3These definitions are motivated by the properties of theses operations in the concrete models
[PERR9, Weil0].
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The algebra R becomes a topological partial algebra by giving R its usual topology,

and B and N the discrete topology. This topological partial algebra will be central to

our investigation in this thesis. Because of its importance, we write it out in full:

algebra
carriers

functions

R

R,B,N

0,1: =R,

+,x: R? >R,
—: R*>R
less,: R? =B

eq,: R —B

true, false: — bool
and, or: bool* —bool
not: bool—bool
oN: —N

sucN: N—N

lessM: N* —B

eqV: N2 B

Remark 2.25. The algebra R satisfies the Instantiation Assumption 2.12. We take

the default values to be Greal = 0, Onat =0V, and dpoo = false.



Chapter 3

While computation on standard

partial algebras

In this chapter we study a number of high level programming languages based on the
‘while’ construct, applied to a standard signature 2. We also give semantics for these
languages relative to a partial Y-algebra A, and define the notions of computability,
semicomputability and projective semicomputability for these languages on A. Most
of the definitions are adapted from [TZ00], for partial algebras.

The chapter begins by defining the syntax and semantics of the imperative While
programming language. Then (in Section 3.9) we extend this language with special

programming constructs to form two new languages: While®® and While3N.

3.1 Syntax of While(XY)

We define the syntax of the While programming language over the signature 3.

20
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Definition 3.1 (Atomic statements). AtSt(Y) is the class of atomic statements
Sat, ..., defined by:

Sat i=skip | x 1=t

where x :=t is a concurrent assignment, i.e., for some product type u, x is a tuple of

distinct variables of type u and ¢ : w.

Definition 3.2 (Statements). Stmt(Y) is the class of statements S, ..., generated

by:

S =S | S1; So |if bthen Sy else Sy fi | while b do Sy od

Definition 3.3 (Procedures). Proc(Y) is the class of procedures P,Q, ..., which

have the form:

P = proc D begin S end

where D is the variable declaration and the statement S is the body. Here D has the

form

D=ina:uwuoutb:vauxc:w

where a, b and ¢ are tuples of input variables, output variables and auziliary variables

respectively.
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We stipulate:
(1) a, b and c each consist of distinct variables, and they are pairwise disjoint,

(11) every variable occurring in the body S must be declared in D (among a, b or

c). !

If a:u and b: v, then P is said to have type u — v, written P : u — v. Its input
type is u and output type is v. We write Proc(X),_., for the class of Y-procedure of

type u — wv.

Notations 3.4.

(1) We write Stmt for Stmt(Y), etc.

(77) We will often drop the sort superscript or subscript s.

(737) For any expression E, we define Var(E) to be the set of variables in E.

(7v) We use ‘=’ to denote syntactic identity between two expressions.

3.2 States

Definition 3.5 (State). For each standard Y-algebra A, a state on A is a family

(05| s € Sort(X)) of functions

os: Var, — A,.

Let State(A) be the set of states on A, with elements o, ... .

IThis will not hold for the auxiliary variable in the ‘Exist’ construct to be described below. (See
Remarks 3.22(b).)
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Notation 3.6. For x € Var,, we write o(x) for o4(x). Also, for a tuple x =

(X1, -, Xm), we write o[x] for (o(x1),...,0(xnm)).

Definition 3.7 (Variant of a state). Let o be a state over A, x = (x1,...,%,) : u
and a = (a,...,a,) € A* (for n > 1). We define o{x/a} to be the state over A
formed from o by replacing its value at x; by a; for « = 1,...,n. That is, for all

variables y:

o if x;fori=1,...,n
olxfayy) = { TV T

a; if y=x,.

3.3 Semantics of terms

For t € Term,, we define the function
[1]*: State(A) — A,

where [{]?o is the value of ¢ in A at state o.

The definition is by structural induction on ¢:

FA[L]40, ... [tm]?o) if [t]%e] for 1<i<m

=
n
~
-
“&k
3
~—
—_
b
Q
12

T otherwise
[t:]%e if [p]%o |t
[if bthen ¢, else t, fi]'0 =~ [ta] Ao if [b]40 | fF

T otherwise.
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For a tuple of terms t = (t1,...,t,), we use the notation

1Y =4 ([t]4,. .., [tm]" o).

Remarks 3.8.

(a) For a closed term t, [t;]"c = t as defined in Definition 2.11, as can easily be

proved by structural induction on t.

(b) Evaluation of X-functions is strict, i.e., in the evaluation of a term F(tq,...,¢,,)

at state o, if any of the subterm t; diverges at o, the result diverges.

Definition 3.9. For any M C Var, and states o1 and 0y, 01 & 0y (rel M) means

for all x € M, 01(x) = 0a(x).

Lemma 3.10 (Functionality lemma for terms). For any term t and states o4

and oy, if o1~ 0y (rel Var(t)), then [t]%or ~ [t]"0s.

Proof. By structural induction on t. O

3.4 Algebraic operational semantics

Algebraic operational semantics is a general method for defining the meaning of a
statement S, in a wide class of imperative programming languages, as a partial state

transformation.

[S]*: State(A) — State(A).
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We define this via a (partial) computation step function
Comp™ : Stmt x State(A) x N —~ State(A) U {x}

The idea is that Comp™(S,0,n) is the n'™ step, or the state at the n™ time
cycle, in the computation of S on A, starting in state o.

The symbol “*’ is a new object which indicates that the computation is over. Thus
if for any n, Comp®(S,0,n) = *, then for all m >n Comp™(S,o,m) = *.

Similarly, if for some n, Comp”(S,o,n)7] , then for all m > n, Comp™(S,o,m) |

Assume first, that for the language under consideration there is a class AtSt C

Stmt of atomic statements for which we have a (partial) meaning function
(S)*: State(A) — State(A)
for S € AtSt; and secondly, that we have two functions

First : Stmt — AtSt

Rest? : Stmt x State(A) — Stmit,

where, for a statement S and state o, First(S) is an atomic statement which gives
the first step in the execution of S (in any state), and Rest (S, o) is a statement

which gives the rest of the execution in state o.
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Then, we define the “one-step computation of S at ¢” function

Comp? : Stmt x State(A) — State(A)

Comp?(S,0) ~ (First(S))"o.

Finally, define the computation step function Comp™ by a simple recursion on n:

Comp”(S,0,0) = o
x if n > 0 and S is atomic
Comp™(S,o0,n+1) =~ Comp”(Rest (S, o), Comp:(S,0),n)

otherwise.

Note that for n = 1, this yields
Comp?(S,0,1) ~ Compi(S,0).

If we put 0, = Comp”(S,0,n), then the sequence of states
0 =00, 01, 02, .., Op, ...

is called the computation sequence generated by S at o. There are three possibilities
for the sequence:

(a) it terminates in a final state o;, where Comp™(S, 0,1+ 1) = *;

(b) it is infinite (global divergence);
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(¢) it is undefined from some point on (local divergence).

In case (a) the computation has an output, given by the final state; in case (b)
the computation is non-terminating, with infinitely many computation steps, and
has no output; and in case (¢) the computation is also non-terminating, and has no
output, because the state at one of the computation steps is undefined, as a result of
a divergent computation of a term.

Now we are ready to derive the i/o (input/output) semantics. First we define the

length of a computation of a statement S, starting in state o, as the function

CompLength” : Stmt x State(A) -~ N

least n s.t. Comp”(S,o0,n+1) = *
Comp Length”(S,0) = if such an n exists

T otherwise.

Note that Comp Length”(S, )] in case (a) above only. Then, we define
[S]*(6) ~ Comp™(S,o, CompLength”(S,0)).

Lemma 3.11 (Functionality lemma for computation steps). Suppose that

Var(S)C M. If oy =~ oy (rel M), then for alln >0,
Comp™(S,01,n) ~ Comp™(S,04,n) (rel M)

Proof. By induction on n, using Functionality Lemma (3.10) for terms. O
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Lemma 3.12 (Functionality lemma for statements). Suppose that Var(S)C M.
If 01 = 09 (rel M), then either

(i) [S)1ey1 | o) and [S]*oy | of (say), where oy ~ oy (rel M), or
(i) [S]*o1 1 and [S]?os T.

Proof. By the Functionality Lemma (3.11) for computation steps. O]

3.5 Operational semantics of statements

We now apply the above theory to the language While(X).
There are two atomic statements: skip and concurrent assignment. We define

(S)* for these:

(skip)’c = o

(x:=t)'0 ~ ofx/[t]"c}

Next we define First and Rest“ by structural induction on S € Stmdt.

Case 1. S is atomic.

First(S) = S

Rest*(S,0) = skip.
Case 2. § = 51;85,.

