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Abstract

his report develops the formal semantics of the Domain Information System (DIS)
framework by constructing a mathematical interpretation of its core structures and
proving that this interpretation constitutes a model of the DIS theory. DIS dis-
tinguishes between two foundational components: the Domain Data View (DDV),
which captures structured data using cylindric algebra, and the Domain Ontology
(DOnt), which models conceptual knowledge via Boolean lattices, commutative
monoids, and rooted graphs. A mapping operator aligns data instances to ontol-
ogy concepts, supporting formal reasoning across layers. We demonstrate that the
proposed interpretation satisfies the axioms of the DIS theory, confirming its inter-
nal consistency and providing a sound foundation for reasoning about data-aware
knowledge systems.
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1 Introduction

Structured data is increasingly central to knowledge-driven applications, yet aligning it with
formally defined ontological frameworks remains a persistent challenge [KVS20, DGLL™18|.
Traditional approaches to ontology engineering often assume a fixed conceptual model and
rely on post hoc mappings to relate that model to underlying datasets. This separation leads
to inconsistencies, costly integration processes, and limitations in reasoning, particularly as
systems evolve or need to be reused across domains.

To address this, we adopt the framework [Mar16], a formalism that explicitly decouples
data from domain knowledge while maintaining a semantically coherent integration between
them. [DIS|introduces two distinct but connected theories: a[DDV] which represents structured
data through algebraic constructs, and a which defines the conceptual structure using
Boolean lattices and relational graphs. These components are linked via a mapping operator
that ensures data-level structures correspond directly to domain-level concepts. This formal
separation allows the ontology to evolve independently of data, and vice versa, while enabling
precise reasoning across both.

In this technical report, we provide a modular formalisation of the [DIS| In Section 2, we
present the theory and its syntax. In Section [3] we introduce an interpretation for [DIS| and
in Section [4] we verify that this interpretation is a model for the [DIS] theory.

2 Domain Information System: Theory

The [DIS]is a modular framework for knowledge representation that structurally separates data
from domain knowledge. It is composed of three main components: the [DOnt], which models
conceptual knowledge through algebraic and graph-based structures, the DDV] which captures
structured data using diagonal-free cylindric algebra [THMT1], and a mapping operator 7 that
links data to domain concepts.

The[DOni]provides a semantic foundation by combining a commutative idempotent monoid
of atomic and composite concepts, a Boolean lattice that defines a hierarchy of concepts
through composition and negation, and a family of rooted graphs, each representing se-
mantic dependencies or conceptual hierarchies within the ontology. In this context, rooted
graphs are directed acyclic graphs in which all paths terminate at a unique root, allowing
for context-aware navigation and modularisation of concepts. Formally, for a rooted graph
Gy, = (Ci, Ri,ti), its root is given by t; € C; s.t. Vk € Ci. k =t; V (k,t;) € R;™, where R; " is
the transitive closure of R;.

Definition 2.1 (Domain Ontology). Let C = (C, P, ec) be a commutative idempotent monoid.
Let T, be the natural order on C, defined as Ve,d € C. c &, d <= c®d =d. Let L = (L, [ )
be a free Boolean lattice, generated from a set of atoms in C. Let I be a finite set of indices,

and G = {Gy, },erier a set of graphs rooted in L. A domain ontology is the structure

oY (ccg). 0

To model data, the DDV]uses a cylindric algebra where each dimension corresponds to a
dataset attribute. The cylindrification operators ¢, are indexed over the elements of a set U
isomorphic to the atoms of L, where L is the carrier set of the Boolean lattice £ of the domain
ontology, as described in Definition 2.1}



Definition 2.2 (Domain Data View associated with an ontology). Let O = (C,E,Q) be a
domain ontology. A domain data view associated with O is a diagonal-free cylindric alge-
bra A = (A,—l—,*, —, 04,14, {q{},ﬁeu), where U represents the finite set of attributes of the
considered dataset. O

The two components are integrated through the mapping operator 7. This operator assigns
to each data element of the[DDV]a concept in the capturing its structural and semantic
meaning.

Definition 2.3 (Domain Information System). Let O be a domain ontology, A its associated
domain data view, and 7 : A — L a mapping that relates the elements of A to the elements of
the Boolean lattice in O. A Domain Information System (DIS) is the structure Z = (O, A, 7)
for which the following axioms hold, for any a,b € A:

o 7(14) = Tz
o 7(a+b)=r1(a)® (D) O

These definitions are governed by the axioms listed below, which define the algebraic,
graph-based, and mapping properties of a well-formed |DIS|Z = (O, A, 7). Let a,b € A, k, ki, ks €
C,k,AN€lU,i €N, Gti € G, with Gti = (Ci,Ri,ti)

A1) (C, P, ec) is a commutative idempotent monoid

A2 (L, B,R,9,e,, T[;) is a Boolean algebra

(k1,k2) € Ry = ki # ko

A7) t; e LAVEE€Ci. k=t V (k,t;) € R+

(ki, ko) € Ri = ko =tV (ka,t;) € R

€C = ke LV3G = (Cy,Ri,t;) €G. ke,

k
(A, +,%,—,04, 1A) is a Boolean algebra

A10

A11) ¢,(0) =0

A12) a < c.(a)

Al3) ce(axci(b)) = cla) * c(b)
Al4) ci(er(a)) = ex(ce(a))

)
)
)
)
)
)
)
)
)
)
)
)
)
)



(A16) T7(14) = T¢
(A17) 7(a +b) = 7(a) ® 7(b) O

Axiom |(Al)|describes the monoid of concepts C. Axioms |[(A2){H(A3)|describe the Boolean
lattice £. Axioms |(A4)[H(A9)| describe the family of rooted graphs G, as well as the bound-

ary set on C. Axioms |(A10)H(A14)[ describe the cylindric algebra A. Axioms [(A15)H(A17)

describe the operator 7. With every monoid there is a natural order. In the monoid C (of

the component), this is expressed as the partial order T, defined as ki T, ko VLN

k1 @ ko = k. In the cylindric algebra A (of the component), the natural order denoted
by < is defined as a < b g a+b=0b.

3 Domain Information System: Model

3.1 Domain Data View Model

To model the [DDV] component of a [DIS| instance Z, we begin with a finite set of sorts, called
the universe and denoted by U = {S1, Sa, ..., Sn}. These sorts are derived from the attributes
of the underlying dataset and are interpreted as finite sets of values associated with those
attributes. While two sorts may share the same value domain, for example sorts StartYear
and EndYear might both contain the value 2025, they are treated as semantically distinct due
to their differing roles and interpretation in the domain ontology (see Section . An s-value
is an ordered pair (s, v), where s € U is a sort and v € s is an element of that sort. Two s-values
with identical values but different sorts (e.g., (StartYear, 2025) and (EndYear, 2025)) are not
equivalent, as they encode different semantic meanings. An s-datum represents a structured
data tuple and is defined as a nonempty set of s-values such that each sort appears at most
once.We refer to the set of sorts that appear in an s-data as its structure.

The [DDV] is modelled as the mathematical structure

My = (A, +,%,—,0,1, {cﬁ}neu). Each element of carrier set A is interpreted as a set of
well-formed s-datums, i.e., an s-data. The Boolean operators +,* and — are interpreted as
union, intersection, and complement, respectively.

We use the following notation throughout: s, si,... for sorts, v,vy,... for sort elements,
s, sv1, SVq, . .. for s-values, dt,dt1,dt,, ... for s-datums, and a, b, z,y,a1,x1,... for s-datas.
Unless otherwise specified, the sort corresponding to an attribute named ‘attr’is denoted by
Sattr'

We define the set of all possible s-values as

v € J{s,0) | v.ves)

seu

To generate all possible well-formed s-datums, we define the special product operator
> P(U) — P(SV). When it is clear from the context, we write T instead of > (7). The
<1 operator is defined by induction, as follows, for any s e U, T CU,s ¢ T

><{} = {}

>(TU{s}) =T U{dtU{(s,v)} | dt,v.dt ex<xT AvE s} M)



The set of s-datums is SD % i/ and the carrier set of the cylindric algebra is A = P(SD).
Due to the definitions of A, SD, and the powerset axiom (z € P(S) <= z C 5), it is
immediate that, in a given [DIS] for any a € A the following equation holds:

a€A <= alrxld (2)

The following proposition describe properties of the special product operator. Proposi-
tion [3.1] describes the sort exclusion in product closure, i.e., when a sort is not present in a
given subset of sorts, its s-values cannot be present in the special product of the given sub-
set. Proposition describes the monotocity of the special product operator w.r.t. to set
inclusion. Proposition [3.3] describes the sort preservation under the special product. Propo-
sition [3.4| captures the fact that the special product operator distributes over intersection of
sort sets.

