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ARTICLE INFO ABSTRACT

Keywords: The Information Bottleneck is an information theoretic framework that finds concise
Statistical learning theory representations for an ‘input’ random variable that are as relevant as possible for an
}Egﬁzggg tb};i(t)lre{leck ‘output’ random variable. This framework has been used successfully in various supervised
Sufficient statistics and unsupervised applications. However, its learning theoretic properties and justification
remained unclear as it differs from standard learning models in several crucial aspects,
primarily its explicit reliance on the joint input-output distribution. In practice, an
empirical plug-in estimate of the underlying distribution has been used, so far without
any finite sample performance guarantees. In this paper we present several formal results
that address these difficulties. We prove several finite sample bounds, which show that
the information bottleneck can provide concise representations with good generalization,
based on smaller sample sizes than needed to estimate the underlying distribution. The
bounds are non-uniform and adaptive to the complexity of the specific model chosen. Based
on these results, we also present a preliminary analysis on the possibility of analyzing
the information bottleneck method as a learning algorithm in the familiar performance-
complexity tradeoff framework. In addition, we formally describe the connection between
the information bottleneck and minimal sufficient statistics.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction

The Information Bottleneck (IB) method, introduced in [22], is an information-theoretic framework for extracting
relevant components of an ‘input’ random variable X, with respect to an ‘output’ random variable Y. This is performed
by finding a compressed, non-parametric and model-independent representation T of X, that is most informative about
Y. Formally speaking, the notion of compression is quantified by the mutual information between T and X, while the
informativeness is quantified by the mutual information between T and Y. A scalar Lagrange multiplier 8 smoothly controls
the tradeoff between these two quantities.

The method has proven to be useful for a number of important applications (see [23,8,20] and references therein),
but its learning theoretic justification has remained unclear, for two main reasons: (i) The method assumes that the joint
distribution of X and Y is known, and uses it explicitly. This stands in contrast to most finite-sample based machine learning
algorithms. In practice, the empirical co-occurrence distribution is used to calculate a plug-in estimate of the IB functional,
but without explicit regularization, finite-sample generalization bounds or error guarantees of any kind. Moreover, it was
not clear what is left to be learned if it is assumed that this distribution is known. (ii) IB is formally related to classical
information theoretic problems, such as Rate-Distortion theory and Coding with Side-Information. It is, however, unclear
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why maximizing mutual information about Y is useful for any “natural” learning theoretic model, and in particular how it
is related to classification error.

In this paper we provide rigorous answers to some of the above issues concerning the IB framework. We focus on a
learning theoretic analysis of this framework, where X and Y are assumed to be discrete, and the empirical distribution of
p(x,y) is used as a plug-in for the true distribution. We develop several finite sample bounds, and show that despite this
use of plug-in estimation, the IB framework can actually generalize quite well, with realistic sample sizes that can be much
smaller than the dimensionality of this joint distribution, provided that we are looking for a reasonably simple representation
T of our data. In fact, it is exactly the reliance of the framework on explicit manipulation of the joint distribution that allows
us to derive non-uniform bounds that are adaptive to the complexity of the specific model chosen. In addition, we present a
preliminary analysis regarding the question in which settings the information bottleneck can be seen as a standard learning
algorithm, trading off a risk-like term and a regularization term controlling the generalization. Finally, we discuss its utility
as a natural extension of the concept of minimal sufficient statistics for discrimination.

The paper is organized as follows. In Section 2, we formally present the information bottleneck framework and the
notation used in the paper. We then turn to analyze its finite sample behavior in Section 3. Section 4 discusses the
characteristics of the information bottleneck as a learning algorithm, while its relation to minimal sufficient statistics is
considered in Section 5. The proofs are presented in Section 6, and we finish with a discussion in Section 7.

2. The information bottleneck framework

In this section we explain and formally describe the basic information bottleneck (IB) framework. This framework has
several variants and extensions, both to multivariate variables and to continuous representations (see [19,4] for more
details), but these are not the focus of this paper.

The IB framework attempts to find a simple representation of one random variable X through an auxiliary variable T,
which is relevant to another random variable Y. Let us first exemplify how the IB method can be used for both supervised
and unsupervised learning. Consider the area of text analysis. A typical unsupervised problem can be clustering documents
based on their word-statistics in order to discover similarities and relationships between them. In this case the X variable is
taken as the document identity (typically considered as “bags of words”) and the Y as the words in the documents. In this
case, the T variable will be clusters of documents with similar word-statistics, based, for instance, on the “the two sample
problem” [13] similarity measure.

In a typical supervised application in this domain, X can denote the words while Y are topic-labels of the documents.
Here T are clusters of words that are (approximately) sufficient for document categorization [23]. In all the applications a
variable § allows us to smoothly move between a low resolution - highly compressed - solution, to a solution with higher
resolution and more information about Y. This form of dimensionality reduction, a special case of the information bottleneck,
was introduced under the name of distributional clustering in [16], and has proven to be quite effective in analyzing high
dimensional data [2,9].

In this work, we assume that X and Y take values in the finite sets X and Y respectively, and use x and y respectively
to denote elements of these sets. The basic quantity that is utilized in the IB framework is Shannon’s mutual information
between random variables, which for discrete variables is formally defined as:

p(x,y)
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Mutual information can be shown to be the unique measure of informativeness, up to a multiplicative constant, under
very mild assumptions (see [19], Section 1.2.3). The IB functional is built upon the relationship between minimal sufficiency
and information. It captures a tradeoff between minimality of the representation of X, achieved by minimizing I(X; T), and
sufficiency of information on Y, achieved by constraining the value of I(Y; T). The auxiliary variable T is thus determined
by the minimization of the IB-Lagrangian

Li[p(t|x)] =1(X; T) — BI(Y; T) (1)

with respect to the mapping p(t|x). T is subject to the Markov chain relation T — X — Y, and p(t|x) is subject to the obvious
normalization constraints. The tradeoff parameter § is a positive Lagrange multiplier associated with the constraint on
I(Y; T). Formally, T is defined over some space 7, but the elements of this space are arbitrary — only the probabilistic
relationships between T and X, Y are relevant.