First(S) = First(S)

" Sy if Sy is atomic
Rest”(S,0) =~
Rest“(S,,0); S, otherwise.
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Case 3. S = if b then S; else S fi.

First(S) = skip
Sy if [p]te =t
Rest*(S,0) =~ Sy if [b]to =ff
Tif [B]%e 1

Case 4. S = while b do S; od

First(S) = skip
So; S if [b]4o | tt
Rest*(S,0) =~ skip if [b]*o | ff
T if [b]4o 1.

The following lemma shows that the i/o semantics, derived from our algebraic

operational semantics, satisfies certain desirable properties.
Lemma 3.13.

(i) For S atomic, [S]* ~ (S)*, i.e.,

[skip]['c = o

[x :=t]"c ~ of{x/[t]"c}

[S1; o] o~ [S2]H([S1]"0).
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(141)
[Si]4e if [b]4o |t
[S = if bthen S; else S5 fi]'o ~ ¢ [Sy]4c if [b]4c |
1 if [b]40 1.
(iv)
[S;while b do S od]e if [b]40 | tt
[S = while bdo Sy od]?e ~<{ & if [b]4o | fF
) it [6]%o 1
Proof. Asin [TZ99, §4.2], adapted to partial algebras.
m

3.6 While computability

Finally, to conclude the semantics of While programs, if
P = proc in a out b aux c begin S end

is a procedure of type u — v, then its meaning is a function

PAAY & AY
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defined as follows. For a € A", let o be any state on A such that o[a] = a and o[b]

and olc] have default values by instantiation assumption 2.13. Then

o'lb] if [S]4o | o'(say)
1 if [S]4o 1.

PA(a) ~

Note that P4 is well defined, by the following Functionality Lemma.

Lemma 3.14 (Functionality lemma for procedures). Suppose
P = procin a out b aux ¢ begin S end.

If o1 = 0y (rel ), and o1[b] = oa[b] = 0¥ and o1[c] = o3[c] = 0" then either
(i) [S)1oy1 | o) and [S]*oy | of (say), where oy ~ oy (vel a), or
(ii) [S]Ao1 T and [S]Aoq 1.
Proof. The result follows from the Functionality Lemma 3.12, for statements. [

Definition 3.15 ( While computable function).

(a) A function f on A is said to be computable on A by a While procedure P if
f = PA. It is While computable on A if it is computable on A by some While

procedure.

(b) While(A) is the class of functions While computable on A.

Definition 3.16 (Halting set). The halting set of a procedure P : u — v on A is

the set:

Halt"* (P) =4 {a € A"|P*(a) |}
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Definition 3.17 ( While semicomputable set). A set R C A" is While semi-

computable on A if it is the halting set on A of some While procedure.

Definition 3.18 (Projectively While semicomputable set). A set R C A" is
projectively While semicomputable on A iff R is the projection of a While semicom-

putable set on A, i.e., there exists a While semicomputable set R’ C A**
Vie AY( € R < 3JyeA’:(x,y) €R)

Remark 3.19. Generally, projective semicomputability is a more powerful (and less

algorithmic) concept than semicomputability. (But see Theorem 5.55!)

3.7 Nonrecursive procedure calls

In the language While(Y'), we use procedures as a convenient device for defining
functions. We can also use them to define a new kind of atomic statement, the

procedure call
x = P(t),

where P : u — v(say), t is a tuple of terms of type u (the actual parameters) and x
is a tuple of distinct variables of type v.
The semantics of While is then extended by adding the following clause to the

semantics of atomic statements:

o{x/a}, if PA([t]"0) | a (say)
1 it PA([t]Yo) 1
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However, it is easy to eliminate all such procedure calls from a Whileprogram
statement. That is, the While language with non-recursive procedure calls is se-
mantically equivalent to the While language without such procedure calls [TZ00,
§3.9].

3.8 Relative While computability

Let g be a partial function
g A" — A",

We define the programming language While(g) which extends the language While
by including a special function symbol g of type w — v. This is only used in the con-

text of an “oracle call”

x = g(t)

where t : u and x : v. The semantics of this is given by

o{x/a}, if ga([t]'o) | a (say)
T if ga([t]o) 1

Jx = glt)) o =

Similarly, for a tuple of functions gy, ..., g,, we can define the programming lan-
guage While(g,, ..., g,) with oracles g1, ..., g,, or (by abuse of notation) the program-
ming language While (g, ..., g,)-

In this way we can define the notion of While(gy, ..., g,) computability, or While
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computability relative to g, ..., gn, O in g1, ..., gn, of a function on A.
Similarly we can define the notion of relative While semicomputability of a rela-

tion on A.

Lemma 3.20 (Transitivity of relative computability). If f is While computable
M g1y ooy Gy D1y s By and gy, ..., g are While computable in hq, ..., h,, then f is
While computable in hq, ..., hy,.

Proof. Suppose that g; is computable by a While(hy, ..., h,) procedure P; for i =
1,...,m. Now, given a While(g, ..., gm, h1, ..., hy) procedure P for f, replace each
oracle call x:=g,(¢) in the body of P by the procedure call x:=PF;(¢). This results in

a While(hy, ..., h,) procedure which also computes f. ]

3.9 Expanding While to While®® and WhileN

First we extend the While language to form While®R language with the two boolean

operations

OR  : bool*> — bool
AND : bool? — bool

which we call “strong or” and “strong and” respectively [Kle71, §64], and use:
vV and A

as infix notations for OR and AND.
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We define the semantics of these two operations:

For OR (V):
tt f 1
t t tt t
ff tt f 1
T t T
For AND (A):
it f 1
tt it ff 1
ft ff ff ff
T T ff T

Remarks 3.21. Note that these two operations are not strict, unlike the boolean
operations and and or (which are part of the standard signatures, see Remarks 3.8(b).)

The OR operation allows us to simulate interleaving or dovetailing at an abstract
level, since it allows us to decide a disjunction of two boolean terms b, Vb; to be true
if either of these converges to tt (even if the other one diverges).

The AND operation can be defined as dual to OR:

b1 A by e ﬁ(ﬁblv_'bg)

Note that these are different from the “conditional or” and “conditional and”, two
other non-strict boolean operations, which are common in programming languages,

but not useful for our present purpose.
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We also adjoin a new boolean term

Exist z : P(t,z)

to the While language to form a new language While3N, where the procedure P
has the type u x nat — bool and z is a “new” variable of sort nat. This will occur

only in the context:

x® = Exist z: P(t,z)

We define its semantics as:

t if In: PA([t]4o,n) | t
[ Exist z : P(t,z)]%0 ~ ([t1*o,n) |
T otherwise.

This corresponds to the following operational semantics: interleave (or “dovetail”)

the computations for:

PA(t,0), PA(t,1), PA(t,2)...

and return tt if and only if any of these procedures terminates and returns tt, otherwise

keep on going.
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This operation allows us to simulate infinite interleaving or dovetailing at the
abstract level. Note that this is different from “evaluating from the left”, which can

be simulated by a simple loop:

find := false;
z:=0;
repeat
find := P(t,z)
z:=z+1;

until £ind := true.

which will diverge e.g. in case:

PAt, 1) | ff, P(t,2) 7T, P(t,3) | t.

whereas Exist z : P(t,z) will converge to t.

The significance of these new program constructs will be explained further in

Chapter 5.
Remarks 3.22.

(a) The ‘Exist’ construct is “weakly” or “globally” deterministic, i.e., deterministic
at abstract level, although the actual choice of z in a concrete implementation
is nondeterministic. This is in contrast to the “choice” operator in [TZ04al,

which is nondeterministic.
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(b) In a procedure containing a statement x® := Exist z : P(¢,z), we do not include
the variable z in the declaration, because z is bound by ‘Exist” and hence invisible

outside Exist z : P(t, z).
(¢) The ‘Exist’ construct can be implemented from the ‘choose’ construct [TZ04a],
by

x®:= Existz: P(t,z) <= n:=choosez: P(t,z); x°:= P(t,n)

Lemma 3.23.
(1) A While computable function is While®R computable.
(2) A While®® computable function is WhileN computable.

Proof. (1): Obvious.
(2): A term b;Vb; can be simulated as Exist z : P(by, by, z), where P is defined

as:

proc
in by, by : bool;
Z . nat;

out x®: bool;
begin
if z=1 A b; then xB:= true;
else if z=2 A by then xB:= true;

else xB:= b, V by ;

end.
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Similarly the term b; A b; can be simulated as Exist z : P(by, by, z), where P is

defined as:

proc
in by,by : bool;
Z : nat;
out x®: bool;
begin
if z=1 A — b; then xB:= false;
else if z=2 A — by then xB:= false;
else xB:= b; A by ;

end.