Proposition 3.1. Let ¢ be a[DIS| universe. For any s € U, T C U:
1. s¢T = xa{s}nN =T ={}
2. Voes,dteSD.s¢ T = (dtU{(s,v)}) ¢ T O

Proposition 3.2. Let U be a [DIS| universe and > the special product operator defined
in The >a operator is montone, i.e., for any T,T' C U the following statement is true:
T"CT — =<T' C=<T

Proposition 3.3. Let U be a[DIS universe and > the special product operator defined in
Forany se U, T CU,s €T = x{s} N =T =xi{s}. O

Proposition 3.4. Let ¢ be a[DIS| universe and 1 the special product operator defined in
The < operator distributes over intersection, i.e., for any 71, Ty C U, ><xT1N >xTy =< (17 N'T).
O

3.2 Operators on Data and their Properties

To reason about structural properties of data in a[DIS] we define several operators that act on
s-datums and s-datas within the [DDV] These operators allow us to manipulate the presence
or absence of sorted values associated with specific sorts, enabling special kinds of projection
and generalisation w.r.t. with a specified sort.

Let Z be a[DIS| and A its associated [DDV] with universe U. Let dt € SD be an s-datum.

For any sort k € U, we say that “x is part of dt", denoted by & € dt, if there exists a x s-value
in dt, ie., if it is true that Jv € k. (k,v) € dt. We define four key data operators: the
reduction operator on s-datums, which is denoted by cltl,_C and removes k s-value from dt (if it
exists); the corresponding reduction operator on s-datas, which is denoted by CLUH and applies
the reduction operator on each s-datum in a; the extension operator or s-datums, which is
denoted by dtTkC and generates all variants of dt extended with every possible k s-value not
already present; and the extension on s-datas, which is denoted by aﬂﬁ and collects all extended
s-datums obtained from each dt € a. These operators form the foundation for manipulating



sorted structures in a principled way and are defined formally in Equationg3H6]

dtLi = {(s,v) | s,v.(s,v) €dt \ s # Kk} (3)
o % {dt] | dt.dtea) (4)
dtTH def {(dtl,i U {(k, v)}) | v.ve /-{} if k € dt (5)
{dt} otherwise
ar = " (6)
dtea

By construction of s-datums, the following equation holds for any dt € SD,x € U, and
V€ K: -
KEdt < Fue k. dt= (dtLi U{(k,v)}) (7)

The following propositions describe the properties of these operators. The behaviour of
sort-reduction on a singleton s-datum is formalised in Proposition [3:5]

Proposition 3.5. Let U be a[DIS| universe. For any k,A € Y and v € &

{(k,0)}], = {{(/ﬂ, 0)} if K # A

{} otherwise

0

The k-reduction removes all k s-value from any s-datum or s-data it is applied to, while
their k-extension adds the missing k s-value. Thus, the reduction and extension of any s-data
are disjoint, a property formalised in Proposition [3.6]

Proposition 3.6. Let A be a[DDV] with ¢/ its universe and A its carrier set. For any x € U
and a € A the following holds: (Vdt € a. k € dt) = al|_N a)” ={}. O

The operator l distributes over both union and intersection. The operators ll and ﬂ
distribute over union; however, they do not distribute over intersection. These properties
are formalised in Proposition [3.7]

Proposition 3.7. Let A be a[DDV] with ¢/ its universe, SD its set of s-datums, and A its
carrier set. For any k € U, dty,dts € SD, and a,b € A, the following properties hold:

1. (dty Udty)| = dti| Udts|

\]

C(dty Ndty)| = dty| Nty

(a U, = all, L],

(anb)ll, <al, Nel,

(aUd))" =daf]" ub)"

(@ndo)” C a)” N)” -

w

e~

ot

S



When applied repeatedly, the four data operators are idempotent, i.e., further applications
have no effect, a property formalised in Proposition [3.8]

Proposition 3.8. Let A be a[DDV] with ¢/ its universe, SD its set of s-datums, and A its
carrier set. For any k € U, dt € SD, and a € A, the data operators are idempotent w.r.t. to
K, l.e.,:

1 (dt] )| =dt]

2. (dt]" )" = dt]”

3. (a ), = al,,

4. (a) " =d))” O

The reduction and extension operators commute over sorts, reflecting the fact that oper-
ations on distinct sorts are independent, and thus the order of their application has no effect.
These properties are formalised in Proposition [3.8

Proposition 3.9. Let A be a[DDV] with ¢/ its universe, SD its set of s-datums, and A its
carrier set. For any k, A € U, dt € SD, and a € A, the following equations hold:

1. (dt] )], = (at],)],.
2. (), = (L),
3. (" = (™" .

To describe the internal structure of an s-data a € A w.r.t. a fixed sort k € U, we define
two disjoint component: the k-floored component |al,; that contains all s-datums in a without
a Kk s-value, and the k-raised component [a]” that contains the s-datums that include exactly
one k s-value. These two components are formalised as follows:

lale ={dt | dt € a A ~Fv € k. (k,v) € dt} (8)
[a]* ={dt | dt € a A Fv € k. (k,v) € dt} 9)

These two operators partition a given s-data w.r.t. a given sort, as formalised in Proposi-
tion 3.10)

Proposition 3.10. Let A be a[DDV] with ¢/ its universe and A its carrier set. For any x € U
and a € A, the following properties hold:

1. |a)s U Ja] = a (completeness: each s-datum in a is either x-floored or k-raised)
2. [a]* N |alx = {} (disjointness: no s-datum in a belongs to both components)) O

The interaction between these components and the s-data helper operators is formalised
in Proposition 3.11} In particular, it establishes the following properties: preservation of the
two components under intersection with extended s-data (Equations and Equation ,
disjointness between raised and reduced parts (Equation , and the structural equivalence
between reduction and flooring (Equations 5| and @

Proposition 3.11. Let A be a[DDV] with ¢/ its universe and A its carrier set. For any x € U
and a € A, the following equations hold:



L la)e Na" = la]x
2. [aF Nal)" = [a*
3.and)"=a

4. fa]" N C’«U,i ={}
5. las nall, = lals

6. anal = lal O
Finally, Proposition formalises the disjointness properties extended to any pair of

s-datas.

Proposition 3.12. Let A be a[DDV] with ¢/ its universe and A its carrier set. For any x € U
and a,b € A, the following equations hold:

L a* N b = {}
2. [Nyl ={}
3. lal NE)" = la N Bl O

Together, these properties show that the structural components x-flooring and k-raising
of an s-data are aligned with the algebraic behaviour of the data operators. The partitions
they form are stable under various k-modifications, and enable support for reasoning on data
transformation in

3.3 Operators Interpretation

In the interpretation of [DDV] the operators of the structure My are defined using standard
set-theoretic operations. The Boolean algebra is induced directly by interpreting union, in-
tersection, complement, and identity elements over the set of s-data. The cylindrification
operator is interpreted via the k-extension operation defined earlier. Formally, for any x € U
and a,b € A, the operators are defined in Equations

def

a+b = aUb (10)
axb ¥ anb (11)
0= {} (12)
1% (13)
—a ¥ 1\q (14)
ca X af” (15)

Within this interpretation, we can establish several core properties of the cylindrification
operator, formalised in the following propositions.