The solutions of this constrained optimization problem are characterized by the bottleneck equations,
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where Dy is the Kullback-Leibler divergence and Z(j, x) is a normalization function. These equations need to be satisfied
simultaneously, given p(x, y) and S. In [22] it is shown that alternating iterations of these equations converge - at least
locally - to a solution for any initial p(t|x), similar to the Arimoto-Blahut algorithm in information theory [5]. In [3] it is
shown that the set of achievable p(x, y, t) distributions form a strictly convex set in the (I(X; T), I(Y; T)) plane, bounded by
a smooth optimal function - the information curve - similar to the rate-distortion function in source coding. By increasing
the value of 8 one can move smoothly along this curve from the trivial, I(X; T) = I(Y; T) = 0 solution at the origin, all
the way to the most complex solution where T captures all the relevant information from X and I(X; T) = H(X), H(X)
denoting the entropy of X. In addition, as 8 is increased, I(Y; T) increases and T captures more information on Y. Due to
the data-processing inequality, I(Y; T) < I(X; Y), with equality only when T becomes an exact sufficient statistic for Y. The
tradeoff inherent in Eq. (1) forces us to find a simple representation T of X, which preserves only those aspects of X which
are informative, i.e. relevant, about Y.

It should be emphasized that despite superficial similarities, IB is not a hidden variable model. In such models, we assume
that the joint distribution p(x, y) can be factorized using an auxiliary random variable T, forming a Markovian relation
X — T — Y. In IB, we make no generative assumption on the distribution, and the Markovian relation is T — X — Y. Namely,
T is a generic compression of X, and the information-curve is characterized by the joint distribution p(x, y) independently
of any modeling assumptions.

An important observation is that the effective cardinality of an optimal T is not fixed and depends on 8. When 8 < 1,even
a trivial T of cardinality 1 will optimize Eq. (1), since we always have I[(Y; T) < I(X; T). On the other hand, as 8 increases,
more emphasis is put on informativeness with respect to Y, and the cardinality of T will increase, although the cardinality
of an optimal T need not exceed the cardinality of X, as proven in [10].

In order to optimize Eq. (1) we need to calculate the quantities I(X; T) and I(Y; T) for any chosen T and g. Since T is
defined only via X, we need to know p(x, y) in order to calculate these two quantities. In most applications, however, p(x, y)
is unknown. Instead, we assume that we have an i.i.d sample of m instances drawn according to p(x, y), and we use this
sample to create a maximum-likelihood estimate of the distribution using p(x, y), the empirical distribution of the sample.
Following current practice, this empirical estimate is then plugged into the calculation of I(X; T) and I(Y; T) instead of
the true joint distribution, and Eq. (1) is optimized using this plug-in estimate. In general, we use the ~ symbol to denote
quantities calculated using p(x, y) instead of p(x, y). Thus, instead of calculating I(X; T) and I(Y; T) precisely, we rely on the
empirical estimates f(X; T) and i(Y; T) respectively. These quantities depend on p(t|x), which is known and chosen by us,
and the empirical distribution p(x, y). In this work, we investigate how much these empirical estimates can deviate from the
true values when we optimize for T — in other words, whether this plug-in practice is justified. Note that the sample size m
is often smaller than the number of bins |X||Y|, and thus p(x, y) can be a very poor approximation to p(x, y). Nevertheless,
this is precisely the regime we are interested in for many applications, text categorization to name one.

3. Finite sample analysis

We begin our analysis by focusing on the finite-sample behavior of the IB framework, and in particular on the relationship
between I(X; T) and I(Y; T) that appear in Eq. (1) and their empirical estimates i(X; T) and i(Y; T).

Our first result shows that for any fixed T defined as a random mapping of X via p(t|x), it is possible to determine the value
of the objective function Eq. (1) within reasonable accuracy based on a random sample. The proof is provided in Section 6.1.

Theorem 1. Let T be a fixed probabilistic function of X into an arbitrary finite target space, determined by a fixed and known
conditional probability distribution p(t|x). Let 8 be a sample of size m drawn from the joint probability distribution p(X, Y). For
any confidence parameter § € (0, 1), it holds with a probability of at least 1 — § over the sample § that

(17| log(m) + log(17 |))+/log(4/9) N |71 -1

X T)—1X;T)| < ,
HX;T) —IX; T)| < Jam -

and that

BIT| +2) log(m)«/log(4/5) = (Y¥l+ DT+ 1) —4
+ .
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Note that the theorem holds for any fixed T, not just ones which optimize Eq. (1). In particular, the theorem holds for any
T found by an IB algorithm, even if T is not a globally optimal solution.

The theorem shows that estimating the objective function for a certain solution T is much easier than estimating p(x, y).
Indeed, the bound does not depend on |X|, which might even be countably infinite. In addition, it depends on |¥| only as
a second-order factor, since |¥| is multiplied by 1/m rather than by 1/+/m. The complexity of the bound is thus mainly
controlled by |7|. By constraining |7 | to be small, or by setting 8 in Eq. (1) to be small enough so that the optimal T has low
cardinality, a tight bound can be achieved.

Theorem 1 provides us with a bound on a certain pre-specified T, where the sample 4 is not part of the process of selecting
T. The next theorem is a full generalization bound, determined by the sample when it is used as a training set by which T is
selected.

I(Y;T) —1(Y; T)| <
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In order to present the theorem compactly, we will use some extra notation. Let x1, .. ., X% be some fixed ordering of
the elements of X, and y4, ..., y)y| be an ordering of the elements of Y. We use the shorthand p(T = t|x) to denote the
vector (p(t|x1), ..., p(t]X|x))). In a similar manner, we denote the vector (Q(T|y1), e, I:I(T|y‘y|)) by l:l(T|y) where I:I(T|y,-)
is the entropy of p(T|y;). The vector (H(T|x1), ..., H(T|xx)) is denoted by H(T|x), where H(T |x;) is the entropy of p(T|x;).
Note that p(T |x;) is known as it defines T, and thus does not need to be estimated empirically.

For any real-valued vector a = (ay, ..., a,), we define the function V(a) as follows:

n 2 n n 2
V(a): a—%Zaj AZ(G,'—:[ZGJ) s (3)
j=1 =1

i=1
where ||-|| signifies the standard Euclidean norm (here and in the rest of the paper). Note that %V(a) is simply the variance
of the elements of a. In addition, we define the real-valued function ¢ as follows:

0 x=0
d(x) = {xlog(1/x) 0<x<1/e (4)
1/e x> 1/e.