]

Definition 3.24 (Algebraic term and program term). An algebraic term is (in-
ductively) a term of the form x or F(t,t, ..., t;,) where x € Var(XY), F' € Func (XY)

and tq,...,t, are algebraic terms. All other terms are called program terms.

Thus program terms may also contain if...fi, OR, AND and Exist.
Note that all algebraic terms are evaluated strictly, which means that if any of
the subterms diverge the whole term diverges. However, for program terms, this is

not always true, since if...fi, OR, AND and Exist are not evaluated strictly.

3.10 Whaile® computation on R

Given a standard signature Y, and standard X-algebra A, we expand X and A in

two stages: (1) N-standardise these to form XN and AN, as in §2.3; and (2) define,
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for each sort s of X, the carrier A% to be the set of finite sequence or arrays a* over
Ag, of “starred sort” s*.

The resulting algebras A* have signature X~*, which extends XN by including, for
each sort s of X, the new starred sorts s*, and certain new function symbols to read
and update arrays. Details are given in [TZ99, TZ00].

While*(A) computation can then be defined as While computation on A* where
the input and output variables are simple, but the auxiliary variables can be arrays.

However, in the case we are interested in, i.e., A = R, it was shown in [TZ00,

§4.9] (actually for total algebras, but applicable also to R) that computation on R

with arrays does not increase computing power, i.e.:

While*(R) = While(R).

Similarly it can be shown that:

While®®F(R) = While®R(R).

While™*(R) = While™(R).

So in our future investigation, we will not consider While*(or WhileR" or

While3N*) semicomputability explicitly.



Chapter 4

Computation trees; Engeler’s

Lemma

Engeler’s Lemma [Eng68] is an important theoretical tool for the research of this the-
sis. It states (roughly) that a semicomputable set can be expressed as the disjunction
of an effective infinite sequence of booleans.

A proof of Engeler’s Lemma for the While language on total algebras was given
in [TZ00, §5]. In this chapter we prove Engeler’s Lemma for the While, While®R
and While3 languages on a partial algebra A.

Our proof of Engeler’s Lemma is based on computation trees (in the case of
While©R)) and computation hypertrees (in the case of While3V).

For convenience, we first simplify the While programming language, and then,
in the simplified language, we construct computation trees for the While®R and

While=N languages.

41
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4.1 Whiley language

To simplify the formal development, we restrict the structure of While statements
to a special form, and we show that all statements can be effectively transformed to

this special form.

Definition 4.1 (Special form for While statements). A While statement S is

said to be in special form if (inductively) it has one of the following forms:
e S = skip

o S=xi=F(x1,....,%y)

e S = if x® then S else S, fi

e S = while xB do S, od

e S= 51;5

where x and x; are variables, x® is a boolean variable, and Sy, S; and S, are also in

special form.

Note the restriction on the assignments (x®:=F(xy, ..., x,)) and boolean tests (x?).

Let Whiley(X') be the While(X') language restricted to special form.

Lemma 4.2. All While statements can be effectively transformed into While, state-

ments.

Proof. We define an effective transformation
S — 5°

of While statements to While, statements inductively, by the cases:
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e For concurrent assignments S = x := t, where x = x1,...,x, and t = 11, ..., 1,,

define

o.

S =z =X 2y = Xy (%1 = 60)% s (% = 1)°

where z,, ..., z, are new auxiliary variables and ¢; = t;{(xy, ..., X,)/(21, .-, Zn)),
i.e., t; is formed by the simultaneous substitution of (zi,...,z,) for (xy,...,x,)

in t; fori=1,..,n.

e For S = x:= F(ty,ts,..., 1), define

S = (z1:=1)% (z2:=1t2;)° o; (Zm :=tn)"; x:= F(21,...,2Zm).
e For S = if bthen S, else Sy fi, where b is a boolean expression, define
S° = xP:=0b; if x° then SY else SY fi

where xB is a new boolean variable.

e For S = while b do Sy od, where b is a boolean expression, define

S° = (x°:=0)% while x® do Sj; (x® :=b)° od

where xB is a new boolean variable.

The transformation is clearly
e effective, and

e semantics preserving.
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O
Definition 4.3 ( While3"). We define While3" to be the language formed by adding
to Whale, the statement

x® = Exist z: P(t,z).

Remarks 4.4.

(a) From now on, we will only consider While, programs composed of statements in
special form. To simplify the notation, we will write While instead of While,

and While3 instead of Whileg"\'.

(b) Notice that in Whiley statements, the only way for a program to diverge locally

is by the divergence of the right-hand side of an assignment statement.

4.2 Definability property

A definability predicate is needed in the construction of the computation tree and in

the proof of Engeler’s Lemma.
Definition 4.5 (Definability predicate).

(a) A definability predicate at sort s in a X-algebra A is a X-boolean expression
def,, containing a distinguished free variable x : s, such that (writing def(t)

for defi(x/t)) for all t € Termy(X) and all o € State(A):
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def o = & T

T otherwise

(b) The X-algebra A has the definability property if it has a definability predicate

at all Y-sorts.
Lemma 4.6. R has the definability property

Proof. In Y(R), we can define defi(t) as follows:

At sort nat,

defnat(t) = eq,(t,1)

At sort real,

defreal(t) = lessy(t,t + 1)

For the boolean term Exist z : P(t,z),

defyool( Exist z : P(t,z)) = Exist z : P(t,z)

For any other term ¢ of sort bool,

defiool(t) = or(t, not t)
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4.3 Godel numbering of syntax

We assume given a family of numerical codings of the classes of syntactic expression
TE7of XY or X* ie., afamily gn of effective mappings from expressions E to natural

numbers " E = gn(FE) satisfying:

e "E7increases strictly with the complexity of (£) and in particular, the code of an

expression is larger than those of its subexpressions.

e sets of codes of the various syntactic classes, and their respective subclasses, such as
{Ttt € Term}, {"t"t € Termg } and { "S7|S € Stmt}, etc., are primitive

recursive;

e we can go primitive recursively from codes of expressions to codes of their immediate
subexpressions and vice versa; thus, for example, "'S; ' and ".S; ! are primitive
recursive in " .S7; S " and conversely ".S;; S5 is primitive recursive in ".S; ' and

TSy

In short, we can primitive recursively simulate all operations involved in processing

the syntax of the programming language.

4.4 Computation tree for While®R(X)

We define a computation tree 7[S,x| for a While statement S on R, where
Var(S) C x : u = uy X ug X ... X u,. The computation tree 7[S,x] is like an
“unfolded flow chart” for S.

This is a simplified version of the computation tree defined in [TZ00, §5.10],
adapted for the While, language (which we call While now) and for partial al-

gebras.
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The root of the tree 7[5, x| is labelled ‘s’ (for ‘start’), and the leaves are labelled
‘e’ (for ‘end’). The internal nodes are labelled with assignments and boolean tests.

Furthermore, each edge of 7[5, x| is labelled with a syntactic state, i.e., a tuple of
terms t =14, ..., 1, with t; € Termy . Intuitively, ¢ gives the current state, assuming
execution of S starts in the initial state represented by x.

In the course of the following definition we will make use of the restricted tree
7 ~[S1, x| which is just T[S, x| without the ‘s’ node.

We will also use the notation 7[S,¢] for the tree formed from 7S, x] by replacing
all edges labelled t' by t'(x/t).

The definition is by structural induction on S.

(1) S = skip. Then T[S, x| is:

™

X
xj = F(xj,,....,%j,)
t= (Xh vy Xj—1, F(Xjﬂ ...7ij)7xj+17 Xn)

®
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(i7i) S = S1; S2. Then TS, %] is formed from 7Sy, x] by replacing each ‘e’ leaf

t

©®

the tree

T_ [SQ, X]

(iv) S = if x® then S; else S fi. Then 7S, x] is:
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(v) S = while x® do S; od. For the sake of this case, we temporarily adjoin another
kind of leaf to our tree formalism, labelled ‘i’ (for incomplete computation). Then
T[S, %] is defined as the “limit” of the sequence of trees 7,,, where 7; is defined as in
Figure 1 and 7, is formed from 7, by replacing each i-leaf as in Figure 2 by the
tree in Figure 3, where 7,7 [S1, ¢] is formed from 7 ~[S1,¢] by replacing all e-leaves in

the latter by i-leaves.

VA

®

Figure 1

®

Figure 2
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Figure 3

Remark 4.7. The construction of 7[S,x| is effective in S and x. More precisely:
T[S,x] can be coded as an r.e. (recursively enumerable) set of numbers, with index

primitive recursive in " S and "x .