Proposition 3.13. Let A be a[DDV] with ¢/ its universe and A its carrier set. The cylin-
drification operator distributes over the operator, i.e., for any a,b € A and any k € U,
c:(a+b) = ca+ b O



Proposition 3.14. Let A be a[DDV], with ¢/ its universe and A its carrier set. The cylindri-
fication operator is idempotent w.r.t. to &, i.e., for any a € A and any k € U, ¢;(c.a) = c,a.
O

In Section [4.2] we show that the M4 structure satisfies the axioms of a diagonal-free
cylindric algebra.

3.4 Domain Ontology Model

The model of a domain ontology O is denoted by Mp = (MC,ME,MQ), corresponding to
the concept monoid Mg = (CAQJ,EB,eC), the Boolean lattice M, = (LAtE,EB,@),@,eC, Tg),
and the family of rooted graphs Mg = {Gy, }t,ericr, With Gy, = (C’Z',Ri,ti),Ci CC,R; C
C; x Ci,t; € L.

The operators of a are formally defined for any ki, ko € C and any &, k1,k2 € L,
using set operators, as described in Equations [I6] through 21}

def

by ®ky  ky Uky (16)

e = () (17)

by ks X @k = ko (18)
K1 ® ko def K1 N Koy (19)

T % A (20)

or & T\k (21)

In Section [£.3] we we show that the My structure satisfies the axioms of a domain ontology
0.

3.5 DIS Model: Mapping Operator Component

The final structural component of [DIS]is the mapping operator 7: A — L, which links data-
level elements (from to concept-level elements (from . For an s-data a € A, we
define 7(a) as the concept formed by composing the atomic concepts corresponding to the
sorts present in a.

To formalise this, we define two projection operators (given in postfix notation) on s-values:
.sort: SV — U, which returns the sort component of a sorted value, and .val: SV — U, which

. def
returns its value component. Formally, for any sv € SV,sv = (s,v), sv.sort = s and

svval oy A helper mapping n: U — L establishes a one-to-one correspondence between

the sorts and atomic concepts in the Boolean lattice. Then, for any a € A, 7(a)
is formally defined in Equation

7(a) = {n(sv.sort) | sv,dt.sv € dt Ndt € a} (22)

The mapping operator preserves the composition, zero, and one operators between the

two Boolean algebras, the A of [DDV] and the of the These properties are described
in Equations [23| to for any a,b € A. Proposition [3.15| expresses properties of the helper



n operator, and formalise further properties of the mapping operator 7, including its
behaviour w.r.t. the complement and * operators.

T(a+b) =7(a) ® 7(b) (23)
7(0) =&, (24)
(1) =T, (25)

Proposition 3.15. Let Z = (O, A, 7) be a For any a € A, k € U, the following properties
hold:

1. 3dt €a. k€ dt = n(k) &, 7(a]")

2. (k) & (dl],) 0
Proposition 3.16. Let Z = (O, A, 7) be a[DI| For any a,b € A, and T C U:

1. (a=0Va=1) = 7(—a) = o7(a)

2. () @7(h) =e, = T(axb) =e,

3. 1(axb) C 7(a) @ 7(b)

4 a=xT, = (r(a)=Uin(s) | s.s€T.})

5. (a=xT, ANb=xT},) = (t(axb) =7(a) @ 7(b)) O

4 Domain Information System: Proofs

4.1 Operators on Data Properties

In this section, we present the proofs for the properties described in Section 3.2} We remind
the reader that the set comprehension is given as {E | x. R}, where E, x, and R are the
expression, (set of) variable(s), and range, respectively. In addition, all statements of the form
A C B are proved by showing that the equivalent equation AN B = A holds.

For some of the proofs below, we use the following fact: for any s € U, T1,T> C U:
s¢ Ty = ({dtU{(s,v)} | dt,v.dt exTy Avesin xTy) ={} (26)

Equation [26 is due to the fact that i (7%) can contain no {(s,v)} s-values, as s ¢ T5.
Proof for Equation [26]is done by induction on T5:

Step 1: T2 = {}. The proof is trivial, using the definition of > , 1Ty = {}, and the
annihilator for N axiom.

Step 2: TH: s ¢ Ty, = ({dtU{(s,v)} | dt,v.dt €Ty Avesin xTy) ={}. Show
that for any s’ € U, s ¢ (Tb U{s'}) = ({dtU{(s,v)} | dt,v.dt exTi ANv € s}N
(GU{s)) =}

Case 1: s’ € Ty is trivial, as it reduces to the TH.

Case2: s ¢ Th



{dtU{(s,v)} | dt,v.dt exTi ANvesn x(TaU{s'})
— ( Definition of )
{dtu{(s,v)} | dt,v.dt exTy AveEs}n
(T U{dt U{(s', )} | dt/,v" . dt' exTy AV €5'})
— ( Distributivity of N over U )
({dtU{(s,v)} | dt,v.dt exTy Avesin xTy)U
({dtU{(s,v)} | dt,v.dt exTy AveEs}n
{at’ U{(s",v")} | dt',v" . dt' €Ty AV € §'})
- (TH )
{yu
({dtU{(s,v)} | dt,v.dt exTy Aves}n
{dt U{(s', ")} | dt/,v" . dt' exxTy AV € '})
— ( Annihilator for U )
{dtU{(s,v)} | dt,v.dt €Ty AveEstn
{at U{(s', ")} | dt',0" . dt exxTy AV €'}
— ()

— ()
{

Proof for Proposition ([3.2)) is done by induction on 7", with assumption 77 C T
Step 1: T = {}

<T' N T

— ( Assumption 7" = and Definition of )
{}n =T

— ( Annihilator of N )
{}

— ( Assumption 77 = and Definition of )
<7’

Step 2: Induction hypothesis (IH): 7" C T = TN =T =xT’. For any s € U, we
show that (T"U{s}) CT = >=(T'U{s}) Cx=xT.

Case 1: s € T" is trivial, as it reduces to the TH.

Case 2: s ¢ T' and it is immediate that s € T, due to assumption (7" U {s}) C T. The
proof will use the additional fact:

({dtU{(s,v)} | dt,v.dt exT" AwveE s}
N{dtU{(s,v)} | dt,v.dt exx(T\{s}) AveEs}) (27)
={dtU{(s,v)} | dt,v.dt exxT' AvE s}

Equation [27)is based on the assumptions s ¢ 77 and 77 C T, thus 7" C (T'\{s}), and, due
to IH, <7’ Cxa(T\{s}) .

><(T"U{s}) N T
_ ( Definition of )

10



(>T" U{dtU{(s,v)} | dt,v.dt exT" Aves})N =T
— ( Distributivty of N over U )

(>T" N T ) U ({dt U{(s,v)} | dt,v.dt exT Avestn aT)
— (TH )

<T" U ({dtU{(s,v)} | dt,v.dt exT’" AveEsin xT)
— ( Assumption s € T')

T’ U ({dtU{(s,v)} | dt,v.dt exT" Avestn x((T\{s})U{s}))
— ( Definition of )

<T" U ({dt U{(s,v)} | dt,v.dt exT’ Av€E s}

N (ea(T\{s}) U{dtU{(s,v)} | dt,v.dt ex(T\{s}) Av€Es}))
= ( Distributivty of N over U )

<7’ U ({dtU{(s,v)} | dt,v.dt ex<xT’ ANvesin x(T\{s}))

U ({dtu{(s,v)} | dt,v.dt exT’ Ave s}

N{dtU{(s,v)} | dt,v.dt e(T\{s}) Av € s})
— ( Equations (26)), )

<7 U{}U{dtU{(s,v)} | dt,v.dt ex<T AvE s}
— ( Annihilator for U and Definition of > )

(1" U {s})

Proof for Proposition (3.3, for any s € U, T C U, with assumption s € T, is immediate
from s € T <= {s} C T and Proposition

Proof for Proposition ({3.4]) is done by induction on the first argument, 77 C U and any
T CU.