Note that ¢ is a continuous, monotonically increasing and concave function.
Theorem 2. Let 8 be a sample of size m drawn from the joint probability distribution p(X, Y). For any confidence parameter
8 € (0, 1), it holds with a probability of at least 1 — § over the sample § that for all T, [[(X; T) — I(X; T)| is upper bounded by

\/Clog(lyl/é) VHTRK) T (\/aoguw/a) V(T = t|x)>) , (5)
m T m
and |I(Y; T) — f(Y; T)| is upper bounded by
\/clog(lyl/a).v(H(le)) +22¢(\/Clog(I%I/S).V(p(T=t|x)))’ -
m T m

where V and ¢ are defined in Egs. (3) and (4), and C is a small constant.

As in Theorem 1, this theorem holds for all T, not just those optimizing Eq. (1). Also, the bound enjoys the advantage of
not being uniform over a hypothesis class of possible T’s, but rather depending directly on the T of interest. This is achieved
by avoiding standard uniform complexity tools (see the proof for further details).

Intuitively, these bounds tell us that the ‘smoother’ T is with respect to X, the tighter the bound. To see this, assume that
for any fixed t € 7, p(t|x) is more or less the same for any choice of x. By definition, this means that V(p(T = t|x)) is close
to zero. In a similar manner, if H(T|x) is more or less the same for any x, then V (H(T|x)) is close to zero, and so is V(l:l(T|y))
ifI:I(T|y) is more or less the same for any y. In the extreme case, if T is independent of X, then p(t|x) = p(t), H(T|x) = H(T)
and H (Tly) = A (T) for any choice of x, y, and the generalization bound becomes zero. This is not too surprising, since in
thiscase I(X; T) = I(XA; T)=0andI(Y;T) = i(Y; T) = 0 regardless of p(x, y) or its empirical estimate p(x, y).

This theorem thus suggests that generalization becomes better as T becomes less statistically dependent on X, and so
provides a more compressed probabilistic representation of X. This is exactly in line with empirical findings [19], and with
the intuition that ‘simpler’ models should lead to better generalization.

A looser but simpler bound on Theorem 2 can be achieved by fixing the cardinality of T, and analyzing the bound with
worst-case assumptions on the statistical dependency between X and T. The proof is provided in Section 6.3.

Theorem 3. Under the conditions and notation of Theorem 2, we have that with a probability of at least 1 — 6, for all T,
Lo | < 2Y/C1oB(YI/) (ITTTXTlog(m) + IXTI08(T1) + 171
b — \/ﬁ

[1(X; T)

and
VClog(1%1/8) (VITTIXTlog(m) + 3/T¥Tlog(|T ) + 2|7 |
- )

I(Y;T) —I(Y; T)| <

where C is the same constant as in Theorem 2.

Even with this much looser bound, if | Y] is large and |7°| < |¥| the bound can be quite small, even with sample sizes
which are in general insufficient to reasonably estimate the joint distribution p(x, y). One relevant setting is in unsupervised
learning, when Y models the feature space. Also, we remind that this theorem differs from Theorem 1, in that Theorem 1
assumes that T is fixed, and the random sample is used merely to validate the performance of this T, whereas Theorem 3
assumes the random sample is used to determine T as well as its performance concurrently.

In this section, we have shown that the quantities that make up the IB objective function can be estimated reliably from
a sample of a reasonable size, depending on the characteristics of T. In the next section we investigate the motivation for
using these quantities in the objective function in the first place.
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4. Alearning theoretic perspective

The IB framework optimizes a trade-off between I(X; T) and I(Y; T). In this section we provide a preliminary discussion
of the learning theoretic properties of this tradeoff, investigating when mutual information provides reasonable measures
for both learning complexity and accuracy.

In an unsupervised setting, such as clustering, it is rather easy to see how I(X; T) and I(Y; T) control the complexity
and granularity of the clustering by trading between homogeneity and resolution of the clusters; this has been discussed
previously in the literature (such as [23,3]). Therefore, we will focus here mainly on the use of this framework in supervised
learning, where the objectives are more well defined.

Most supervised learning algorithms are based on a tradeoff between two quantities: a risk term, measuring the
performance of a hypothesis on the sample data, and a regularization term, which penalizes complex hypotheses and so
ensures reasonable generalization to unseen data. In the following we argue that under relevant settings it is reasonable to
consider I(Y; T) as a measure of risk and I(X; T) as a regularization term that controls generalization.

4.1. I(Y; T) as a measure of performance

In this section we investigate the plausibility of I(Y; T) as a measure of performance or risk in a supervised learning
setting. We show that in those supervised learning settings where IB was demonstrated to be highly effective, such as
document categorization [21], there is a strong connection between the classification error and the mutual information
I(Y; T), especially when the categories are uniformly spread. The discussion here is a first step towards a full analysis of the
IB classification performance in a more general setting, which we leave for future work.

In a typical document classification task we model X as a random variable over the set of possible words, and Y as a
random variable over the set of document categories or classes. Each document is treated as an i.i.d. sample of words drawn
from p(x|y), in accordance with the bag of words representation, where y is the class of the document. Unlike the simple
supervised learning settings, where each example is described as a single data point, in this case each example (document)
to be labeled is described by a sample of points (words) of variable size (usually large) and we seek the most probable class
of the whole sample (document) collectively.

IB is used in this setting to find T, a compressed representation of the words in a document, which is as informative as
possible on the categories Y. The bottleneck equations Eq. (2) provide for each class y its conditional distribution on T, via
p(tly) = >, p(tIx)p(x|y). When a new document D = {x1, ..., x,} of size n is to be classified, the empirical distribution of
T given Dis p(t) = Z,’;l p(t|x;)p(x;). Assuming that the document is sampled according to p(t|y) for some class y, the most
probable class y* can be selected using the maximum likelihood principle, namely y* = argmin, Dy, PO IpEIN].

We now show that i(Y; T) is indeed a reasonable objective function whenever we wish to collectively label an entire set
of sampled instances.

Assume that the true class for document D is y;, with its word distribution sampled via p(t|y,). The probability «;, of
misclassifying this sample as y, for some y, # y; via the likelihood test decreases exponentially with the sample size n. The
rate of exponential decrease is larger if the two distributions p(t|y), p(t|y2) are more distinct. Formally, by Stein’s lemma
[5],if p(tly1) = p(tly1) and p(tly2) = p(tly2), then

1
Jim ~log(an) = Dia[p(tly2)Ip(¢ly)]. 7

When p(tly;) and p(t|y,) deviate from the true conditional distributions, Stein’s Lemma still holds up to an
additive constant which depends on the amount of deviation, and the exponent is still controlled mainly by the term
Dic[p(tly2)llp(tly1)]. In the following we will assume for simplicity that Eq. (7) holds exactly.

