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Binary Search Refresher
x=T1i-Z|Ri = RxA-R((x+1)

These two are equal when R is sorted, finite, and non-empty. Otherwise, bi-
nary search will just find an element with a neighbour that satisfies the property.

Provided Z is co-transitive

{a < b}
X, y :=a, b
dox+1<y—>
m:= (x +y) /2
ifmZy->x%x:=mn
0 x Zm->y:=m //[] is the guard symbol
fi
od

{x€a.b-1AxZx+1)}

Transitivity: x Zm AmZy=xZy

Co-transitivity: x ZmVmZy<xZy

Duality: flip the signs (V to A and vice versa) and reverse = to < and vice
versa.

Example: Square

Ria<z?ANa<x<bAb<(r+1)>2
Replace a < 22 A b < (z + 1)% with x Z (x+1).



Tail Recursion - Just Loops!

L:doB — Sod
is equal to
L: if =B — skip
OB—S; L
fi
Tail recursion has its recursion happen at the end!

Hx=if-B—-Cx
OB —H(dx)
fi
C x is the base case, and d x is performing an action "delta” on x at each
recursion level.
Two things to note: we need a bound function bf such that:
— 0 < bf "start bf as non negative”
— bf[x:=dx] < bf = ”"make progress downwards”.

R (end goal): r = H(N)
P (invariant): r=Hn =HN

n:=N
{P:r=Hn}

doB — n:=d (n) od
{(~-BAHn=HN}
r:=Cn

[r = H(N))

Quick Factorial Example
facn=ifn=0—1

On >1— n =« fac(n-1)
fi