Step 1: Ty = {}
> (T1 N Tg)
( Assumption T7 = {} )
>a({} NTz)
— ( Annihilator of N )
>a{}
— ( Definition of )
{
— ( Annihilator of N')
{} N >xTh
— ( Definition of )
><a{} N xTh
— ( Assumption 77 = {} )
T, N <1y
— ( Definition of < )
X117 N <xTh

Step 2: Induction hypothesis (IH): 71,75 C, x1(Th NTy) =11 N =Ty . We show that
for any s € U, > ((T1 U {s}) NTz) =<x(Ty U{s}) N <y .

Case 1: s € T} is trivial, as it reduces to the TH.

Case 2: s¢T1 Ns ¢ Ty

11



LH: < ((Ty U{s}) NT>)
— ( Distributivity of N over U )
> ((Tl N Tg) U ({S} U TQ))
( Assumption s ¢ Th and a ¢ A <= {a}NA={})
> ((Ty N To) U{})
— ( Annihilator for U )
D<1(T1 N Tg)
- (TH )
X117 N xTh

|

RH: v<a(Th U {s}) N Ty
— ( Definition of > ([I)) )
( Ty U {(dtU {(S, U)}) ’ dt,v.dt ey ANv € S})ﬂ <175
— ( Distributivity of N over U )
(TN <D ) U ({(dtU{(s,0)}) | dt,v.dt €Ty Av € s xTy)
— ( Equation )
(l><]Tlﬂ NTQ)U{}
— ( Annihilator for U )
X117 N >xaTy

Case 3: s ¢ Ty N\ s € Ty With these assumption, it is immediate that

T1N (TQ\{S}) =T1NTy (28)
117 N N(TQ\{S}) =T N Ty (29)

LH: > ((T1 U{s}) NT5)
— ( Distributivity of N over U )
< ((Ty N To) U ({s} UTR))
— ( Assumption s € T )
> ((Tl N TQ) U {8})
— ( Definition of < (1)) )
><(Ty N To) U{(dtU{(s,v)}) | dt,v.dt ex(TyNTh) Av€E s}

RH.: N<T1U{S})ﬂ 1Ty
= ( Assumption s € Ty )
(11U ()0 o (E(s U ()
— ( Definition of > ({1)) )
Ty U{(dtU{(s,v)}) | dt,v.dt €Ty Av€s})N
(To\{s}) U{( dtU{ (s,v)}) | dt,v.dt ex(To\{s}) Av€s})
( Distributivity of N over U )
1Ty N TQ\{S}))
VAR dtU{ s,0)}) | dt,v.dt ex(Th\{s}) AveEs})U
{dtU{sv \dtv dt ey Avesin x(Th\{s}) ) U
{(dtu{(s,v)}) | dt,v.dt exTy Aves}n
(dtU{(s,v)}) | dt,v.dt exa(Tr\{s}) AveEs})
<Equat10n>
Ty N Ty ) U
Ty N {( dtU{ s,v)}) | dt,v.dt €ex(Ty\{s}) Aves})U
{(dtu{(s,v)}) | dt,v.dt exTy Ayg s}n x(Te\{s}) ) U
{(dtU{(s,v)}) | dt,v.dt exTy AveEs}n
(dtU{(s,v)}) | dt,v.dt ex(To\{s}) Av€E s})

N
(e
o
(
(
(
B
N
(
(
(
{



( Assumption s ¢ T} and Equation (26]) )
(MT]_H ng)u{}u
({(dtU{(s,v)}) | dt,v.dt exTy Avesin x(Ta\{s}))U
({(@U{(s,v)}) | dt,v.dt exTi Aves)n
{(dtU{ s,v)}) | dt,v. dtG[X](TQ\{S}) /\UES})

< ¢ (Tg\{s} and Equation (26) )
(me NTQ)u{}u{}u
({(dtU{(s,v)}) | dt,v.dt exTy AveEstnN
{( dt U{(s,v)}) | dt,v.dt ex(To\{s}) Av€s})
< Distributivity of N over set comprehension )
( <y N T ) U U{FU{(dtU{(s,v)}) | dt,v.dt € (<xTiN x<(To\{s})) AveEs}
( Annihilator for U )
( Ty N <aTy ) U{(dtU{(s,v)}) | dt,v.dt e (=T x(Ta\{s})) AveE s}
( Equation (29) )
( Tin <) U{(dtU{(s,v)}) | dt,v.dte (=xTyN xTh) AvE s}
(IH)
><(Ty N To) U{(dtU{(s,v)}) | dt,v.dt ex(TyNTh) Av€E s}

Thus, LH = RH for all cases of the induction hypothesis step.

Proof for Proposition (3.5)), for any x, A\ € and v € k. Case 1: kK # \:

{(s, )},
( Definition of || (3) )

C{(50) | 5. (s.0) € {(m0)] A s £ )
{

(z € {y} < x =y, Variable replacing, s = k )
(k,0) | & # A}
— ( Assumption k # \ )
{(k,v)}

Proof for Proposition (3.5)), for any any x, A € and v € k. Case 2: K = X\

{(s, )},

= ( Definition of || (3) )
{(s,0) |'s.(s,0) e{(r,0)} As# A}

— (z € {y} < =z =y, Variable replacing, s = )
{(r,0) | K7 A}

— ( Assumption x = A, Contradiction, P A =P = False )
{(k,v) | False}

— ({z | False} ={})
{}

Proof for Proposition || forany Kk €U, a € A, and Vdt € a. Kk € dt:

- al
{ Definition of || (4| '
{dtl | dt.dt €a}na”

13



— ( Definition ofﬂ@) with k €U, a € A, and Vdt € a. k € dt )
{dtl | dt.dtea}n{(dt] U{(k,0)}) | dt,v.dteanver}

— ( Variable renaming, both sets )
{z | o,dt .o =dt| ANdtea}n
{z | z,dt,v.z= (dtlnu{(/f,v)}) ANdt€aNvek}

— ({E | ARy} <= {E | Ri}n{E | Ro})
{z | z,dt,v. x:dtlm Az =(dt| U{(k,v)}) Adteanver}

— ( Contradiction: by Definition , x = dtL_i contains no x s-values )
{z | False}

— ( Set Comprehension )

Proof for Proposition (3.7)), Equation , for any x € U and any dt, dt, € SD™M:

(dtl Udtg)LC
= ( Definition of | )
{(s,v) | s,v.(s,v)€ (dt; Udta) N s # K}
— ( Axiom, Union, z € X; UXy <= z€ XjVzxe Xy)
{(s,v) | s,v.((s,v) €dtyV (s,v) €dta) Ns#k}
= ( Distributivity of A over V)
{(s;v) | s,v. ((s,v) €dts As#K)V ((s,v) Edta As#k)}
— ({E | RiV Ry} <= {E | Ri}U{E | Ra})
{(s,v) | s,v.(s,v)€dty /\s;«é/@}u{(s,v) | s,v.(s,v) €dta Ns# Kk}
— ( Definition of l , twice )
dtll Udth

Proof for Proposition (3.7)), Equation , for any x € U and any dt,, dt, € SDM:

(dtl ﬂdtg)ln
= ( Definition of | (3) )
{(s,v) | s,v.(s,v) € (dt;i Ndta) N s # K}
( Axiom, Intersection, x € X1 N Xy <= z€ X1 Az € Xo)
(5,v) | s,v.((s,v) €dty A(s,v) €dta) Ns#k}
( Commutativity and Idempotency of A (for s # k) )
(5,v) | s,v.((s,v) edty As#rK) A ((s,0) Edtg Ns#k)}
({E | By ARy} < {E | Ri}n{E | Ra})
(s,v) | s,v.(s,v)edti Ns#r}N{s,v | (s,v).(s,v) €Edta N s # K}
( Definition of l , twice )
dtll ﬂdtgl

[ e

Proof for Proposition (3.7), Equation , for any k € U and any a,b € A:

(an)U%
= ( Definition of || (4)) )
{dtl | dt.dt € (aUb)}
= ( Axiom, Union, z € X; Vo € Xy <= z€ X; UX>s)

14



{dt| | dt.dteaVdtebd)}

= ({E | BV Ry} <= {E | Ri}U{E | Ro})
{dtl | dt.dtea}u{dt]_ | dt.dteb}

( Definition of || (4), twice )

v,

15



Proof for Proposition (3 , Equation , for any kK € U and any a,b € A is done by
showing that (a Nb)|,_N ail nbll)=(an b)ﬂ

(anb)l n(al, nol,)

— (A=AU(ANB))
(anbd) N ((aU(and)]l N@U@@ND))].)
( Associativity of N )
Nb)ll. N(aU(an b))ijﬁ m (bU(an b)))lL
— ( Proposition (3 , Equation (3) )
ambilquUamblL (0l U(anb),)

(AN(AUB) = A, twice )

|

(an b)ll,.;
Thus, (aNbd)|. C (al, Nbl,).