The overall probability of misclassifying a document when there are more than two possible classes is thus upper
bounded by

> exp(—nDyp(t]y) Ip(tlyn)D). 8)
Y#Y1

On the other hand, by the definition of mutual information and the convexity of the Kullback-Leibler divergence we have
that

I(Y; T) = E,Dye[p(t1y) Ip(6)] = EyDia [p(¢[y) By p(t]y)] 9)

< EyyDilp(tly)llp(tly)],
Hence —nI(Y; T) is an upper bound on the expected value of the exponent in Eq. (7), assuming that y; and y, are picked
according to p(y). The relationship between Eq. (9) on the one hand, and Egs. (7) and (8) on the other hand, is not direct.
Nonetheless, these equations indicate that if the examples to classify are represented by a large sample, as in the document

classification setting, higher values of I(Y; T) should correspond to a reduced probability of misclassification. For example,
if D [p(t|y) lIp(tly1)] is equal for every y # y1, we have that Eq. (8) is upper bounded by

(m—1Dexp(—nl(Y;T)/ (Y%l - 1)),
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in which case the probability of misclassification is exponentially dominated by I(Y; T). This is the case when categories are
uniformly spread, which happens for many applications incidently or by design. In this case, when the bottleneck variable
T captures just a fraction o = I(Y; T)/I(X; Y) of the relevant information, the test (document) size should increase only by
a factor 1/« in order to achieve a similar bound on the classification error.

4.2. 1(X; T) as a regularization term

Recall that the goal of the IB framework is to find a simple representation of a random variable X, which is relevant to
another random variable Y. ‘Simple’ here is obtained by the compression term I(X; T) in the IB objective function (Eq. (1)).
In this subsection we discuss the role of I(X; T) from a learning theoretic perspective, in particular as a regularizer when
maximizing I(Y; T). Note that without regularization, I(Y; T) can be maximized by setting T = X. However, p(x|y) cannot
be estimated efficiently from a sample of a reasonable size; therefore the formal solution T = X cannot be used to perform
reliable classification. Moreover, in the context of unsupervised learning, setting T = X is generally a meaningless operation,
corresponding to singleton clusters.

The IB framework attempts to find a simple representation of one random variable X through an auxiliary variable T,
which is relevant to another random variable Y. Let us first exemplify how the IB method can be used for both supervised
and unsupervised learning. Consider the area of text analysis. A typical unsupervised problem can be clustering documents
based on their word-statistics in order to discover similarities and relationships between them. In this case the X variable is
taken as the document identity (typically considered as “bags of words”) and the Y as the words in the documents. In this
case, the T variable will be clusters of documents with similar word-statistics, based, for instance, on the “the two sample
problem” [13] similarity measure.

In a typical supervised application in this domain, X can denote the words while Y are topic-labels of the documents.
Here T are clusters of words that are (approximately) sufficient for document categorization [23]. In all the applications a
variable g allows us to smoothly move between a low resolution - highly compressed - solution, to a solution with higher
resolution and more information about Y. This form of dimensionality reduction, a special case of the information bottleneck,
was introduced under the name of distributional clustering in [16], and has proven to be quite effective in analyzing high
dimensional data [2,9].

The bottleneck variable T must therefore be restricted to allow reasonable generalization in a supervised setting and to
generate a reasonable model in an unsupervised setting. In the IB framework I(X; T) can be viewed as a penalty term that
restricts the complexity of T. A more formal justification for this is given in the following theorem, which is derived from
Theorem 2. The proof is provided in Section 6.4.

Theorem 4. For any probability distribution p(x, y), with a probability of at least 1 — § over the draw of the sample of size m
from p(x, y), we have that for all T,

Iy: 1) —iv; 1l < |/ W(a log(m)y/[THCX:T) + GIT 410G TH + Gl 7)),

where C is the same constant as in Theorem 1, and C;, C,, C5 depend only on p(x) and p(y).

This bound is similar to learning theoretic generalization bounds, where I(Y; T) measures the performance of the learned
‘hypothesis’ T, and the bound depends on I(X; T) and 1 (X; T), which control the complexity of the hypothesis (we note that
I(X; T) and i(X ; T) are closely related by Theorem 3). This is not a fully empirical bound, as it depends on the unknown
quantity I(X; T) and the marginal distributions of X, Y. The bound does however illustrate the relationship between the
generalization error, as embodied in the difference between I(Y; T) and i(Y; T), and the mutual information I(X; T). This
provides motivation for the use of I(X; T) as a regularization term, beyond its obvious description length interpretation or
coding interpretation.

5. Relationship with sufficient statistics

A fundamental issue in statistics, pattern recognition, and machine learning is the notion of relevance. Finding the
relevant components of data is implicitly behind the problems of efficient data representation, feature selection and
dimension reduction for supervised learning, and is the essence of most unsupervised learning problems. One of the earliest
and more principled approaches to relevance was the concept of sufficient statistics for parametric distributions, introduced
by Fisher [7] as function(s) of a sample that capture all the information about the parameter(s). A sufficient statistic is defined
as follows:

Definition 5 (Sufficient Statistic). Let Y be a parameter indexing a family of probability distributions. Let X be random
variable drawn from a probability distribution determined by Y. Let T be a deterministic function of X. T is sufficient for Y if

Vxe X, teT,yelY pElt,y) =pE|t).

Throughout this section we assume that it suffices that the equality holds almost everywhere with respect to the probability
of y and x.

In words, the sufficiency of T means that given the value of T, the distribution of X does not depend on the value of Y.
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In the parametric statistics setting, Y is a random variable that parameterizes a family of probability distributions, and X
is a data point drawn from p(x|y) where x € X and y € Y. For example, the family of probability distributions may be the
set of Bernoulli distributions with success probability p determined by y, with 4 C [0, 1] and some prior distribution p(y).
In this case, for a giveny, p(X = 1]y) =y, and p(X =0Jy) = 1 —y.

Y and X may be high dimensional. For instance, Y may determine the mean and the variance of a normal distribution,
or fully parameterize a multinomial distribution. X may be a high dimensional data point. For any family of probability
distributions, we can consider a sample of m i.i.d data points, all drawn from the same distribution determined by a single
draw of Y. In the context of sufficient statistics, this is just a special case of a high dimensional X which is drawn from the
cross-product of m identical probability distributions determined by the value of Y.