4.5 Engeler’s Lemma for Whaile

We will show that the halting set of a While, While®R and While3N procedure can
be expressed as the countable disjunction of an effective infinite sequence of booleans.
We must therefore first consider carefully the different possible semantics of infinite

disjunctions in 3-valued logics!:

'Semantics of finite disjunctions and conjunctions were given by the definitions of the strict and
strong boolean operators (and, or, AND, OR) in Chapter 3 (§3.9)
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Discussion 4.8 (Four semantics of infinite disjunctions). Let (b;) be a sequence
of booleans. There are (at least) 4 different “reasonable” semantic definitions

of the infinite disjunction of the b, for 3 valued logics:
Vb
k=0

(1) Sequential evaluation (i.e., “evaluation from the left”) with two possible outputs

(t and T):

o ttif 3k, [be]4o | t and Vi < k, [b;]%0 |
[\ bl =
k=0

T otherwise

This definition is While computable, since we can evaluate by, (kK =0,1,...) one

by one until:
e for some k, b, converges to tt, and all earlier b; converges to ff, or

e for some k, evaluation of b, diverges and all earlier b; converges to ff (local

divergence), or
e all the by converge to ff (global divergence).

In the two latter cases evaluation of the infinite disjunction diverges.

(2) Interleaving, or “strong Kleene evaluation” with two possible outputs:

> tif 3k, [br]0 | tt
[\ b]o =
k=0

T otherwise
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This definition is not (in general) While computable, but it is While com-
putable, by the semantic definition of Exist z : P(¢,z) (§3.9). This is the def-

inition we will use in this thesis, e.g. in the formulation of Engeler’s Lemma

4.13.

(3) Sequential evaluation, with three possible outputs (i, ff and 7):

tif 3k, [b]Ao | & and Vi < k, [b,]40 |
[\ belto =< & if Wk, [bi] 4o |
k=0

T otherwise

This can be viewed as a generalization of Kleene’s weak 3-valued disjunction

[Kle71, §64].

(4) “Strong Kleene evaluation” with three possible outputs:

tif 3k, [b]4o | t
[\ belto =4 & it vk, [b]40 | F
k=0

T otherwise

This can be viewed as generalization of Kleene’s strong 3-valued disjunction

[KleT1, §64).

Intuitively, definitions (1) and (2) are “concretely computable” # but definitions

(3) and (4) are not.

2Refer to the §1.1 of this thesis.
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Definition 4.9 (Strong equivalence of booleans). Two X-boolean b; and b, are

strongly equivalent over A iff Vo € State(A),

[[bl]]AO' Lt <~ [[bQ]]AO' Lt
[[bl]]AO' l ff < [[bg]]AO' l ff
[[bl]]AO'T < [[bg]]AO'T

Definition 4.10 (Weak equivalence of booleans). Two X-boolean b; and b, are
weakly equivalent over A iff Vo € State(A),

[0]% Lt <=  [b]?o |t

Note that weak equivalence of booleans is closed under ‘A’ and ‘V’, but not under

Definition 4.11. For any boolean term b with Var(b) C x : u, and a € A", we write
bla] for [b]*o | tt for some o € State(A) where o[x] = a.

Note that this is well-defined, by the Functionality Lemma (3.10) for terms.
Definition 4.12 (Relation defined by boolean). A Y-boolean term b with Var(b) C
X : u, is said to define a relation R C A" (w.r.t x) iff Va € A*

a€R <= Dbl

Lemma 4.13 (Engeler’s Lemma for While). If a relation R C A" is While
semicomputable over a standard partial X-algebra A, then R can be defined by the

disjunction of an effective sequence of X'-booleans over A.
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Note 4.14. Here “effective” means that the sequence of Godel numbers of the

booleans is recursive.

Proof. Suppose R is the halting set in A of the While procedure:

P = procin aout b aux c begin S end. (4.1)

For each leaf A\ of the computation tree 7[S,x] there is a boolean bg, with vari-
ables among x = (a, b, ¢) which expresses the conjunction of results of the tests and
definability predicates along the path from the root to .

An assignment node x := ¢* in the path contributes to bg ) the conjunct of defin-

ability

o ANdef (t)N ...,

which guarantees that the term bg ) converges only if the evaluation of the term ¢
converges at this point. If the path goes to the left through a test node x®, we add

the conjunct

CAXEA L

to bgy, and if the path goes to the right through x®, we add the conjunct

CAXEA L

(Since the boolean test only has the form of a boolean variable x®, we do not need to

add the def oo predicate here.)
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We can effectively enumerate the leaves of the computation tree (using Remarks
4.7) to obtain a sequence of leaves Ao, A1, ..., by increasing the depth, and, at a given
depth, going from left to right. (If we have not reached an n'" leaf after searching
through all the nodes of depth less than or equal to n we can return the default value
false, to ensure an infinite output sequence.)

Define Haltg as the countable disjunction of bg x:

Halts =da5 \/ b&k
k=0

where bg i =4 bs .z, which expresses the condition under which the computation of
S will eventually halt.

Note we are using the “interleaving 2-output” semantics defined in the case (2)
of Discussion 4.8 for Halts. Hence for the procedure P of equation 4.1, we can see

that :
PAa)| <= Haltgld].
Therefore Va € A*

a€R <= PYa)| < Haltsla] < \/bsslq]
k=0
(Note that here “<=" stands for weak semantic equivalence.)
Hence if a relation R is semicomputable over a standard partial Y-algebra A, then
it can be expressed as the disjunction of an effective countable sequence of booleans

over A.
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Note that the same proof holds for the While®R language (with the booleans bg,

containing ‘OR’ and ‘AND’). Hence we also have:

Corollary 4.15 (Engeler’s Lemma for While®R). If a relation R is While®R
semicomputable over a standard partial X-algebra A, them R can be defined by the

disjunction an effective countable sequence of X -booleans over A.

4.6 Computation tree for While N

In order to prove Engeler’s Lemma for the While N language, we define (inductively)
the computation tree for While N statements, following the cases in the definition

of the computation tree in §4.4. We add the case:

(vi) S = =zj:= Exist z: P(t,z); Sz, where P is defined as:

P = procin a out b aux c begin S’ end.

Note that if S = x;:= Exist z: P(t,z), (with S; missing), we let Sy = skip.
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The tree for S is formed from the tree:

X

x; = Exist z: P(t,z)

Figure 4

by replacing each ‘e’ leaf of the trees 7[5, (x,7)] (: =0, 1,2,...) by the tree

T~ [Sg, X]

and then collapsing these multiple occurrences of the subtree 7[5, x| to form the

tree shown in Figure 5.
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X

x; = Exist z : P(t,z)

¥ = (x1,...,X; 1, true, X1, ...X,)

Figure 5

We call the subtrees 7[5, (x,7)] ( = 0,1,2,...) appearing in Figure 4 proc-
subtrees of the whole computation tree.

Define a channel in the tree of Figure 5 to be a path through one of the “former
leaves” of a proc-subtree 7[5, (x,4)], namely ¢;; in Figure 5, where “” refers to

the i'" proc-subtree, and “j” refers to the 5 “former leaf” of the proc-subtree. Note

that in this tree, there are (countably) infinitely many channels from the root to the
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subtree 7 ~[Sy,x']. We can effectively enumerate these channels by renaming channel
cij as ¢ where k="(i,7)7 3.

Let T[S, x| be a computation tree defined as above. Strictly speaking, 7[5, x] is
not a tree, but a DAG (directed acyclic graph). However, if we consider the node
xB:= Exist z : P(t,z) as an atomic node and ignore the internal details of the node, we
get a computation tree just like those constructed in Section 4.4. We call the expanded
tree a hypertree and the expanded node for x®:= Exist z : P(t, z) a hypernode. We can
reduce the hypertree to a reduced tree, and a hypernode to a reduced node, when we
ignore the details of the Exist z: P(¢,z) node.

Notice that there are no leaves in the proc-subtrees because we have replaced all
the leaves with the subtree 7 ~[Ss,x|. So we can effectively enumerate the leaves of
the hypertree 7[5, x| as we did in the proof of Engeler’s Lemma 4.13.

We define a hyperpath to be the route in a hypertree from the root of 7S, x] to a
leaf. At a hypernode of the hypertree, the hyperpath goes through a specific channel.
Similarly, we define a reduced path as a path in the reduced tree, ignoring the details
of the hypernodes.

We exhibit a hyperpath as in Figure 6. The picture shows part of the hypertree.
(Note that the e;, es,... are used to denote edges of the hypertree, not syntactic
states.) To simplify the drawing, we ignore the details of the proc-subtree, leaving
only the enumerated channels of each hypernode.

From the root ‘s’ to the leaf ‘e’ of the hypertree, there is one reduced path corre-
sponding to infinitely many hyperpaths, e.g. hyperpath(1,4) consists of the edge ey,
the channel ¢y of the first hypernode, the edges es, e3, ey4, €5, €g, the channel ¢4 of the

second hypernode, and the edges ez, eg.