Proof for Proposition (3.7), Equation , for any x € U and any a,b € A:

(aub)”

= ( Definition of { @ )
U{dt]" | dt.dt € (aUDb)}

— ( Axiom, Union, z € X; V€ Xy < z€ X; UXy)
U{dt]" | dt.dt € a Vv dteb}

= ({E | iV Ry} <= {E | Ri}U{E | Ra})
U{d]” | dt.dt €alu{at]” | dt.dt € b})

— ( Union composition )
U{dt]" | dt.dt € a} uU{dt]" | dt . dt € b}

= ( Definition of { @, twice )
aﬂﬁ U bﬂﬁ

Proof for Proposition (3.7)), Equation @, for any x € U and any a,b € A is done by
showing that (a N b)Y N (a]" NB") = (anb))”
ambﬂ"m (@ N oN™)
(A=AU(ANB))
ambﬂ"m aU@nd)"Nn@®uUanb))))

( Associativity of N)
"N ((aU@nd)") N (U (anb))
— ( Propos1t10n. Equatlon ) )

7aﬂb)ﬂﬁﬂ (@)" U(and))) N @) U (and))

(AN (AUB) = A, twice )
(aﬁb)ﬂﬁ

Thus, ﬂﬂ C aﬂﬂ N bﬂﬂ

Proof for Proposition (3.8, Equation , for any x € U and any dt € SDM:

I~

(at] )|,
= ( Definition of | (3] .
{(s,0) | s,v.(s,v)€dt| As#rAveEs}

16



= ( Definition of | (3) )
{(s;0) | s,v.[(s,0) € {(s",0) | s 0. (S, 0))edtAs £ AV €} A
s#krAveEs|}
— (ze{z | z.R} < R)
{(s,v) | s,v.(s,v)€EdtNsF#KNSF#RK}
= ( Idempotency of A )
{(s,v) | s,v.(s,v)€dtNs+#kK}
= ( Definition ofl)
al,

Proof for Proposition (3.8), Equation , for any k € U and dt € SD
Case 1: k ¢ dt

("
— ( Definition ofﬂ @ )
U{at”™ | dt' . dt’ € di]"}
- ( Definition of T (5
U{dtT | dt’ . dt' € {dt}}
( Set comprehension {Ex | z .z € {y}} = {Ey} )
U{dtT }

dt]”

( Union axiom (J{4} =A4)

Case 2: k € dt

RO
( Definition of ﬂ
U{dtT | dt’ . dt’ € dt]"}
( Definition of T )
U{dtT | dt’ . dt’ e {(dt] U{(k,v)}) | v.ver}}
— ( Varlable replacing: = € {y} <= z=vy)
U{(dtl U{(k, )T | v. UGH}
( Definition of |
U{{ dt| U {(k,v)})] U{(x, v)} | vV er} | v.vER}
( Definition of l (}
U{{dtl)l U{(k,v")} | V.V €K} | v.veER}
( Set comprehensmn unbound variable v € k and Kk eUY = K # {} )
U{{dtl)l U{(k,v")} \ v v € k}}
( Proposition (3 , Equation (1)) )
U{{dtl U{(k, o)} | v .0 Elﬁi}}
( Definition of T (5
Ut}

dt]”

( Union axiom (J{A}=A)

Proof for Proposition (3.8), Equation , for any kK € U and any a € A:

17



(el
( Definition of || (4] .
{dtl | dt.dteal}
( Definition of || (4] .
{dtl | dt.dte{dt'| | di'.dt €a}}
— (zef{r | z.R} < R)
{dtl | dt.dt=dt'| Adt'ea}
— ( Variable replacing, dt = dt'| )
{(at'| )], | dt’.dt' € a}
= ( Idempotency of | (3.9), )
{at'| | dt’' . dt' € a}

( Definition of || (4) )
al,

Proof for Proposition (3.8]), Equation , for any k € Y and any a € A:

W

— ( Definition of @ )
(U{ae]™ | dt . dt e a})"

— ( Proposition , Equation )

U{d]" | dt.dtea})|"

— ( Applying a function on a set )
U{ dtf " | at. dtea}

— ( Proposition (3 , Equation (2 .
U{dtT | dt . dt € a}

( Definition of {| @
d

Proof for Proposition (3.9)), Equation , for any k, A\ € U and dt € SDM:

(dtln )l)\

— <Deﬁn1t10n of l , applied to X )
{(s,v) | s,v.(s,v Gdtl /\575)\}
- ( Definition of l , applied to k )
{(s,v) | s,v.(s,v)e{(s’,v’) | 0. () edt NS #KYNs# N}
— (ze{zr | z.R} < R)
{(s,v) | s,v.(s,v) €dt Ns#KANsF#\}
— ( Commutativity of A )
{(s,v) | s,v.(s,v) €dt Ns#ANsF#K}
— (ze{z | z.R} < R)
{(s,v) | s,v.(s,v)€e{(s, v)|sv (s yedt NS #A}Ns#K}
— ( Definition of l , applied to )\>
{(s,v) | s,v.(s,v) Edtl)\/\s#li}
— ( Definition of l , applied to & )

A( dtl)\ )ln

18



Proof for Proposition (3.9), Equation , for any kK, A\ € U and a € A:

(el

( Definition of || (4), applied to A )
{dtl)\ | dt.dteal,_}
( Definition of || (4)), applied to )
{dtl)\ | dt.dte{dt'| | dt'. dt'eca}}
— (ze{z | ©.R} <= R, replace variable dt with dt'| )
{@@]| )], | at'.dt' € a}
= ( Associativity of | (3.9), )
{@at'|,)] | at'.dt' € a}
— ( Variable renaming, dt’|, = dt )
{dtl | dt.dt=dt'|, Adt' €a}
(ze{z | z.R} — R)
{dtl | dt.dte{dt'|, | dt'.dt' €a}}
( Definition of || (4), applied to A )
{dtl | dt.dteal,}

( Definition of || (4), applied to « )
QU/A \U/,Lg
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Proof for Proposition (3.9), Equation , for k, A\ €U,k # X and a € A.
Case 1: Kk # X\

(a1

= ( Definition of { @, applied to \ )
{(at], Uu{(\,0)}) | dt,v.dt d]” AveA}

= ( Definition ofﬂ @, applied to k)
{(dt], u{(x\0)}) | dtv . dt € {(dt'| U{(k,v")}) | dt',v/.dt' eanv er} Ave