Just as X and Y may be high dimensional, so can T map X to a multidimensional space. If X denotes an i.i.d sample, the
number of dimensions in T may depend on the size of the sample m. Specifically, T = X is always sufficient for Y. To avoid
trivial sufficient statistics such as this, Lehmann and Scheffé [12] introduced the concept of a minimal sufficient statistic,
which denotes the coarsest sufficient partition of X, as follows:

Definition 6 (Minimal Sufficient Statistic). A sufficient statistic S is minimal if and only if for any sufficient statistic T, there
exists a deterministic function f such that S = f(T) almost everywhere w.r.t X.

For instance, for an i.i.d sample of size m of the Bernoulli distribution in the example above, T = X is trivially a sufficient
statistic, but the one-dimensional T = % > ixi where x = (X1, ...xy) is also sufficient. It can be shown that the latter T
(and any one-to-one function of it) is a minimal sufficient statistic.

By the Pitman-Koopman-Darmois theorem [17], sufficient statistics whose dimension does not depend on the sample
size exist only for families of exponential form. This makes the original concept of sufficiency rather restricted.

Kullback and Leibler [11] related sufficiency to Shannon’s information theory, showing that sufficiency is equivalent to
preserving mutual information on the parameter, while minimal sufficient statistics minimize the mutual information with
the sample due to the data-processing inequality [5].

The IB framework allows us to naturally extend this concept of relevance to any joint distribution of X and Y, not
necessarily ones of exponential form, in a constructive computational manner. In this framework, built on Kullback’s
information theoretic characterization of sufficiency [11], one can find compact representations T of a sample X that
maximize mutual information about the parameter variable Y, corresponding to sufficiency for Y, and minimize I(X; T),
corresponding to the minimality of the statistic. However, unlike the original concepts of sufficient statistic and minimal
sufficient statistic, the IB framework provides a soft tradeoff between these two objectives.

It can easily be seen that as 8 grows to infinity, if T is not restricted then I(Y; T) converges to I(X; Y) and T converges
to a minimal sufficient statistic. The following theorem formalizes this insight. Similar formulations of this theorem can be
gleaned from [11] and [5]. The full proof is presented for completeness in Section 6.5.

Theorem 7. Let X be a sample drawn according to a distribution determined by the random variable Y. The set of solutions to
mTin IX;T) st. I(Y;T) =maxI(Y; T
T

is exactly the set of minimal sufficient statistics for Y based on the sample X.

The IB framework thus provides a natural generalization of the concept of a sufficient statistic, where by setting g8 to
lower values, different degrees of approximate minimal sufficient statistics can be found, characterized by the fraction of
mutual information they maintain on the Y. Furthermore, such approximate minimal sufficient statistics exist for any joint
distribution p(X, Y) in a continuous hierarchy that is fully captured by the set of optimal IB solutions for all values of g.
These solutions lie on the information curve of the distribution.

6. Proofs

6.1. Proof of Theorem 1

Let 8 be a sample of size m, and let T be a probabilistic function of X into an arbitrary finite target space, defined by p(t|x)
forallx e X andt € 7. R

To prove the theorem, we bound the deviations of the information estimations from their expectation: |[I(X; T) —
IE(f(X; T))| and |i(Y; T)— ]E(i(Y; T))|, and then use a bound on the expected bias of entropy estimation.

To bound the deviation of the information estimates, we use McDiarmid’s inequality [ 14], in a manner similar to [1]. For
this we must bound the change in value of each of the entropy estimates when a single instance in 4§ is arbitrarily changed.
A useful and easily proven inequality in that regard is the following: for any natural m and for any a € [0, 1 — 1/m] and
A<1/m,

log(m)
—

(a+ A)log(a+ A) —alog (a) | < (10)

With this inequality, a careful application of McDiarmid’s inequality leads to the following lemma.
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Lemma 8. For any 8; > 0, with probability of at least 1 — §; over the sample, we have that

B T) — B0 T)] < (17| log(m) + log(ITI))vlog(Z/Sl)_ (a1
V2m
Similarly, with a probability of at least 1 — &,,
v Ty — Efi(v: Ty < GIT] + 2) log(m)vl0g(2/6,) (12)

V2m

Proof. We use the equality i(X; T) = ﬁ(T) — I:I(T|X). First, we bound the change caused by a single replacement in I:I(T).
We have that

AT ==Y (Z p<r|x>ﬁ<x)> log (Z p<t|x>ﬁ<x>) :

If we change a single instance in 4, then there exist two pairs (x, y) and (x', ") such that p(x, y) increases by 1/m,and p(x’, )
decreases by 1/m. This means that p(x) and p(x’) also change by at most 1/m, while all other values in the distribution remain
the same. Therefore, foreach t € T, pr(t|x)13(x) changes by at most 1/m.

Based on this and Eq. (10), I:I(T) changes by at most |7 | log(m)/m. We now move to bound the change in I:I(T|X). We
have

HTIX) =) pEOH(TIX = x).

H(T|X = x) is dependent only on p(t|x) which is known and does not depend on the sample. Changing a single instance in
& changes p(x) by at most 1/m for two values x. Since H(T|X = x) < log(|7|), this implies that H(T|X) changes by at most
log(|7°|)/m. Overall, i(X; T) = I:I(T) — I:I(T|X) can change by at most (|7 | log(m) + log(|7"|))/m. Invoking McDiarmid’s
inequality gives us Eq. (11).

We now turn to i(Y; T) and perform a similar analysis using the fact that i(Y; T) = I:I(Y) + I:I(T) - I:I(Y, T). First, for
I:I(Y), we have that

H(Y) == p) logp®)).
y

Changing a single instance in 8 changes p(y) by at most 1/m for two values y, hence by Eq. (10), A (Y) changes by at most
2log(m)/m.For H(Y, T), we have

H(Y,T) == p(t.y)log (p(t,y))
ty

and

Py, 1) =Y p(tl)p(x. y).

Since T —X —Y is a Markov chain, changing a single instance in § may change ), p(t|x)p(x, y) by at most 1/m for two values
y. Using Eq. (10), we have that I:I(Y, T) can change by at most 2|7 | log(m) /m. Finally, as we saw above, by replacing a single

instance H(T) can change by at most |7 | log(m) /m. Overall, we have that I(Y; T) can change by at most (3|7 |+2) log(m)/m.
Applying McDiarmid’s inequality, we get Eq. (12). O

Lemma 8 provides bounds on the deviation of the I X;T), i(Y; T) from their expected values. In order to relate these to
the true values of the mutual information I(X; T) and I(Y; T), we use the following bias bound from [15].