3Godel numbers of pairs will be defined in §5.1.
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We can then enumerate all the hyperpaths of each leaf as follows:

Let hyperpath(iy, ...,4,,) be the hyperpath through the " channel at the k'
hypernodes on the route (where k = 1,2,...,m, and there are m hypernodes on
the hyperpath). Then we rename the hyperpath(iy, ...,4,,) as hyperpath(i) where
0= (i1, .y l) A
Finally, using the enumeration of the leaves of the hypertree as above and the

enumeration of the hyperpaths of each leaf, we can enumerate all hyperpaths of a

computation tree in a straightforward way.
Remarks 4.16.

(a) Notice that in an ‘Exist’ term of Exist z : P(t, z) in the tree, there are (in general)
other Exist z: P'(t',z) terms in the procedure P. Then (recursively) we expand
all such proc-subtrees in P so as to form a hypertree without any ‘Exist’ nodes.

(b) On each hyperpath, there are only two kinds of node:

e assignment nodes z; := F(t,...,t,,) without the ‘Exist’ construct, or
e branching nodes at a boolean variable x&.

(c) To each leaf corresponds (infinitely) many hyperpaths because of the multiple

channels through the hypernodes which lead to that leaf.

(d) Note that hyperpaths which end in leaves are finite. Since any countably branch-
ing tree has only countably many finite paths, it is clear that the set of all hy-

perpaths ending in leaves and hence all booleans, for these paths, is countable.

4Godel numbers of tuples will be defined in §5.1.
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The important thing is to show that they can be effectively listed. This can be
done by an extension of the method used for listing leaves in the computation

tree for While©®. (See proof of Lemma 4.13.)

We proceed in stages. At stage n, create partial hypertree down to depth n
(only), and at ‘Exist’ node only the first n branches. This has only finitely

many paths ending in leaves. The whole procedure is effective.

Lemma 4.17 (Engeler’s Lemma for WhileN). If a relation R is While®" semi-
computable over a standard partial X-algebra A, then R can be defined by the dis-

Junction of an effectively countable sequence of X-booleans over A.

Proof. Suppose R is the halting set in A of the While®N procedure:

P = procin a out b aux ¢ begin S end. (4.2)

Consider the enumeration of the hyperpaths:

Po, P1, P2, ---

described above. For each hyperpath p (not leaf, see Remark 4.16(c)) of the com-
putation tree 7S, x| there is a boolean bg, with variables among x = (a,b, ¢) which
expresses the conjunction of results of the tests and definability predicates from the
root to a leaf of the T[S, x| along p.

An assignment node x := t in the hyperpath, where t is not of the form of

Exist z : P(t',z), contributes to bg, the conjunction

L Adef (t)N ...
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which guarantees that the bg , converges only if the evaluation of the term ¢ converges
at this point.

B

Suppose the hyperpath goes through a test node x°, where the most recent as-

signment to x® was not of the form
x® = Exist z: P(t,z). (4.3)

Then if the hyperpath goes to the left branch we add the conjunctions ... A x® A ...
to bs,, and if the hyperpath goes to the right through x®, we add the conjunctions
AN L

If the hyperpath goes through a test node x®, and the most recent assignment to
x® was of the form like equation (4.3), then the hyperpath goes only to the left and
bs, is unchanged, (since in this case, x® cannot be false, and adding a conjunct true
is redundant).

Define bg =4 bs p, -

Then the halting set of a procedure
P = proc in a aux c begin S end
is defined by

o0
Vb
k=0

exactly as in the proof of Engeler’s Lemma 4.13 for the While language.



Chapter 5

Structure theorems for

semicomputable sets over R

In this chapter, we present our structure theorems characterizing the While, While°R
and While™ semicomputable sets over R. We will discuss the limitations of the

While language in this regard and show how the While®R and the While3N lan-
guages correct these deficiencies.
In this Chapter we write X' = Y¥(R) and °F for X augmented by OR, AND.
Let N, Z, Q, R be the set of natural numbers, integers, rational numbers, and real

numbers respectively.

5.1 Definition and Godel numbering of syntax:

Definition 5.1 (G6del numberings of some mathematical objects).

64
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(a) Integers. For integers n we define:

2%m ifn>0

—2xn—1 otherwise

(b) Pairs. Define:

pair : N> = N

pair(z,y) = (x,y) =22y +1) — 1

Note that in this case the pair function is one-one and onto.

(c) Tuples. Define:

tuple : N* - N
by
tuple() =0
tuple(zy,...,x,) = (n,(x1,...,zn)) = (n,{x1, (T2, (.(Tn_1,Zpn)...))))
(d) Rational numbers: We can express each rational number r uniquely as .

where m € Z, n € N and gcd(m,n + 1) = 1. This induces, via the Godel

numberings of integers and of pairs, an effective enumeration or listing of Q.

We then define "r™ = n, where r is the n* element in the list.
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Notes:

(1) The above Godel numberings of N*, Z and Q are surjective and therefore give

us effective enumerations of pairs, tuples, integers and rationals.

(2) From now on, by “effective(ly)”, we mean effective in the Gédel numberings of

the mathematical objects referred to.

Definition 5.2. (Inverse functions) The left inverse It : N — N and right inverse

rt : N — N are defined as:

It((z,y)) = =,
t((z,y) = v

Lemma 5.3. The functions pair, It and rt are primitive recursive.
Proof. See [ZP93, §7.1] O

Definition 5.4 (Computable sequence of rationals). A sequence (rg, 71,72, ...)
of rationals is computable if there is a total recursive function f : N — N such that
f(n)="r,".

In such a case, a Godel number of the sequence can be defined as a Godel number

or index of the function f.

Definition 5.5 (Computable real number). A real number z is computable if
there exists a computable sequence (r,) of rational numbers which converges to z
and a computable modulus of convergence, i.e., a total recursive strictly increasing

function M : N — N such that:

vn, [r, — x| < 27 M0,
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A Godel number of the computable real number is then defined as:

{e,m)

where e is an index of the sequence (r,), and m is an index of the modulus of

convergence M.

Lemma 5.6. For each computable real number x, we can effectively construct se-
quences of rational numbers (r,) and (s,) such that (s,) is increasing and (r,) is

decreasing and:

Vn: 0<(z—r,) <2 and

Vn: 0< (s, —x) <27

Proof. The index of the computable real number x gives us an effective sequence

(r!) such that:!

Vn, |, — x| <27"

Define a sequence (r!’) by:

Since |r!, — x| < 27", we have

r=2""<rl <x+2",

1Since the modular function M is increasing, and M (0) > 0, we have M (n) > n by induction on
n.
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and therefore:
r—2n =27 < < 27— 27
=222l <yl < x4 2722
Furthermore:
< r—2" < g—2"2 <l < (5.1)

Then we construct an increasing rational sequence (r,) by

o
T'n = Top-

by (5.1) (r,) is increasing, and we can easily verify that

0<(z—ry) <27

Symmetrically, we can effectively construct a decreasing rational sequence (s,) such

that:

0<(s,—z)<27™

O

Definition 5.7 (Integer polynomials). We write Z[xy, ..., x,,] for the set of poly-

nomials in m indeterminates xq, ..., x,,, with coefficients in Z.

Note that a polynomial p(x1,...,x,,) € Z[x1, ..., %] defines a polynomial function

p: R™ — R in an obvious way. We give a Godel numbering of Z|[xy, ...

, Xpm] In two
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steps:

€1 €2 €3 e .
(a) Code a; * x§" * x§? * x5...x¢m as:

gi = ('—ai—', €1y .nny €m>

(b) Then define

FZ(ainjé)j = {1,y Gn)

i=0  j=0

Definition 5.8 (Degree of a polynomial). For a unary integer polynomial

p(x) = ) (ax“)

1=0

define the degree of p:
deg(p) =4 max{e; | 0 <i <n and a; # 0}

Definition 5.9 (Polynomial inequality). A polynomial inequality is an expression
of the form p(x) > 0, where p is an integer polynomial.
Definition 5.10 (Algebraic numbers).

(a) An algebraic number is a root of an integer polynomial in one indeterminate.

(b) Gddel numbering: For an algebraic number a, define

'_(I—l — <Fp7’ k)
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where a is the k™ smallest real root of the integer polynomial p.2

(c¢) Note that we can make this Gédel numbering surjective by letting ("p™, k) be

the biggest root of p if the polynomial p has fewer than k distinct roots.

Lemma 5.11. Let A, R, be the set of algebraic real number and computable real

numbers respectively. Then:

QCACR.CR

Note that the above embeddings are effective in the respective Godel numberings.
In other words, there is a computable function f : N — N such that if k is the Godel
number of a rational, the f(k) is the Gédel number of the same number viewed as an

algebraic number, etc.
Definition 5.12 (Algebraic, rational and computable real intervals).