"y
— (ze{z | z.R} < R)
{(dt], u{(X\v)}) | dt,v,dt',v" . dt = (dt'| U{(r,v)}) ANdt' €a v €k Ave N}
= ( Variable replacing, dt = (dt'| U {(k,v")}) )
{((a@]| U{(k, o)}, U{N0)}) | v,dt',v" . dt' e a nv' €k AveN}
= (] preserves U (3.7, )
{[dt’l )y ULk, v}, UL\ 0)}] | dt o0 . dtf ean' € kAo e}
( Assumptlon Kk # A, Proposition (3.5)) )
{[dtl ), UA{(k, )} U{(N, U)}] | dt’ v, Ldt €a NV ERAVEN}
( Associativity of | (3.9), |1
{{(at'|,)], u{(r, o)} U{(N0)}] | dt’ 0,0 dt €any €k AV E N}
( Commutativity of U )
{[(dt,lx)in U{\, ) U{(k,0)}] | dt',v,0 . dt' €a AV €k AvEN}
( Assumption k # A, Proposition ({3.5)) )
{[(alt’lA)Li UL o)} U{(k,0)}] | dt',o,0" . dt eanv' €k Ao e}
= (] preserves U , )
{[(dt/i/\u{ Mo, U{(s, o)} | dt' 0,0 dt ea AV € k AvE N}
( Varlable replacing, dt = (dt'|, U{(\,v)}) )
(dt] U{(k,v")}) | dt,dt’,v,0" . dt = (d'|, U{(\,v)}) Adt' ea AV €k Avel}
( Commutatlvrcy of A >
(dt| U{(k,v")}) | dt,dt',v,0" . dt = (dt’|, U{(A\,v)}) Adt' €anvend er}
<:c€{x | . R} <~ R)
(dt| U{(r,0")}) | dt,v' . dt € {(dt'|, U{(A\,v)}) | dt/,v.dt' eanver} AV €
}

{
{
N

( Definition ofﬂ @ applied to \ )

_{(dtlﬁu{ (K, v)}) | dt, v thaﬂ’/\/\v Eli}
= { Definition ofﬂ @ applied to & )

(a™”

Proof for Proposition (3.9, Equation . Case 2, for k = X is immediate, as both sides
of the equation reduce to aﬂﬂ, due to associativity of ﬂ operator.
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Proof for Proposition (3.10), Equation , forany Kk € 4 and a € A:

lals U fal”
= ( Definitions for || and [] operators (8)), (9) )

{dt | dt€ean—-Fvek (kov)edt}U{dt | dt €anIvek. (kv)edt}
— ({E | BiV Re} < {E | Ri}U{E | Ra})

{dt | dt €a N—-FvEk. (kv)eEdtVdteaNnIveEk. (k)€ dt}
= ( Distributivity of N over U )

{dt | dt €a A (—Fv € k. (k,v) €dtV v € k. (k,v) €dl)}
= ( Law of excluded middle, PV =P <= True )

{dt | dt € aV True}
= (PVTrue < P)

{dt | dt € a}
= ( Extensionality of sets )

a

Proof for Proposition (3.10)), Equation , for any k € U and a € A:

lals OV [al®
= ( Definitions for || and [] operators (8], (9) )

{dt | dt eaN—-Fvek (kyv)edt}n{dt | dt €aAIJvek. (kv)edt}
= ({E | ARy} <= {E | Ri}n{E | Ro})

{dt | dt ean—-Fvek. (kyv)edtNdteaIvek. (kv) e dt}
= ( Contradiction, P A =P <= False )

{dt | dt € a A\ False}
= ( Zero of A ')

{dt | False}
— ({r | False} = {})

{}

Proof for Proposition (3.11]), we use a few helper equations. Based on Definitions @ and
(b)), we have

af" ={dt | dt €an—(k € dt)}U

{(dt| U{(k,0)}) | dt,v.dt €an kedAve K}
It is immediate that we can re-write the following:

{(dtlnu{(/ﬁ,v)}) | dt,v.dtcaAred Ave k} = [a]" U X, where

X ={(dt| U{(r,v)}) | dt,v.dt€eanredAverA(d U{(kv)}) ¢a}. Thus,
we have the following helper equations:

af* = lahe U fal U X (30)
X0 la)e = {} (31)
X = {} (32)

Proof for Proposition (3.11)), Equation , for any any k € U and a € A:
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la],. N af)”
= ( Equation )
e 1 ([aly U [a U X)
= ( Distributivity of N over U )
(lals M lalc) U (lale N [a”) U (lalx N X)
= ( Idempotency of N, Proposition , Equation (31)) )
{

Gk
Proof for Proposition (3.11]), Equation , for any any k € U and a € A:

[al* M af)*
= ( Equation )
[al* N (lalx U fal™ U X)
= ( Distributivity of N over U )
(fal* M lale) U (fal™ N fal™) U (o] 0 X)
:[ ( Idempotency of N, Proposition (3.10)(2)), Equation (32) )

a."’\?

Proof for Proposition (3.11]), Equation , for any any x € 4 and a € A:

an aﬂﬂ
( Proposition (3.10) (1)) )
H [al™) N af)”
( D15tr1but1v1ty of N over U )
lal. N af)) U (" N aﬂﬂ
( Proposition (3 , Equations , )
{} U [al”

o

\AHA!

( {} neutral element for U )

The proofs for Proposition (3.11)), Equations , , and (@ are similar, as they are the
duals of the above equations, and they have been omitted.

Proof for Proposition (3.12)), Equation for k € Y and a,b € A:

[ 1 Bl
= ( Definition of || (8] )
[af N {dt | dt € b A —-Fv € k. (k,v) € dt}
— ( Definition of ] (9) )
{dt | dt €aNTvek. (kv)edtin{dt | dt €bA-Fv € k. (k,v)€dt}
— ({E | Bi ARy} < {E | Ri}n{E | Ra})
{dt | dt€canTvekr. (kv)edtNdtebN-Tv ek (k)€ dt}
( Contradiction R A =R = False )
{dt | dt € a Ndt € b A\ False}
— ( Zero of A ')
{dt | False}
— ({x | False} = {})
{

|
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Proof for Proposition (3.12), Equation for k €U and a,b € A:

@l
= ( Definition of [] (9 )
{dt | dt.dt € anIveEk. (k) Edt}ﬂbﬂn
— ( Definition of || (4)) )
{dt | dt.dteaAIvek. (kov)ed}n{dt] | dt.dteb}
— ( Variable renaming, dt = dt'| )
{dt | dt.dteanTvek. (kov)edt}n{dt | dt,dt’ . dt=dt'| ndt'ea}
— ( Definition of | )
{dt | dt.dt €aNJveEk. (kv)ed}n
{dt | dt,dt’ .dt ={(s,v) | s,v.(s,v)edt' Ns#r} Ndt' €a}
= ({E | Ri AR} <= {E | Ri}n{E | Ro})
{dt | dt,dt' .dt € a A Fv € k. (k,v) € dt N
dt ={(s,v) | s,v.(s,v)edt' Ns#k} Ndt' €a}
— ( Contradiction dt = {(s,v) | s,v.(s,v) € dt’ A s+# k} and
Jv € k. (k,v) €dt)
{dt | dt,dt’ .dt' € a Ndt € a \ False}
— ( Zero of A ')
{dt | False}
— ({z | False} ={})
{}

4.2 Domain Data View Model

In this Section, we show that My = (A,—l—,*,—,O, 1, {cn}ﬁeu) is a diagonal-free cylindric
algebra. For that, we need to prove the following axioms within My:

C1 (A, +,%,—,0, 1) is a Boolean algebra

C2) ¢,0=0

C4) c.(a*cb) = ca*cgd

(C1)

(C2)

(C3) a <ca
(C4)

(C5) c.ona = crcea

For Axiom we need to show the following axioms hold in our model:

C1.1) The binary operators +, x are associative, commutative, and distribute over each other

C1.2) Identity axiom for 0: a +0=a

C1.4) Identity axiom for 1: ax1 =a

C1.5

(CL.1)

(C1.2)

(C1.3) Annihilator axiom for 0: ax0 =0
(C1.4)

(C1.5) Annihilator axiom for 1: a +1=1
(C1.6)

C1.6) 1st Complement axiom: a + (—a) =1
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(CL.7) 2nd Complement axiom: a % (—a) =0

Due to the definitions of + and x , it is immediate that Axiom holds in this
model. Both U and N are associative and commutative, and distribute over each other. Simi-
larly, showing the Axioms [(C1.2)|and |(C1.3)| hold is trivial. This is done using the definitions
for O , + , * , and the facts that {} is the neutral element for U and annihilator
for N.