Lemma 9 (Paninski, 2003). For a random variable X, with the plug-in estimate I:I(~) on its entropy, based on an i.i.d sample of
size m, we have that

R ( |X|—1> 1] — 1
[E[HX) —HX)]| <log| 1+ < .
m m

From this lemma, the quantities |[E[H(T) — H(T)]|, |[E[H(Y) — H(Y)]|, and |E[H(Y, T) — H(Y, T)]| are upper bounded
by (|7 — 1)/m, (%] — 1)/m and (|¥||7| — 1)/m respectively. Combining these with Eqs. (11) and (12), and setting
81 = 63 = &/2, we get the bounds in Theorem 1.
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6.2. Proof of Theorem 2

The idea of the proof is as follows. We bound the quantities [[(X; T) — i(X; T)|and |I(Y;T) — i(Y; T)| with deterministic
bounds that depend on the empirical distribution and on the true underlying distribution. These bounds are factorized, in the
sense that quantities that depend on the empirical sample are separated from quantities that depend on the characteristics
of T. Quantities of the first type can be bounded by concentration of measure theorems, while quantities of the second type
can be left dependent on the T we choose.

The deterministic bounds are summarized in the following lemma.

Lemma 10. The following two inequalities hold:

10T =106 = Y [P0 = Beo - @ (VVBT = b)) + [0 — b - VVHT ), (13)
1 =1l = Y [p® — B - ¢ (VYT =)

+ 30w Y o ([Bey) - ey | - VT = t1))
y t

+ [p®) — )| - VHTI)). (14)

Proof. Starting with |[I(X; T) — i(X ; T)|, we use the fact that
16 T) — 1(X; T)] < [H(TIX) — H(T|X)| + [H(T) — A(T)|
and bound each of the summands on the right separately. For the first summand, since ), p(x) = ), p(x) = 1, we have

that for any scalar a,

H(TIX) — HTIX)| = | Y (x) — Pe)HH(Tx)

> () — PO H(T|X) — a)

< |p® —p@ || IH(T[x) —all, (15)
where p and H stand for vectors indexed by the values of X, and we subtract a from all entries of the vector. Setting
a= ﬁ 3", H(T|x) we get

IH(TIX) — H(TIX)| < [p®) — )| vV H(TIX)), (16)

where V() is defined in Eq. (3).
We now turn to bound the second summand. For the rest of the proof, we use the following easily proven lemma.

Lemma 11. Foranya, b € [0, 1],
lalog(a) — blog(b)| < ¢(la — b)),
where ¢ (-) is defined in Eq. (4).

From this lemma we have that

IH(T) — H(T)| =

> p(0) log(p(t) — (t) log(p(t))
t
<Y o(p(®) — p(0)))
t

-2l )

=Y ¢ (Ipeo — b | VY@@ =), (17)

> (P — )

where the last inequality is derived as in Eq. (15), by setting a £ \Tlﬂ > p(T = t]x).
From Egs. (16) and (17) we get Eq. (13) in the lemma.
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Turning now to |[I(Y; T) — i(Y; T)|, we similarly use the inequality
H(Y; T) = 1(Y; )| < [H(T|Y) — H(T|Y)| + [H(T) — H(D)I.
It remains to bound the first summand, as the second summand was already bounded above. We have

HIY) = AT = |3 (POHTY) ~pmATY)

y

= + . (18)

> pw) (HTW) = Aaw)|+ |3 (6w) —punATy)
y y

For the first summand in this bound we have

=

> po) (HTy) - ATl
y

> pw) Y (Bltly) log(p(tly)) — p(tly) log<p<t|y)>)‘
y t

s;pm&(
)

=> WY ¢ (‘mex) (p(xly) — p(xly))

y t X

=3P Y- ([Bey) — ey | VY BT = 1))
y t

A 1

where the last inequality is again derived similarly to Eq. (15), by setting a £

Eq. (18) we have
< |pw) —DW)| -  VETIy)).

p(tly) — p(tly)|)

>, b(t]x). For the second summand in

> (p) — PONH(TIY)
y
Therefore,

() — AT = Y pe) 3¢ ([bey) — pen) | - VBT = t10) + [p0) =) -y VETy).  (19)
y t

From Eqgs. (17) and (19) we conclude Eq. (14) in the lemma. O

In order to transform the bounds in Egs. (13) and (14) to bounds that do not depend on p(x), we can use concentration
of measure arguments on L, norms of random vectors, such as the following one based on an argument in section 4.1 of [6]:
Let p be a distribution vector of arbitrary (possible countably infinite) cardinality, and let p be an empirical estimation of p
based on a sample of size m. Then with a probability of at least 1 — § over the samples,

- 2+ /21og(1/6)

=< Jm .
We apply this concentration bound to Hp(x) —pX) ” Hp(y) —-p(y) ” and to Hﬁ(x|y) —pxly) H for any y in Eqs. (13) and

(14). To make sure the bounds hold simultaneously over these |Y| + 2 quantities, we replace § in Eq. (20) by §/(|¥| + 2).

Note that the union bound is taken with respect to the marginal distributions of p(x), p(y) and p(x|y), which do not depend
on the T chosen. Thus, the following bounds hold with a probability of 1 — §, for all T:

1) = 1x; V(H(T[)
06T =1 )] < @+ V2108 (%1 +2)/8) —
V(T =
+Z¢<(2+\/2108((|%|+2)/8)) (l’(m”"))>
t

i VH(T
H(Y:T) = I(Y:T)| < 2+ y/2log((1Y] +2)/8)) %

Vp(T =
+2) 0 <(2 +/2log (1Y]+2)/8)) (P(m”"))> _
t

To get the bounds in Theorem 2, we note that

2+ /2log (1Y] +2)/8) < /Clog(1%1/)

where C is a small constant.

lo—5 (20)
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6.3. Proof of Theorem 3

In this proof we apply worst-case assumptions on Theorem 2 to get a bound that does not depend on p(t|x) but only
on the cardinality of T. The variance of any random variable bounded in [0, 1] is at most 1/4. Since %V(p(T = t|x)) is the
variance of the vector p(T = t|x), we have that V(p(T = t|x)) < |X|/4 for any p(t|x). Assume that