(a) On R, the intervals:

(a,b), (—o0,a), (b,00)

are called algebraic, rational and computable real intervals if a < b and a and b

are algebraic, rational and computable reals respectively.

2We ignore multiplicity of roots. Also for uniqueness, we can assume that p is the minimal
polynomial for a.
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(b) Gédel numberings. We define:

I—(a,b)—l — <<I—a—l’l—b—l>70>
I’(b) OO)_\ — <l_b—l7 1>

[_(—OO,CL)j — <'_CL—|,2>

Lemma 5.13. Let («, 3) be an algebraic interval. We can effectively find a sequence

of expanding rational intervals (r;, ;) such that

(a,3) = U(Tz’,sz’)
=0
Proof. By Lemmas 5.6 and 5.11. O

5.2 Basic algebraic results:

The following results can be found with proofs in standard texts in algebra [Lan90,
Waeb64], real analysis [Roy66, Rud76], and constructive analysis [PER89, Wei00].
Theorem 5.14. An integer polynomial of degree n has no more than n real roots.

Theorem 5.15 (Intermediate value theorem). Let f be a function which is con-
tinuous on the closed interval [a,b]. Suppose f(a) and f(b) have different signs. Then
there exists ¢ € (a,b) such that f(c) = 0.

Corollary 5.16. Let p be a unary polynomial and oy and ay two consecutive (distinct)

roots of p. Then either

Vo € (ag,a0), p(x) >0

or Yz € (a1, as), p(x) <O0.
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Corollary 5.17. A unary polynomial of degree n with m(< n) distinct real roots

o < ... < Qo

defines m + 1 algebraic intervals:

(—o0, @), (a1, ag),...(m-1, ), (Qm, ),

i each of which p s either only positive or only negative.

Lemma 5.18. For two distinct computable reals ¢y and co, we can effectively decide

whether ¢ < ¢y or ¢ < cy.

Lemma 5.19. Given any unary polynomial p of degree n, we can find, effectively in

l_p—l ;

(1) The number of distinct roots m(< n) of p, and, writing these roots as

ar < Qg < ... < Oy

(2) (a) a rational less than ay,
(b) a rational between oy, and agyq, for 1 <k <m, and

(¢) a rational bigger than ay,.

Proof. From Sturm’s theorem [Wae64].
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5.3 Canonical form for Y(R) booleans

Note: Unless otherwise stated, the following definitions and lemmas refer to the Y°R-

language with the Y-language as a special case.

Definition 5.20. A positive boolean combination of a set of booleans is a (finite)

)

boolean expression build up from the atoms by ‘A’, V') ‘A’ ‘V’ i.e., without ‘—’.

Lemma 5.21 (Strong canonical form for booleans over R). A X-boolean over
R with variables among X = Xi,...,Xy of sort real only, not containing AND, OR, or
Exist, is effectively strongly semantically equivalent over R to positive boolean combi-

nation of equations and inequalities of the form:
p(x) =0 and q(x) >0

where p and q are integer polynomials in x.
Proof. First, we can show that:

(a) A term t : real over R with variables among x is effectively semantically equivalent

to a “conditional polynomial” in x over Z in the form:

where b; are booleans and p; are integer polynomials for 0 < ¢ < k.
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(b) A term t : bool over R with variables among x is effectively strongly equivalent

over R to a boolean combination of equations and inequalities:

p(x) =0 and ¢(x)>0

where p and ¢ are integer polynomials.

Assertions (a) and (b) are proved simultaneously, by structural induction on t.
Next, we convert the boolean combination constructed in (b) to a positive boolean
combination of polynomial equalities and inequalities by eliminating all negations, by

means of the following strong equivalences:

_\(b1 \Y bg) <~ b A - by

_'(bl A bg) <~ —b; V1 by

_'(bl V bQ) e —by A —by

_\(bl A bg) < —=by V —by
——b b
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Corollary 5.22 (Weak canonical form for booleans over R). A X'-boolean with
variables among x = Xi,...,X, of sort real only, not containing AND, OR, or Exist,
1s effectively weakly semantically equivalent over R to a positive boolean combination

of inequalities of the form:

p(x) >0

where p is an integer polynomial in x.

Proof. By the semantics of eq,, any conjunction containing a term p(x) = 0 will
either diverge, or converge to ff, and can therefore be deleted from the disjunction
given by Lemma 5.21.

O

Lemma 5.23 (Characterization Lemma for boolean terms over R). A YOR-
boolean with one variable x € R uniquely defines a union of finitely many disjoint

algebraic intervals.

Proof. First convert the boolean to its weak canonical form given by Lemma 5.22.
We then proceed by structural induction in b.

Base case: b = p(x) > 0, where p(z) integer polynomial and z : real. Use
Corollary 5.17.

Induction step: This follows from the fact that the class of finite unions of algebraic
intervals is closed under (binary) union and (binary) intersection.

The proof is straightforward except for a subtle point due to the different semantics

of “vV” and ‘V’. To clarify this, we consider the special case that two booleans each
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define a single algebraic interval, say by defines (aq, 1), and by defines (aq, (32), where:

Oé1<042<61<62.

Then:

(1) by A by defines the algebraic interval:

(a2, B1);

(2) by A by also defines the algebraic interval:

(a2, B1);

(3) by V by defines the disjoint union of the three algebraic intervals:

(a1, a2) U (ag,B1) U (B1, 52);

(4) by Vb, defines the single algebraic interval:

(041, B2).

This lemma will be used in the proofs of Lemmas 5.43 and 5.45.
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Remark 5.24. In the example given in the above proof, the fact that b; A by and
b1 A by defines the same interval, whereas by V by and b;Vby do not, is related to the
fact that the former pair are weakly semantically equivalent whereas the latter pair

are not. (See definitions of ‘AND’ and ‘OR’ in §3.9). In this case when z = a9 or

T = [,
(bl V bg[l‘]) T but (b1Vb2)[JZ] ltt

Note that the following two lemmas (5.26 and 5.28) apply to all standard partial

algebras A.

Definition 5.25 (Semantic disjointedness). A sequence by, by, by, ... of boolean

terms is semantically disjoint over A if for any state o on A and any n,

% |t = (Vi#n, [bi]% | For [b]% 1)

Lemma 5.26 (Disjointedness Lemma). The sequence of computable boolean terms
generated from a WhileSR computation tree as in Lemma 4.13 is semantically dis-
joint.

Proof. Let i, j be distinct natural numbers and bg; = bg;, A ... Abg;,, and bg; =
bsj, N\ ... \bgj,. From the definition of bg;, in Lemma 4.13, bg, defines the path from
the root to the k™ leaf of the computation tree of S. Therefore for the path from
the root to the i leaf and the path from the root to the j** leaf, there must be a
branching node x® where the two paths depart from each other. i.e. 3l < min(m,n)

such that

bSﬂd = bS,ju "-bS:i(l—l) = bS,j(pl)?
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but
bs,i, = —(bs,j,)-

So if for some o, [bs;]*c | &, then [bs;]dc | & for all [ and so for any j # i
bs; = ...\ bg;, A ... cannot converge to t.

]

This Lemma will be used in in the proof of Lemmas 5.36 and 5.37, and hence in

the proof of Structure Theorems 5.52 and 5.49

Remark 5.27. Note that the Disjointedness Lemma does not hold for the boolean
sequence generated from the While computation trees, since (unlike the case with

ordinary computation trees) many hyperpaths in hypertree may end in the same leaf.

(See the definition of “hypertree” in Chapter 4, and Remark 4.16(c).)

Lemma 5.28. If an effective sequence of booleans (by) is semantically disjoint over

R, then, for all z € R™,

\/ biz]

can be evaluated from the left.3

Proof. Since the b;’s are semantically disjoint, and in R, divergence can only appear
at the boundary points of the algebraic intervals, if for some o there exists a k such
that [by]4o | tt, then for all i # k, [b;]*c | ff. Further if for some o there exists k

such that [by]*o T, then there cannot exist b;, such that [b;]4o | t. O

3See the definition of “evaluation from the left” in case (1) of Discussion 4.8.
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This lemma is crucial in the proof of Lemmas 5.43 and 5.45, where “evaluation
from the left” is implemented as evaluation by a ‘while’ loop. (See Discussion 5.48.)

Next we prepare several lemmas for the structural theorems in the next section.
Lemma 5.29. There are While(R) computable embeddings:

(a) of N into R

LNiN—>R

(b) of Z into R

tz:N—R

where for any a € 7

tz("a7) =a

Proof. (a): By a simple while loop.
(b): Clear.