Axiom |(C1.4)| holds, for any a € A:

ax1
= ( Definition of x (|11)) )
anl
= ( Definition of 1 )
a N>l
= (ACBIiff AnB = A, Equation ({2)) )
a

Axiom [(C1.5)| holds, for any a € A:

a+1
= ( Definition of + )
aUl
= ( Definition of 1 )
a U <
= (ACBiff AUB = B, Equation (2) )
DU
= ( Definition of 1 )
1

Using the definitions of + and — ; and of * and — ([14), the complement
Axioms |(C1.6)[and |(C1.7)| are trivial to show they hold for a € A. Thus, Axiom |(C1)| holds.

Axiom |(C2)| holds, for any x € U:

c.0

= ( (Definition of ¢, [15) )
ou{dtﬂ"‘ | dt.dt €0}

— ( Definition of 0 (12)) )
ou{dfﬂ" | dt.dte{}}

(ze{} < False)

ou {dt)" | False}

— ({z | False} ={})
0uU{}

0

( Identity of U) )
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For Axiom [(C3)] we use the classic definition of <, and to show that a < c,a holds, we
need to show that a + ¢.a = cca for a € A:

a+ cza

= ( Definition of + )
alUc.a

= ( Definition of ¢, (15]) )
aUaU{dt]" | dt.dt €a}

— ( Idempotency of U )

aU{dt)" | dt.dt € a}
( Definition of ¢, )

el

a

Axiom |(C4)| holds for any a,b € A and k € U:

G.(a* c;b)
( Definition of ¢, )
a* 6:b) U (a* c:b)|"
( Definition of x ( L1)) )
aNcb) U (ancd”
( Distributivity of ﬂ over N , )
anNch)U aﬂﬂ N (csb) ﬂﬁ)
{ Definition of ¢, )
NEUEY) U @ N U
( Distributivity ofﬂ over N , ) )
NGUB™) U @ N E" U EoN)
— ( Idempotency of T} (3.8)), (4) )
NEUET)) U @™ n @ ue”))
— ( Idempotency of U )

NOU™) U @)" Nl
— ( bﬂﬁ =bU ", from Axiom )
NEUE™))U@"nEu™)
— ( Distributivity of N over U )
(aU aﬂﬁ by bﬂﬁ
( Deﬁmtlon of ¢, (|15)) )
Cc.a N cb
= ( Definition of x (|11)) )
C.Q * C.b

Iy ey

|

Axiom |(C5)[ holds, for any xk, A € i/ and a € A

C.C\a

( Definition of ¢, (L5), applied to & )
coaJ (C)\a)
Definition of ¢, , applied to A )

(
aud]) U (aU "
— ( Distributivity ofﬂ over U , )
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al aﬂ’\ U aﬂﬁ U aﬂ/\
( Associativity Ofﬂ , Commutativity of U )
al aﬂﬁ U aﬂ/\ U aﬂﬁ ﬂ/\
( Distributivity of | over U (3.7).() )
(a Udfl*) U (aU aﬂﬁ)ﬂ’/\
= ( Definition of ¢ , applied to )

c.aU (%a)ﬂﬁ
= ( Definition of ¢, (15, applied to X )

Thus, the structure My = (A, +,%,—,0,1, {%}neu) is a model for the

4.3 Domain Ontology Model

We remind the reader that the model for the component of a [DIS] consists of three
mathematical structures: Mg = EB,ec) Mg = (LAtUEB ®, 0, e, ) and Mg =
{G¢, }tier,ier, with the model for t{ given by Mo = (Mg, Mg, Mg). In this section,

we show that M is a commutative idempotent monoid, and M, is a Boolean algebra.

To show that Mg is a commutative idempotent monoid, we need to show that @ is commu-
tative and idempotent. This is immediate, from the definition of ® 7 with U a commutative,
idempotent operator. In addition, the e, is the neutral element for &, due to the definition
of e, and the fact that {} is the neutral element for U. Thus, M is a commutative
idempotent monoid.

Similar to the proofs for the DDV] model, showing that M, is a Boolean algebra is imme-
diate. In addition, by construction, the graphs in Mg are rooted in concepts of the Boolean
algebra, thus they are rooted graphs. Therefore, the structure My is a model for the
component of the [DIF] theory.

4.4 Mapping operator

In this section, we show the properties of the type operator 7 hold in the chosen model. For
that, we show that the type operator preserves the zero and one between the two Boolean
algebras of the [DDV| and [DOnt| (Axioms ((A15)), ((A16)))), as well as the plus operators
(Axiom ) In addition, we provide the proofs for the type operator results in Proposi-

tion (3.16]).

Axiom |(A15)| holds for any a € A:

7(0)
= ( Definition of 7 (22)) )
{n(sv.sort) | sv,dt.sv e dt A dte€ 0}
= ( Definition of 0 )
{n(sv.sort) | sv,dt.svedtNdte{}}
= (ze{} < False)
{n(sv.sort) | False}
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= ({z | False} ={})

_ ( Definition of e, (17]) )

Axiom |(A16)| holds for any a € A:

7(1)
= ( Definition of 7 (22]) )
{n(sv.sort) | sv,dt.svedtAdtel}
= ( Definition of 1 )
{n(sv.sort) | sv,dt.svedtNdte =<lU}
= ( Here I am lost completely on how to approach it )
{n(sv.sort) | sv.sv.sort €U}
= ( By construction of A )

I

Axiom |(A17)[ holds for any a,b € A:

7(a + b)
= ( Definition of 7 (22)) )
{n(sv.sort) | sv,dt.svedtNdte(a+b)}
= ( Definition of + )
{n(sv.sort) | sv,dt.svedtNdte (aUb)}
= ({E | BV Ry} <= {E | Ri}U{E | Ro})
{n(sv.sort) | sv,dt.svedtN(dt€aVdteb)}
— ( Distributivity of A over V )
{n(sv.sort) | sv,dt.(svedtNdtea)V ((s,v) EdtNdteb)}
— ({E | RiV Ry} <= {E | Ri}U{E | Ra})
{n(sv.sort) | sv,dt.svedtNdtea}U{n(sv.sort) | sv,dt.svedtANdteb}
= ( Definition of 7 (22)) )

7(a) UT(b)
- { Definition of @ )
T(a) & 7(b)

Proof for Proposition (3.15]), Equation , for k €Y and a € A:
n(x) € (")

= ( Definition of 1]
n(k) € T({(dt| U{(k,0)}) | dt,v.dt €anver})
= ( Set comprehension )

n(k) € T( U U (dtlﬁu {(k, v)}))

dt€a vEKR
Distrbutivity of 7 over U )

(
K) € U UT((dtlHU{(”’”)}))

dt€a vEK

s 1
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= ( Distrbutivity of 7 over U )

UU [r(dt] ) UT({(r, v)})]

dt€Ea VEK

= ( Definition of 7 (22)) )
U U Irt],) U {n(x)}]
dt€a vER
= ( Set membership )
True
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Proof for Proposition (3.15), Equation , for k €Y and a € A:

7(al,)

— ( Definition of 7 (22]) )
{n(sv.sort) | sv,dt.svedtNdte QUR}
— ( Definition of || (4)) )
{n(sv.sort) | sv,dt.sv e altLi Adt € a}
— ( Definition of l )

{n(sv.sort) | sv,dt.sv e altLi Adt € a N\ sv.sort # Kk}

Thus, (k) cannot be a part of 7(al], ).
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For Proposition (3.16|), we make the following notations, for any a,b € A

ag\p = {dt | dt €a Ndt &b}
agpy = {dt | dt € a N\ dt € b}

It is immediate that

a = ag\p Y aap
ag\p N aap = {}
ag\p Nbp\a = {}
Aab = bpa

We show that, for any a,b € A, the following equation holds:

axb=ay

axb
— ( Definition of ® )
anb
— ( Notation (35), applied twice )
(aa\b U aab) N (bb\a U bba)
— ( Distributivity of N, U over each other )
(@a\b N bpva) U (@a\p M bba) U (@ap N bp\a) U (@ap N bpa)
— ( Equation (38)), three times )
(aa\b N bb\a) U (aa\b N agp) U (bpg N bb\a) U (agp N agp)
= ( Equations (37), )
{Fu{u{}U(awnaaw)
— ( Zero of U )
Gab M Qgp
— ( Idempotency of N')
Qab