C
S log(1%1/8)|%|e*n* (8), (21)
for C as in Theorem 2, then it follows that for any p(t|x),
Clo HVET =t Cl 8)|X%
\/ g(Y/DV R = th) _ \/ og(HI/DIXI _ o
m 4m
For readability, we define vV £ Clog(|¥%|/8)V (p(T = t|x)). Therefore we have that

SR
- Zﬁlog(\/ﬁ)Jrl/e’
: Vm

where the last inequality follows from +/V log(ﬁ) < 1/e. Reintroducing the definition of 'V and rearranging, we have

v v/ Clog(|¥%1/6) log(m) (Z VYT = th))) + 2|7
t
29 (\/D = NG ‘ (22)
To bound Z VvV (p(T = t|x)), we note that
t
Y VT =tx) <Y Ip(T =t
t t

Finding an upper bound for the right-hand expression is equivalent to solving the following optimization problem

max E E a,
4ij ¢ X

s.t. Vx Zat,x =1, Vt,xa,=>0.
t

It is easily seen that in this problem we are maximizing a convex function over a compact convex set. It is well known
(e.g. [18]) that the maximal values in this case are achieved on vertices of the set. In other words, we can limit ourselves to
solutions {a; »} such that for any x, a; x = 1,—;; where t; is a function of x. Letting b, = ,/|{x : t} = t}|, we get the following
equivalent optimization problem:

max b

2

st. Y bl =|X|, Vtb}ez,.
t

To upper bound this, we can relax the integer constraint, and get the following problem

max  |b],
=(b

st |bll; = /%], beR7

whose optimal solution is of course /| X||7 | by choosing by = /| X|/|7 | for all t. We can plug this bound back into Eq. (22)
to get that

— - 2
Z¢ (\/Clog(|y|/6)V(p(T = t|x))) - V/Clog(1%1/8)1%7 | log(m) + 2|7 I. (23)
¢ m 2/m
To complete the proof, note that H(T |x) and I:I(T|y) are in [0, log(|7|)]. Therefore
201
V() < X8 WD (24)

4
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and

21
viicrly) < PENTD, (25)

Applying Eqs. (23)-(25) on the bounds in Theorem 2 generates the required result.
Finally, it is easy to show that the resulting bound is trivially true for m not satisfying Eq. (21), and thus this bound it true
for any m.

6.4. Proof of Theorem 4

Throughout the proof we assume that our model T pertains only to values of X, Y actually observed in the sample, and
therefore w.l.o.g p(x), p(y) > Oforany x € X,y € Y of interest.

To prove this theorem, we will find a new upper bound for Eq. (6), using the same notation as in Theorem 2. As a shorthand,
we denote the two summands of Eq. (6) by Sy for the first summand and S, for the second summand, so that we have

I(Y;T) = I(Y; T)| < S1 +S,.

We start by bounding S, first seeking an upper bound for /V (p(T = t|x)).
By definition of V() and using Bayes’ formula p(t|x) = EXIOP®) '\ye have that

p(x)
) 1 pln\
p(x pX
V(p(T = t|x)) = p(t - — . 26
VV(T = th) = p(t) ;(,)(x) ) 2 p(x,)) (26)
Denoting 1 = (1, ..., 1), we have by the triangle inequality that
2 2
pxlt)y 1 pX'|t) p(x|t) 1 pX'|t)
[ — — 1| + 1— —
2 ( e 1X] 4 pi) ) =0 7, Z( X[ 2 px) )
p(x|t) 1 ( p(X’It)>
= -1 — 1-
R M 1) Dl Uy ‘
_[p«o N 1 Hp(xlt) 3
p(x) 2 VIX[ ] p&) 1
1 p(x[t)
1+ —— -
5( ¢|X|> H b0
2
< ——lIp&lt) —pX ;. (27)
miny p(x)

From an inequality linking KL-divergence and the L; norm (lemma 12.6.1 in [5]), we have that

Ip(XIt) = P11 < v/210g(2)Die[p(x]6) [P(0)]-
Plugging this into Eq. (27) and using Eq. (26), we get the following bound:

2«/21 2)
WVeT =) < °g(() p(t)y/Di[p@I0) [p)]. (28)

For notational convenience, let

o = [CO80H1/E) 2/7T082)
e m min, p(x)

and let d; = Dy [p(x|t)||p(x)]. Then, using Eq. (28), we have
Sy <2y ¢(gmp(t)y/do). (29)
t

At this point, let us assume that given T, the sample size m is large enough so that g(m)p(t)/d; < 1/e for any t. We will
later see that this condition can be discarded. For such m, we get by definition of ¢ (-) that

S =2 gmpOVa: <'°g< (m )) g(p(r>leT>)
o Ero o))
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It is easily verified that for any x > 0, xlog(1/x) < /x. Using this fact and thinking of p(t)+/d; as a vector indexed by t,

we haVe
‘ >
1

Sy < 2g(m) <log (L)
g(m)

We use the following two inequalities:

p(t)

| 7] < VirT|vpod]..
p(t)v/d; 171 |/ pt)vde
2
= Vigl[pova| < iree | Veod] .

to have

5, < 2g(m) (log( ) 71| Voo + 17 | Vaod 2).
Using the equality

[Vo©d:|, = VE Dlpin ol = VI T,
we reach the following bound

S, < 2g(m) <log (g(l—m)) VITHX:T) + 7 PAA; T))”“) : (30)

By inserting the definition of g(m) back into the inequality, we get our final bound for S,,

= | B () tog(m) IO + ol P40 T) ) 31

with C; and G, as constants that depend only on min, p(x).

Turning now to S;, we have to bound V(l:l(T| y)). By definition of V(-), and using the triangle inequality, we have

Jvaa) < \/Z(PI(TW) —HM?+ | (H(T) i ZH(TIy)>
y

y

For the second summand we have

2
N 1 A
> (H(T) ~ ZH(le’)> = VIl
y/

y

N 1 ~
H(T) — — Y H(TlY)
%1 4

Z(H(T) H(T|y)

| ¥

= ﬁ Hﬂm ~H) .

where we think of I:I(T) — l:l(T| y) as a vector ranging over the values of y. Therefore, we have that

Vv < (14— ) i - )| (32

It is known that H (T) > A (T|y) for any y, since conditioning cannot increase entropy. Therefore

i —Aaw| = % (A - Aaw)
_ rnylp(w (ﬁz(n - chy)ﬁam)
y

1 A 1 ~
= ——7IY;T) < —I(X; T),
miny p(y) min, p(y)
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where the last inequality follows from the data processing inequality. Substituting this into Eq. (32), and since [4| > 1, we

get
~ 2 ~
VH(Ty)) < ———I(X; T). (33)
miny p(y)
Setting C3 = m we thus have our bound for S,

S < ,/wcgi(x; T).