Lemma 5.30. There is a While(R) computable function:

eval: NxR — R

such that for any integer polynomial p € Z[x|, and a € R:

eval("p™,a) = p(a)
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Proof. The function ewval is defined by induction on deg(p).
O]

Note that this is a special case of the term evaluation property (TEP) over R
[TZ00, §4.7]. In fact, this is the main step in proving the TEP for R.

Lemma 5.31. There is a While(R) computable function:

lessq :NxR—~B

such that forr € Q and x € R:

less("r,z) <— r<zx

where ““=7 is strong semantic equivalence.

Proof. Let r = .74, then by the assumptions on Godel numbering in §4.3, we can

primitively recursively retrieve "m ' and "n ' from "r'. Then

r<z <= 1z("m7) <(n(n)+1)xzx

where “<=" is strong semantic equivalence.
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Lemma 5.32. There is a While®R(R) computable function:

lessh, : NxR—B

such that for a € A* and x € R:

lessa(fa\z) <= a<x

where ““—=>7" 1is strong semantic equivalence.

Proof. By Lemma 5.3, we can effectively retrieve from "a ' the Gédel numbers "p™
and "k7, where o is the k™ root of p. Then by Lemma 5.30, we have a While

computable function eval such that

eval("p',a) = p(a)

Also by Lemma 5.19, we can effectively find two rationals 7 and ro, such that
r1 < a < ro, and « is the only root of p between these two rationals.

There are four cases, which can be effectively distinguished by Sturm’s Theorem:

4A is the set of algebraic numbers, as in Lemma 5.11.
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Case 1:
y = p(x)
| ///—1\\\ %‘
r o ro o
We can see that o < z if and only if:
[(r1 <) A (p(z) > 0)]V[re: < 2]
Note the use of the strong disjunction here! (See Remark 5.33 below.)
Case 2 :
y = p(x)
x

This reduces to Case 1 by replacing p(x) by —p(x).
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Case 3 :

1

In this case « is a repeated root of p. Then by choosing r; and ry sufficiently close

to a (so that p/(ry) > 0, p'(r1) < 0 and there is no root of p’(x) between r, and «, or

between av and r9) we have a < z iff:

[(r1 < x) A (p'(2) > 0)]V[ry < 2]

where p’ is the derivative of p.

Case 4 :

1 ]

This reduced to Case 3 by replacing p(z) by —p(z).
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Note that all the above operations on polynomials are effective; for example, " —p™

and "p'7 are primitive recursive in "p™.

Remark 5.33 (Need for strong disjunction). In Case 1, if x = ry, then the
disjunct (ro < z) will diverge, and so we need ‘V’ to make the whole expression

converge. Similarly for the other cases. (See also Remark 5.24.)

Lemma 5.34. There is a While computable function

Inq : N x real — bool

such that:

t if e (r, r)

InQ("(r1, m2) @)~ ff if x<r or ra<zx

T otherunse

where r1 and ro are rational numbers.

Proof. By assumptions of Godel numberings in §4.3, we can primitive recursively

retrieve "r; 'V and "1y from " (7, r2) " and therefore define:

InQ(" (71, 72) ", z) g lessq("r1 ', x) A (— lessq("r2 7, x))

which is Whale computable by Lemma 5.31.
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Lemma 5.35. There is a While®R computable function
Ing : N X real — bool

such that:

t if xe€ (o, B)
Ina("(a, B)h2)~q F if e<a or <z

T otherwise

where a and [ are algebraic numbers.

Proof. Like the proof of Lemma 5.34, except that instead of lessq, we use lessa,

which is While®R computable by Lemma 5.32. Il

5.4 Characterizations of semicomputable real sets

In this section, we prove the “==" direction of the structure theorems.

Lemma 5.36. If a set R C R s While semicomputable over R, then R can be

expressed as the countable union of an effective sequence of disjoint algebraic intervals.
Proof. If R C R is While semicomputable, then by Engeler’s lemma (4.13) for the

Whale language,

ace R — Qbk[a]

k=0
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for an effective sequence (by) of booleans. By the Characterization Lemma (5.23)
each b, defines a finite union of effective disjoint algebraic intervals.

By the Disjointedness Lemma (5.26), the sequence (by,) is semantically disjoint over
R, and hence the unions of algebraic intervals defined by different b;’s are disjoint.

O

Lemma 5.37. If a set R C R is While°% semicomputable over R, then R can be

expressed as the countable union of an effective sequence of disjoint algebraic intervals.

Proof. Like the proof of Lemma 5.36, except that we use Corollary 4.15 (Engeler’s
Lemma for While®R) in place of Lemma 4.13 (Engeler’s Lemma for While), and
notice that the Characterization Lemma (5.23) also applies to X°R-booleans.

]

Lemma 5.38. If a set R C R is While®R semicomputable over R, then R can be

expressed as the countable union of an effective sequence of rational intervals.

Proof. From Lemmas 5.37 and 5.13.

Remarks 5.39.

(a) We lose disjointedness here for rational intervals (compared to Lemma 5.37),
because the the sequence of rational intervals generated by Lemma 5.13 are not

disjoint.

(b) We could also have proved this lemma as an immediate consequences of Lemma
5.41 below, in which case we lose the disjointedness of the rationals because of
the failure of semantic disjointedness of the boolean sequence for the hypertrees

for WhileN computation. (See Remark 5.27.)
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Lemma 5.40. If a set R C R is While®" semicomputable over R, then R can be

expressed as the countable union of an effective sequence of algebraic intervals.

Proof. By Engeler’s Lemma for While N (4.17), a While™ semicomputable set
over R can be expressed as a countable disjunction of XR-booleans, to which the

Characterization Lemma 5.23 still applies.

]

Lemma 5.41. If a set R C R is While®" semicomputable over R, then R can be

expressed as the countable union of an effective sequence of rational intervals.

Proof. By Lemmas 5.40 and 5.13.
O

Remark 5.42. Note again the lack of disjointedness of the algebraic and rational

sequences obtained by Lemma 5.40 and 5.41 for the While=N computation hypertree.

5.5 Unions of effective sequences of intervals are
semicomputable

In this section, we will prove the reverse direction of the structure theorems.

Lemma 5.43. The countable union of an effective sequence of disjoint rational in-

tervals is While semicomputable over R.

Proof. An effective sequence of rational intervals gives us a total recursive function
f N — N such that f(n) is the Gédel number of the n'" rational interval. So the
countable union of an effective sequence of disjoint rational intervals is equivalent to

the halting set of the procedure
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proc

in r : real

aux 1 : nat;

begin
i:=0;
while not(Inq(Pf(i),r))
doi:=i+1od

end

where Py is the While(N) (and hence While(R)) procedure which computes f.

By Lemma 5.34, Inq is While computable, and so the above procedure is While
computable.

]

Remark 5.44. This result is related to Lemma 5.28, which states that a disjunction
of an effective sequence of semantically disjoint booleans can be evaluated “from the

left”, i.e., by a ‘while’ loop.

Lemma 5.45. The countable union of an effective sequence of disjoint algebraic in-

tervals is While®R semicomputable over R.

Proof. Exactly the same as previous Lemma, but instead of Inq(f(1),r), we must

use Ina(Pf(i),r) which is While®R computable, by Lemma 5.35.



5. Structure theorems for semicomputable sets over R 89

Lemma 5.46. The countable union of an effective sequence of algebraic intervals is

While3N semicomputable over R.

Proof. An effective sequence of algebraic intervals gives us a total While com-

putable function f : N — N such that f(n) returns the Gédel number of the n'*

algebraic interval.

Further by Lemma 5.35, there is a While®R computable function Ina such that

Vr € R:
Ina("(a, B)2) <= z€(a, B)

By Lemma 3.23, Inp is While3N computable.
So the countable union of an effective sequence of algebraic intervals is equivalent

to the halting set of the following WhileN procedure:

proc
in a: real;
out b : bool;
begin

b:= Exist z: P(a,z)

end
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where P is the procedure defined as:

proc
in a: real;
Z : nat;
out b : bool;
begin
b:= Ina(P(z),a);

end

where Py : nat — nat is the While(N) (and hence While(R)) procedure which

computes f.

O

Lemma 5.47. The countable union of an effective sequence of rational intervals is

While?N semicomputable over R.

Proof. From Lemma 5.46 ( since by Lemma 5.11, a rational interval is an algebraic

interval).

]

Discussion 5.48. When a sequence of rational or algebraic intervals is disjoint, we

can represent their union as the halting set of a While°®) procedure (as in Lemmas

5.36 and 5.37), since it can be evaluated from the left, i.e., by a ‘while’ loop.
However when the intervals are not disjoint, their union must be evaluated by a

While™N procedure, using the ‘Exist’ construct (as in Lemma 5.46).
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5.6 Structure theorems for semicomputable sets
over R

We conclude with our three structure theorems for While®R and While=N semicom-

putable sets over R.

