
Midterm: Oct 21

Oct I Last Lecture

Given a convex function F : R-R Satisfying Fil = o , we define

Peplia) := ETFL] = Zau.) discrete

S & qb · FL Ps) .

de continas

2 . TV
,
KL

,
X2

,
x" are instances of F-divergence -

3- Renyi divergence Dy is a monotone function of X

4. Hockey-stick divergence : ELPIIB) := PeLplIQ) With

u = 0

- Fas = Hi t
u2/

Wassertein distancer S -rc) is Not f-diverg



↳ Erip11a) = Zom . (r-P we

Properties of E-divergence
=I (Vam- Pa))

+

1. It inherits all the properties of De :

· Expla ? 0 Expla isjointly convex
T
-

· (P , 9) +o EriPIIa) is convex

· ) conditioning increases E-divergence
) DPI

2. If P=& ,
then Explia) = 0 .

Converse is NOT true !

If for somevo ELp1(a) =#P=&



Hockey-Stick divergence is an

3. F(Pla) = TVLP ,a) asymmetric generalization of FV .

4. For any p . 2 : Ute ELPIIG) is non-increasing a convex
forI

& is non-decreasing a convex for Val.

Proof . For 221 : EPIA)= ZCPDI-WODK) so monotonicity is immediate.

How to prove convexity : we need to prove : Vete+Er te [01 l]
Def of convexity
I

Expla) < + E
,
<(a)+ Flp1a)

&i Explai
pa)= [ (px-v+em)+

= [ <Pxx - (ty,+F(z)&m)
+↑ Jensens

=

2 #(p(-V, am) + E(pm) - ram),
G thi (a) =
fex = (x)+
inett . [ (pm- 0,/+ F [H-UAM)



= t . Er(p11a) + FErzIIIG) A

TV

urE(N10 (INC , 1)



6. Reciprocity : E(plIQ) = ~E,Cap)
Fro

proof suppose v2
If <1 :

Explai = 2 <px)-val)
+

F(x(allp)= [ (fp4x-RM)
Erp11a) = r . Exlap

↳ Anton,
we can restrict

# VE
,(elp) = v .[ (t Pa-amT to r=
-

= 2
.

(p(x-wab))
+

- Expla



Recall that :

7. Variational expression : TV <P ,8)= Sep [PIA)-&L)]
A-

For
any U21 & distributions Po &:

Er(p11a) = Sup [PLA)-walAl]
Proof : we need to prove

1 FA me have : PLAI-URIA) & ExpIIa)

2 7 A
*
such that : PLA

*I-URIAT = Expla
↓

Sup [PIATORIA , ] = Play)-URlY)
A

- Erp11a)



we
throw away

negative terms

1 : Pick any event A :
↓

PLA)-URIA)= & p(s)-r . &M = [ (PCVOKK)
+

EA A

= (pa-ranu) = E(p1(d) · 1027

2. Define
A* = Gx : p(x)) v.&x)}

plat-vala
*
)= (l-ram = z(px- wax)

+
*A*

=+

(pu-ram)
++ (P(- ram)

+

m

= (p-ram)
+ = Exp11a)

-O

D



Strong DPI
Recall that all f-divergences satisfy DPI :

PX i
- Pix -
/ & Pe(Pyllay) => Pf(, 118x)&X Alg/channel O

Y output input
divergence diverge

we want to find M21 such that

it 7 M / 1 then we

De Pulley) = De (4x118x)
say that the algorithm

↓ satisfie Strong DPI
? Pax) for the F-divergence !



we want this inequality to hold for all b & &x.

1Sup Do =: 12(Pux)
Df)Pld)to

contraction coefficient

of Pix under
SDPI :

f divergence
De (4,1loy) = Melix) DelPellay) Freex



How to compute He'MYx) ? It is generally very challenging
to compute because the feasible let (the set where Px & &x

takes value in

is very large . (infinite-dimensional

Theorem (Dobrushin) : For
any Pixi

Mir (Prix) :=S =mayP
x,

contraction coefficient
of Pylx under Fr

Two-point characterization

of contraction ofPr
corfficient



proof , we need to prove the following :
max TVxPY)
I

1 - Va : TV (P Pixe) = Mr (Pyx)

2- max V<Pixe Prixes) <+ (Pyix)x,

↓ begin from RHS: UriP) = SupT, In
Fix Px = So

,
distribution on 4x , 3

For
a fixed

((x ,&x)

Pxx)= 1 for a fixed it

&
x
= Sun distribution on 123 where 4

,+z

&x(x)= 1



Therefore Mir(Prix) ?#(* )

Note that TV(PX · 8x)= 1 - exx) = &(4)- 2xx))
+ (Pyxx -2))

= [1 + 13 = 1

when Px = Se
,
then Prcyl=P . Prlx(y()