Plugging Eqgs. (31) and (33) into Eq. (6) gives us the bound in our theorem.

Lastly, recall that we derived this bound by assuming that g (m)p(t)+/d; < 1/e for any t. We now show that the bound can
be made trivial if this condition does not hold. If the condition does not hold, there exists a t such that g(m)p(t)+/d; > 1/e.
Since

VICGT) = [3 p0)d, = p6)v/d,

for any t, we get that /I(X; T) > —-—. Since |7| > 1and g(m) > 0, we get that our bound in Eq. (30) is at least

e-g(m)”
2g(m) <log ({ﬁ) |TI1X; T) + 17 P4 ax; T))1/4> > 2/|T] (log(l/eg(m)) + |7|1/4,/g(:1)>

= VIT| = log(IT D).

Therefore if indeed g (m)p(t)+/d; > 1/e for some t, then the bound in the theorem is trivially true, since I(Y; T), 7(Y; T) are
both within [0, log(]7|)]. Hence the bound in Theorem 4 holds for any m.

6.5. Proof of Theorem 7

Theorem 7 follows directly from the following two lemmas.
We denote by F (X) the set of probabilistic functions of X into an arbitrary target space, and by $(Y) the set of sufficient
statistics for Y.

Lemma 12. Let T be a probabilistic function of X. Then T is a sufficient statistic for Y if and only if

I(Y;T) = max I(Y;T).
T'eF (X)

Proof. First, assume that T is a sufficient statistic for Y. For every T’ which is a probabilistic function of X, we have the
Markov chain Y — X — T’. Therefore, by the data processing inequality, I(Y; X) > I(Y; T). In addition, X € ¥ (X). Therefore

I(Y;X) = max I(Y;T).
T'eF (X)

Since T is a sufficient statistic, Y — T — X is also a Markov chain, hence I(Y; X) < I(Y; T). It follows that

I(Y;T) =I1(Y;X) = max I(Y;T).
T'eF (X)

This completes one direction of the claim. For the other direction, assume that
I(Y;T) = max I(Y;T).
T'eF (X)
Then I(Y; T) = I(Y; X).Since Y — X — T is a Markov chain, it follows that Y and X are conditionally independent given T
(see [5], proof of Thm. 2.8.1), hence T is a sufficient statistic. O
Lemma 13. Let T be a sufficient statistic for Y. Then T is a minimal sufficient statistic for Y if and only if
IX;T) = min I(X;T). (34)
T'es(Y)
Proof. First, let T be a minimal sufficient statistic, and let T’ be some sufficient statistic. By the definition of a minimal
sufficient statistic, there is a function f such that T = f(T’). Therefore, X — T’ — T is a Markov chain. Therefore,

I(X; T) < I(X; T’). This holds for any sufficient statistic T/, hence indeed Eq. (34) holds. This completes the first direction of
the proof.
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For the second direction, we show that if T is not minimal, then there exists a sufficient statistic V such that I(X; T) >
I(X; V), thus Eq. (34) does not hold. We will use the Fisher-Neyman factorization theorem [7] which states that T is a
sufficient statistic for Y if and only if there exist functions hy and gr such that

vx,y p(Xly) = hr(x)gr(T(x),y). (35)

Since T is not minimal, there exists a sufficient statistic T’ such that T is not a function of T'. Define the equivalence
relation ~ by

gr(t1,y)
gr(t2,y)
where gr is a function satisfying Eq. (35) with some hr.Let V : XX — 7 be a function such that

t1 ~ bt is a constant function of Y,

Vx, Vx)eft|t~T®x)}.
V is thus a function of T. We use Fisher-Neyman’s theorem to show that V is a sufficient statistic: Define
gr(T(x),y)
gr(VXx),y)
gv(V(x),y) = gr(V(x),y).
Then

hy (x) £ hr(x)

p(xly) = hr(x)gr(T(x), )
gr(T(x),y)
=hr(X)=—————gr(V(x),y)
ey,
= hy(X)gv (V(x), ).
Therefore V has a factorization; hence it is a sufficient statistic. It is left to show that I(X; T) > I(X; V).V is a function of T’,
for let x4, X, such that T'(x;) = T'(x), then

gr(T(x1),y)  pxily)hr(xz)
gr(T(x2).y)  p(aly)hr(xy)
_ he(x)gr (T'(x1), y)hr (x2)
(g (T' (x2), ) (x2)
_ hp(x)hr(x2)
 hr(xhr(x)
Hence T(x;) ~ T(x;), therefore V (x;) = V(x;) for any x, x, such that T’ (x;) = T’ (x,).
Since X — T — V is a Markov chain, we have
IX;T)=IX; V) +IX; T | V)
I V) +HIXT| T, V)
=IX;V)+IX;T|T).

Since T is a function of X but is not a function of T’, we have that I(X; T | T’) > 0.Therefore I(X; T) > I(X; V), hence Eq. (34)
does not hold. O

7. Discussion

In this paper we analyzed the information bottleneck framework from a learning theoretic perspective. This framework
has been used successfully for finding efficient relevant data representations in various applications, but this is its first
rigorous learning theoretic analysis. Despite the fact that the information bottleneck is all about manipulating the joint
input-output distribution, we show that it can generalize quite well based on plug-in empirical estimates, even with sample
sizes much smaller than needed for reliable estimation of the joint distribution. In fact, it is exactly the reliance on the joint
distribution that allows us to derive non-uniform and adaptive bounds.

Moreover, these bounds allow us to view the information bottleneck framework in the more familiar learning theoretic
setting of a performance-complexity tradeoff. In particular, we provided a preliminary analysis of the role of mutual
information as both a complexity regularization term and as a bound on the classification error for common supervised
applications, such as document classification. This is the first step in providing a theoretical justification for many
applications of interest, including a characterization of the learning scenarios for which this method is best suited. Finally,
we showed how this framework extends the classical statistical concept of minimal sufficient statistics.
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