
General Properties for F-divergence :

1- Delpla) ? o

2 If A is strictly connex at 1 , then DypIA) = 0 -DP=&.
&

* ifFtE & Af1011) Such that xx+ Ey = &
,

then : F(1) < *Ex+fy)
RiFj

or equivalently ↓

* Note that P =Re Py(plia)=0 if [x,= 1

e,Fais
profi Pyplia) = Zacl .Fi) L Fly&
If f is strictly convex at 1 Fin<IQ ·Fe,
(because I &M . I=)

thus
, equality in (*) happens only ifd= K



A more direct proof :

Suppose , for the sake of a contradiction, that DelPlIQ) =0 for

some PER
.

Then there exists some set A Such that Pla& A).

Let p := P(A) & gi=&(A) · h Ber(p)

Bereq)
By DPI J which is about to be proved in Etems) ,

we have

Dq) Beripill Berg) < Delpla) = 0

=> Dy(Berpl) Bercq))= 0

Pf(Barp) /1 Bercqs)= qf)Pq)+ ↑ F(P) = f(1)
&
contradicts the

definition of
strict convexity .



3. (PateDyplIG) is jointly convex

Pf(xp,+1/lxa ,
+59) < XD(PIIRIDIPIIe

Define : glab)= b . F(9(b) [pospective of]
If F is convex g is jointly convex

(b+[3)f)(11) =I = AP)F(
*

convex G= 3 . Ig(p
,
m ,q .) - [[g(P,M

DP)[
= >b

,
779/)+ 437(9462)



4 - conditioning increase F-divergence

i BL4) &[4Pe(Pux-1) &y(x= )
(Pak-Repla

&xPe(Pyld) De (B ·RollP · Byxen (

= De (4,118)
5. DPIXA Pg (4y/1&y) <R(4y118x)

ARecall Proof of DPI for KL depends on chain rule which

doesn't hold for E-divergence !



Pe(Px110x) = zexm . FC )
-Paxym1 . Ex ·

E Pa Pile)
backward

channel
I

= Byys. Bipklys Finetutuy)
- By exymys· FC)

Jensen

2 sys .

F Eynylys· D)

-> Brings .In
I

- zanlys ·FL ~



Remark ..
-

1) As we proved : Pf(pIIa) = 0 = P=& if F is strictly
Connex at A

L
"I not strict convexity -For example : For hockey-stick divergence ,

=for 17
&not strictly

Hence
,
in general ECP18) = 0 * P =&. convex

Example : El Dec 11Berly)) =(+
For 271

= ( - (-1)+L = 0

in
< O



Example : ELBerpid/Beriq) = (P--q)
+
+ (p- vq)

+
- (-2)+

Example2: P = to .1 , 0 .2
,
0 . 3

,
0 .4) 2 = [0 . 4 , 0 . 5 ,

0 . 1
, 07

Erp11a) = (0 . 1 - 2x0 · 3)+ + 10 . 2-2x0 .5) + (0 .3- 2x0-1+

= (0 . 1 - 0 .4 .2)
+
+ 10 .2- 0 .50+ 10 .3- 0 .15)+ 0 . 4-
gl=-du

20 .4
-2. 0

-

Exam: En (No,illNM ,3) = @b-e-rac
where the same result holds even

B = 1 NLM , ota) NDGId
C

with
&= IIM-Mell/o



Properties of E-divergence
Exp11a) : = < (pa -wam)

+
- (1 -r)

+

what is E
,
(p11a)

S

- ExpIld) - Fiallp)
Equivalent forms :

- Expla) = =Zipa-wac) -El-)
2 (a) = 191+a

so : Eiplia= 7 (Pul-Q(xi) - (1-u)+

=[ -I
2

= [[(p-rai)+- 121 - if



For U2
Z

2- Elplia) = Sup (Plai-Ugia) = PLA* ) -UglAt)

For U21 : Sup (WRAS-PA) where

AE 2x : PaZWA]
Proof requires two Step :

& For any E : PLAI-URIA) 1 ExpIIa).

& - At such that PLAY-WRAY=EC plia) .

↓ PLAI-URIA) = 2 pay-wars()-wai)CLEA ↓

&Because we ignore all

negative terms

(p-wa)
= ELp1IQ)



becau on At, we alway pac-U & I,

2 plats-ualat)= -wa = 2 (444-vamx1)
CLEA
* t

= (p-va+<(p-way
~

= D

= (pm-vani) = Explia) .

A

Properties of E-divergence :

1) Given Pe , Ute ELPIIG) is non-increasing a convex
forI

&
is non-decreasing & connex



· monofinicity is obvious : Note that for U
use the other def.

Explia[(wom-p(1)+
27

· convexity : Expla = Sup PLAI-WAIAS W Supremum of
um
hintan LinearFunction

is convex
Direct approach

E
+w +Ev
(Pla) = Sup [PA1-HUEry) &u]

= <p [PlE)-tr,&(A) -ERA)

= ap [ + (4) - U,&()
+ EXPE) -rai

[t . Cap PH)-U,&I,
+ E <p PAs-UnQIA)



2) Reciprocity : ELPIIa) = U. E (&NP)

suppose 221 : Expla) = [lp-re) +
& For r(1 : Erika)= [(VR-P)+

r2l

~ ELapE r. [ [Lp-e+] = 2 (p-rol
If NO&

Z
are supported
un the

some3)hi Expla = 0 hi Erp1(2) = 0
alphabetKore