= Ryx) . Pixly()
= 1. Prix lyk,

= Py = Prix
=e ,

Similarly: & +(py , 04) = Tupy *umx+
&
x = Say then Sy = PlX=



From(*) , we have : <(4) T=
2. Fix two distributions I & &x & define :

A = 2x : Py()- &y()]
Now

,
consider the corresponding output dist Pyey

For any event B
,
we can write :

PLB)-OIB) = [ Pycy) - Ryly)

= I [Pix (DDL Pos- Pyx >Bl · Exai]



=I Prx (Bki) · [Py - &x()]

=> Px(Bk) . [Py - Rx()]

+Px(Bk . [Py- exl

= Px (Bk) . [Py - Rx()]

->Px(B .-
is

Uma)

=TrpPxB .-Ex,&TV(p,R)

->PXB- R)] as &-
(



↳Va
Us:= PR V(x):= &
On A

on AS

Ima =Bax, & vix) = [0(x)-pi
A -

Trip ,al EAS CEAS M(y2x)
= 1 Why ? = 1 why?continuea

= Tvpax)[I Prx(BK) Us-E Pexis.,
= TvPax) . [Prx(BK) Us-Pexiv]



= TV (4x · &x)[ RIB . UKVIP
= TV ix @x) Ve. Vois . [PrixBk-PyxB]
-

· max [PxUBP-Py(Bk]]

& Trix , ex) max [PaxBl-Prix] [I var . Vai,
x ,x CAS CIFA

~-
=

= TV (ix , &x) · max [Py(DK-PyB]



PrID-RD) > TV Pdx) ·

Max-Sell
=> TV( PYx=, PYx=x-]

PylBl- &yIB)[ TVIR , ex) . max TV (Pyxe' Pyxes
Micr

Taking Supremum from both sides over is :

TV (Py , &y) = TV(Px&x) · max TV PYes PT

=> max TV (Pye/y(x= ) < x1.x



By taking/premum over Rx**X :

max TV( Pyxe, Pixe C- Mr Pixx ,x-

⑮B

For
many years (from 50) ,TV was the only f-divergence

whose contraction crefficient was easy to compute !

Despite many applications of other contraction coefficients,

(such as MrL1Yxz) , they weren't easily computable.

=> Mxz is closely related to Deny : maximal correlation

& spectral methods in graph theory
.



- Mut is "dissipation of information in a network

a simple closed - from maximization

Recently,~for contraction coefficient under E-divergen

was proved.

<Prix) in Supa↑
x - &X

Er(Pylex) +0

Theorem. For any U21 & any Pix :

Mr(P) = max EL Pixe
,

11 Pixes)
x,

this is the genualization of Dobrushin's two-point characteriale

of Mr



Proof is in HWA

Remark 1: This theorem given MrYax) for 021.
-

What about 10/Px) for U1 ?
For 241 :

-

Mr Mix) =SE==
=> For 21 :

↑vi Pyix) = Myy(PY(x) = maxEvr



Example : consider Channel Pux with binary input :

Prix= o = Bernoulli (5)

Pix= = Bernoulli (1-5)

- -1s. o computeMr(Py(x)
inputi. output For 221

According to the theorem .

Mix) = man EL PixelP,



= max GEr(Pixol(Pyx= 1) , Ex ,
(lPx

=o)
= max [E) Bernoulli (s / 1) Bernoulli (l-S)

E) Bernoulli ( -5) 1) Bermouth15.)
SY2

&
= maxh (5-Us)+, (8- 001+ ]
= (8 08/4

Mir <Mix) = (5 5) = 1- 28

Mr (M(x) = to (wi-s)+
for<I



Optional . joint Range of F-divergence
-

Recall pinskers inequality :
2Tv (p , 9) -> D(19) Xp , &

If Dipla)b Tripe) - N

If TV (P ,9)
-

a -D Dipak 292

Generally, these two lead to the following problems :

Sup TV (P ,& & 5/2
P, &

DIPIG)b



inf Dipa) = 292

Pic

Tv(p , a)? a

Both these two optimization problems can be cast as

boundary of theFollowing Set :

Ri= &Atribal , Dipla)) : p , & 3
Two-dimensional subset of1R

Convex



H
Th

be Sup TV<p ,&( is the lower-boundary of R
P . O

Dipla)b



Theorem : R can be characterized by Only considering-

(Harrimoes/Vajda) Bernoulli distributions

binary : &K TV (Bernoullic , Ranoullicas , D) Bernoullips 1/ Derreuthings)
0 [P1q213

R = Connex hull (R
kinare

,

* the same thing hold, for
any other pair

of f-divergences !



Sup Delpla inf Pg(p1(a)
P,&

Pg( pla) a Pf(p1&)2b

joint range of E-diverge
Y

R = < (Pqla), Pgipla)) : Ro 3
Above Supremum corresponds to the lower boundly of 2

& inhimum corresponds to the upper boundary of R.



To characterize R , you need to Consider Only Bernoulli

distributions