We show the following equation holds, for any a,b € A:

T(a) ® T(b) = (T(aa\b) N T(bb\a)) U (T(aa\b) N T(aab)) U (T(aab) N T(bb\a)) U T(aqp)

7(a) @ 7(b)
= ( Equation )
7-(a’a\b U aab) ® 7-(bb\a U bba)
= ( Definition of + )
7(a Ag\p + Aah) @ T(bb\a + bpa)
( T preserves + ((A17)) )
(T aq\p) ® T(aap)) @ (T(by\a) ® 7(bpa))
( @, ® distribute over each other )

(T (ag\p) ®T bb\a)) ( (aa\b) ® T(bba)) ( (aah) ® T(bb\a)) &)

( Equation (38) )

(T aq\p) @ T(bpa)) ® (T(aa\p) © T(bea)) & (T(aa) @ 7(by\a)) &
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(T(aab) ® 7(bpa))

(T(aab) & T(bba))

(40)



— ( Definitions of @ ;0 .
(T ag\p) N T(bpa)) U (7 (aa\b ﬂ 7(bpa)) U (7(aab) N 7(bpa)) U (7(aab) N7 (bsa))
( Equation ([38) )
(T a\b ﬂ T bb\a)) ( ( a\b ﬁ T bba ) U (T aab ﬂ T(bb\a)) U (T(aab) N T(bba))
( Idempotency of 1)
(o ))

T(agp) NT bb\a)) ( T(ag\p) N T(aaw)) U (T agp) N T(bb\a)) T(agp)

Proof for Proposition (3.16]), Equation , for any a,b € A:

T(a) @ 7(b) =€,
( Equation (40)) )
(ag\p) N7 (be\a)) U (T(aa\p) N 7(aab)) U (T(aas) N7 (bya)) UT(aas) = €
( Definition of e, (17]) )
(T(aa\b) N T(bb\a)) U (T(aa\b) N T(aab)) U (T(aab) N T(bb\a)) UT(aw) = {}
(SUT ={} = S={}, with S =71(aw) )

I -1

2
X
>

=1}
( Definition of e, (17]) )

_—
7(
= ( Equation ([39) )
7(
—
T(a®b) =e,
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Proof for Proposition (3.16)), Equation , forany a,b € A, using S CT < SNT =85,
for S=71(axb) and T = 7(a) ® 7(b):

T(a*b) N (7(a) ® 7(b))
— ( Equation )
T(agp) N (T(a) ® T(b))
= ( Equation (40) )
aab [( a\b ﬂ T bb\a)) ( ( a\b) N T( )) U ( (aab) N T(bb\a)) U T(aab)]
(SNSUT) =8, with S = 7(aw), T = (T(agp) N 7(bpa)) U (T(ags) N
( ) (aab)) U ( (aab) N T(bb\a)) >
T(Agh

— { Equation )
T(a *b)

Proof for Proposition (3.16]), Equation is done by induction on T' C U, for a € A.
Step 1: T ={}

a =T

= ( Assumption T'= {} )
a=vd({})

= ( Definition of < )

= Y ( Application of operator 7 )
7(a) =7({})

<:>( | {}( Equation )

= ( Set comprehension )
T(a) ={n(s) | s.s€{}}

= ( Assumption T' = {} )
T(a) ={n(s) | s.s€T}

Step 2: T' = {s}, with s € U,

a =T

= ( Assumption T' = {s} )
a =x{s}

= ( Definition of )
a={{(s,v)} | v.ves}

= ( Application of operator 7 )
m(a) =7({{(s,v)} | v.ves})

= ( Definition of 7 (22]) )

m(a)={n(s) | s.s€T}

Step 3: Induction hypothesis a =T = 7(a) ={n(s) | s€ T}, T CU,a € A. We show
that for any s’ e U, s’ ¢ T,a ==<(TU{s'}) = 7(a) ={n(s) | se (TU{s}}.

= (T U {s'})



= ( Definition of )

a=xT U{dtU{(s',v)} | dt,v.dt exT ANves}
= ( Application of operator 7 )

T(CL)zT(MT U{dtU{(s',v)} | dt,v.dt exT /\sz’})
= ( Definition of @ , T operator preserves @ )

T(a) =7(=xT)Ur({dt U{(s',v)} | dt,v.dt ex<T Aves'})
= ( Inductive hypothesis )

7( n(s) | s.seTUr({dtU{(s",v)} | dt,v.dt exT Aves'})
— ( Definition of 7 (22]) )

r(@) = {n(s) | 5.5€T}HU

{n(s) | s,v.(s,v) € (dtU{(s,v)}) AvesAndtexT Nves'}
— (zeX1UXy <= zeX; Ve Xqy)

T(a) ={n(s) | s.s€T}U

{n(s) | s,v.((s,v) €dtV (s,v) €{(s,v)}) ANvEsAdtexT NveEs'}
= ( Distributivity of A, V over each other )

T(a) ={n(s) | s.s€T}U
n(s) | s.((s,v)edtAvesAdtexT Nves)V

((s,v) e {(s',v)} AvesAdtexT Anves)}

= ((s,v)edtndtexT = seT)
r(@)={n(s) | 5.5 €T}U
{n(s) | s.(seTV((s,v)e{(s,v)} AveEs)}

= ((s,0) €{(s",0)} = se{s})
m(a)={n(s) | s.s€Tu{n(s) | s.seTVse{s}}

Aand ({E | RV Ry} <= {E | Ri}U{E | Ry} )
T(a)={n(s) | s.s€TVseTVse{s}}

= (reXijUXy <= z€eX; Ve Xy)
T(a)={n(s) | s.se (TUTUse {s}}

= ( Idempotency of U )
m(a)={n(s) | s.s€(TUse{s})}

Proof for Proof for Proposition (3.16)), Equation , for any a,b € A, and T,,, T, C U, with
a=xxT, Nb=xT}.

T(a * b)

H

( Definition of * ([11f) )
T(aNb)

|

( Assumptions a =Ty A b =T} )
T(xTe N Ty )

— ( Proposition (3.4)) )
T( N(Ta N Tb) )

— ( Proposition (3.16)), )
{n(s) | s.seT,NT}

— ( Set comprehension )
{n(s) | s.seTapn{n(s) | s.seTp}

— ( Assumptions, and Proposition (3.16|), )
T(a) N 7(b)
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_ { Definition of ® )
7(a) @ 7(b)

5 Conclusion

Modern knowledge systems face increasing demands for consistency, scalability, and adapt-
ability, particularly in integrating real-world data with structured domain knowledge. This
report addressed these concerns by formalising the [DIS| a heterogeneous, modular formalism
that separates the semantics of data from those of domain conceptualisation. Rather than
introducing [DIS] as a new construct, this work focused on its formal semantics and theoret-
ical foundation, demonstrating how it enables the construction of verifiable and adaptable
knowledge systems grounded in data semantics.

Central to this contribution is the rigorous specification of [DIS] as a layered structure com-
prising a data theory and a domain knowledge theory, each capturing a distinct semantic level.
The data theory, implemented through cylindric algebra, encodes structured datasets in the
[DDV] In parallel, the domain theory defines concept hierarchies, relationships, and contextual
knowledge through a monoid of concepts, a Boolean lattics and a family of rooted graphs in the
[DOnt] A formal and automatable mapping operator bridges the two layers, ensuring that ev-
ery [DIS]instance reflects the structure of the data within a well-defined conceptual framework.
This guarantees that each instance of a [DIS]is not merely an application-specific construct,
but a concrete model of the general theory, preserving modularity, semantic alignment, and
proof-based correctness.

The modular separation of concerns and the clarity of the semantic layers naturally support
the semi-automation of ontology specification. This facilitates engineering pipelines where for-
mal correctness and domain alignment are achieved with minimal manual intervention, making
[DIS] an efficient and scalable foundation for data-grounded knowledge system development.
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Glossary

D

DDV Domain Data View. [T3] 26] [34]

DIS Domain Information System. [THoL
DOnt Domain Ontology.
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