Theorem 5.49. A subset of R is While®R semicomputable over R if and only if it
can be expressed as a countable union of an effective sequence of disjoint algebraic

ntervals.

Proof. By Lemmas 5.45 and 5.37.
O

Theorem 5.50. A subset of R is WhileN semicomputable over R if and only if it

can be expressed as a countable union of an effective sequence of algebraic intervals.

Proof. By Lemmas 5.46 and 5.40.
O

Theorem 5.51. A subset of R is While?N semicomputable over R if and only if it

can be expressed as a countable union of an effective sequence of rational intervals.

Proof. By Lemmas 5.47 and 5.41.
O

We do not have a structure theorem for While semicomputable sets. We do

however, have a partial result:
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Theorem 5.52. For subsets of R,

(a) While semicomputable over R =

union of effective sequence of rational intervals.

(b) union of effective sequence of disjoint rational intervals =
Whale semicomputable over R.
Proof. (a) By Lemma 5.38.
(b) By Lemma 5.43.

Remark 5.53. See Remarks 5.39 and 5.44, for the reasons that disjointedness is lost

in part (a), but needed in part (b).

5.7 Projectively While®N semicomputable sets

We now prove that for the While®N language, projectively semicomputability is
equivalent to semicomputability, i.e., semicomputability is closed under projection

over R.

Lemma 5.54. For a continuous partial function b : R™ — B, if there exists an n-tuple
of reals x = (w1, ...,z,) such that b(x) | tt, then there ezists an n-tuple of rationals

r = (ry,..,r,) such that b(r) | t.

Proof. For a continuous function b : R"™ — B, suppose that there exists a real tuple

x = (x1,...,2,) € R" such that b(x) | tt. Then there exists 6 > 0 such that for all
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real tuples y = (y1, ..., yn) in the set:

N(z,0) =g {(y1, - ¥n)|V (@1 — 1) + . + (20 — yn)? < 0}

b(y) | t. Because of the density of Q in R, there exists a rational tuple r =
(r1,...,mn) € N(z,9).
]

Theorem 5.55. A set R C R" is WhileN projectively semicomputable over R if

and only if R is While®" semicomputable over R.

Proof. “«<”: Trivial
“=": Suppose R is projectively semicomputable. Then there exists another rela-

tion R C R™"" such that for all z € R :

r€eR Jy € R™(z,y) € R’

<~
— Jye€ Rm\k/bk[x, Y]

for some effective sequence of X-booleans (by)

by Engeler’s Lemma 4.13 for While, applied to R/,
\k/ﬂy € R"bi[x, y]

\V3Ir € Q"by[z, 7], by Lemma 5.54
k

!

!

It is not hard to see that we can construct an effective double sequence (by;) of

booleans, such that for all k,[, if [ = "k then

ka[;U] <~ bk [QZ, 7’]
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and:

reR <= \/\/bulz]. (5.2)

Finally, by a method similar to the proof of Lemma 5.46, we can show that the right
hand side of (5.2) is the halting set of a While3 procedure.
O

Essentially, the proof involves replacing existential quantification over R by ex-
istential quantification over Q (using continuity and density of Q in R), and then

replacing the latter by countable disjunctions.
Remarks 5.56.
(a) We do not know if this result holds for While or While®R.

b) In total (non-topological) algebras R; over the reals, the continuity argument in
g g y arg
the above proof would not work, and in fact, the theorem fails! A counterex-

ample is given in [TZ00, §6.2].



Chapter 6

Conclusion and future work

6.1 Conclusions

In this thesis we investigated computability, or rather semicomputability, for the
While language and certain extensions ( While®R and While) over a topological
partial algebra R on the reals. We proved Structure Theorems for semicomputable

sets in R:

(1) A subset of R is While®R semicomputable over R <=

it can be expressed as a countable union of an effective sequence of pairwise

disjoint algebraic intervals.

(2) A subset of R is While semicomputable over R <=

it can be expressed as a countable union of an effective sequence of algebraic

intervals.

95
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(3) A subset of R is While™ semicomputable over R <=

it can be expressed as a countable union of an effective sequence of rational

intervals.

We have no structure theorem for the While language, only the partial result.

(4) For subsets of R,

(a) While semicomputable over R

= union of effective sequence of rational intervals.

(b) union of effective sequence of pairwise disjoint rational intervals

—> While semicomputable over R.
And finally, we showed:

(5) While3N semicomputability over R is closed under projection.

6.2 Future work and conjectures
We list some future work in this area, and conjectures:

(1) Investigating the structure of semicomputable subsets of R" for n > 1.

Although the Canonical Form Lemma (5.21) still holds, the Characterization
Lemma (5.23) does not, and so this is a harder problem. Note (again) that

Engeler’s Lemma holds for all standard partial algebras.

In searching for a suitable characterization lemma for the multi-dimensional

case, Strum’s Theorem, is no longer helpful. A more useful approach may be
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the method of cylindrical algebraic decomposition, applied to semialgebraic

sets. !
(2) To expand R by including division by naturals:

T
n-+1

divN(z,n) =4

where z € R and n € N. This is clearly a total function.

This seems fairly straightforward. With this expansion, we can directly embed
Q in R. This makes the proofs of several theorems, such as Theorem 5.55,
easier. The Canonical Form and Characterization Lemmas still hold, as do the

Structure Theorems.
Thus it seems clear that the five structure theorems listed in §6.1 still hold for
the algebra R+divN.

(3) To expand R to an algebra R%", which includes the partial division operation:

x
div(z,y) =4 —
(z,y) I

where z,y € R.

This expansion is a major step compared to (2). The Canonical Form Lemma
now becomes: a boolean over R can be expressed as a finite disjunction of

finite conjunctions of rational function inequalities r(x) > 0 where:

r(z) = —= (6.1)

'We are grateful to Dr. Carette for this insight.
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ASTRN

B2 (%) as

Figure 7

The important thing to notice is that the zeros and poles of rational functions
are algebraic numbers, since for equation 6.1, the zeros and poles of r(z) are

respectively the roots of p(z) and g(z).

Thus the graph of y = r(z) has a form like in Figure 7.
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with zeros at aq, as, asz and poles at (31, (.

From this it can be seen that the Characterization Lemma still holds for RV,

In fact:
PO S0 = (ple) x q@) > 0

where “<=" is weak semantic equivalence.

We conjecture that the three Structure Theorems in §6.1 still hold for R4Y.

(4) To bridge the gap between an abstract model (e.g. While3 ) and a concrete
model of computation over R (e.g. Weihrauch’s TTE [Wei00])

We have proved (Structure Theorem (3) in §6.1) that for a relation R on R:

R is While™ semicomputable in R <= R = U[’f (6.2)
k

where [} is an effective sequence of rational intervals. On the other hand, Weihrauch

has shown [Wei00] that for his concrete model:

R is TTE-semicomputable <= R = ﬂU[jJ{; (6.3)
j ok
where (I;) is an effective double sequence of rational intervals.
We can try to bridge the gap between (6.2) and (6.3) by generalizing the notion of
semicomputability in R to that of approzimable While3N semicomputability, where a

set R C R™ is said to be approximably While®N semicomputable if for some While N
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procedure P : nat X real — bool, we have, writing PX(z) =4 P%(n,z):
R =()Halt?(P}).
We then conjecture that for a set R C R™:
R is approximably While semicomputable <= R is TTE semicomputable.

The motivation for this conjecture, and the reason for the terminology “approximably
semicomputable”, is by analogy with the “completeness theorem” in [TZ04a], where
for partial topological algebras A (including R) satisfying certain general conditions,

it was proved that
WhileCC approximable computability <= concrete computability on A.

Here WhileCC' is the While language extended by a nondeterministic “countable
choice” operator, and a function f : A* — AY is said to be approximably WhileCC

computable if for some WhileCC' procedure
P:nat xu—w

the sequence of (many-valued) functions
PA A"~ A

converges or approzximates to f (in a suitable sense).



6. Conclusion and future work 101

In other words, for abstract computability to correspond to concrete computabil-

ity, it must be augmented by
(a) a non-deterministic choice operator ‘choose’ on N,
(b) approximability of computations.

Similarly, in the present case, we conjecture that for abstract semicomputability

to correspond to concrete semicomputability, it must be augmented by

(a) the ‘Exist’ operator on N,

(b) approximability, which here means countable intersection.

Note that our ‘Exist’ operator can be viewed as a (weakly deterministic) special

case of the ‘choose’ operator. In fact it can be clearly defined by ‘choose’:

x®:= Existz: P(t,z) <= n:=choosez: P(t,z); x* := P(t,n).

(See Remarks 3.22 (b, ¢))
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