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State-of-the-art composition

Gopi, Lee, and Wutschitz, Numerical Composition of Differential Privacy, NeurIPS 2021

<latexit sha1_base64="q4DFDLRM/z4Hic4qj/vk9krLWh4=">AAAXx3ichZjvbuS2EcA3adomTv9cGiD+kC9KnEPSw57hNYomDXBA7LN9vovdk+21sz7LXpASd6Wu/pnirnfDU4C8Q9+hX5PH6dt0KGlXFEd2Ddim+BsOyeFwOCRNwyATW1v/fefd37z329/9/v0P1j78wx//9OdHH/3lIkum3GXnbhImfEBJxsIgZuciECEbpJyRiIbsBzp5rvgPM8azIIn7YpGy64iM42AUuERA1fDRp3v207 </latexit>

DP-SGD:
<latexit sha1_base64="2ejgPQYApJRfCZJhQM+cGYhzwnM="></latexit>

� = 0.65
<latexit sha1_base64="+8Q2vbyk969y06p51/EQ1P3m+Ko="></latexit>

subsampling = 10�2

<latexit sha1_base64="n9xuvZdxub0QkXO37kWM9uQduII="></latexit>

� = 10�5



State-of-the-art composition

runtime complexity

Gopi, Lee, and Wutschitz, Numerical Composition of Differential Privacy, NeurIPS 2021

<latexit sha1_base64="q4DFDLRM/z4Hic4qj/vk9krLWh4=">AAAXx3ichZjvbuS2EcA3adomTv9cGiD+kC9KnEPSw57hNYomDXBA7LN9vovdk+21sz7LXpASd6Wu/pnirnfDU4C8Q9+hX5PH6dt0KGlXFEd2Ddim+BsOyeFwOCRNwyATW1v/fefd37z329/9/v0P1j78wx//9OdHH/3lIkum3GXnbhImfEBJxsIgZuciECEbpJyRiIbsBzp5rvgPM8azIIn7YpGy64iM42AUuERA1fDRp3v207 </latexit>

DP-SGD:
<latexit sha1_base64="2ejgPQYApJRfCZJhQM+cGYhzwnM="></latexit>

� = 0.65
<latexit sha1_base64="+8Q2vbyk969y06p51/EQ1P3m+Ko="></latexit>

subsampling = 10�2

<latexit sha1_base64="n9xuvZdxub0QkXO37kWM9uQduII="></latexit>

� = 10�5
<latexit sha1_base64="L2FUQnVRskxog6KSMxmVbgKEYW0="></latexit>

O(
√
n log n)



State-of-the-art composition

runtime complexity

Gopi, Lee, and Wutschitz, Numerical Composition of Differential Privacy, NeurIPS 2021

<latexit sha1_base64="q4DFDLRM/z4Hic4qj/vk9krLWh4=">AAAXx3ichZjvbuS2EcA3adomTv9cGiD+kC9KnEPSw57hNYomDXBA7LN9vovdk+21sz7LXpASd6Wu/pnirnfDU4C8Q9+hX5PH6dt0KGlXFEd2Ddim+BsOyeFwOCRNwyATW1v/fefd37z329/9/v0P1j78wx//9OdHH/3lIkum3GXnbhImfEBJxsIgZuciECEbpJyRiIbsBzp5rvgPM8azIIn7YpGy64iM42AUuERA1fDRp3v207 </latexit>

DP-SGD:

Ghazi, Kamath, Kumar, and Manurangsi, Faster Privacy Accounting via Evolving Discretization, ICML 2022

<latexit sha1_base64="2ejgPQYApJRfCZJhQM+cGYhzwnM="></latexit>

� = 0.65
<latexit sha1_base64="+8Q2vbyk969y06p51/EQ1P3m+Ko="></latexit>

subsampling = 10�2

<latexit sha1_base64="n9xuvZdxub0QkXO37kWM9uQduII="></latexit>

� = 10�5

<latexit sha1_base64="UTwDlfQmqrVrw99UpxNwQyNtc9g="></latexit>

O(polylog(n))

<latexit sha1_base64="L2FUQnVRskxog6KSMxmVbgKEYW0="></latexit>

O(
√
n log n)



State-of-the-art composition

Gopi, Lee, and Wutschitz, Numerical Composition of Differential Privacy, NeurIPS 2021

<latexit sha1_base64="Cac0vEV74HMyZ6xXSnK/TdePr8M="></latexit>

n = 2000

<latexit sha1_base64="q4DFDLRM/z4Hic4qj/vk9krLWh4=">AAAXx3ichZjvbuS2EcA3adomTv9cGiD+kC9KnEPSw57hNYomDXBA7LN9vovdk+21sz7LXpASd6Wu/pnirnfDU4C8Q9+hX5PH6dt0KGlXFEd2Ddim+BsOyeFwOCRNwyATW1v/fefd37z329/9/v0P1j78wx//9OdHH/3lIkum3GXnbhImfEBJxsIgZuciECEbpJyRiIbsBzp5rvgPM8azIIn7YpGy64iM42AUuERA1fDRp3v207 </latexit>

DP-SGD:
<latexit sha1_base64="2ejgPQYApJRfCZJhQM+cGYhzwnM="></latexit>

� = 0.65
<latexit sha1_base64="+8Q2vbyk969y06p51/EQ1P3m+Ko="></latexit>

subsampling = 10�2



State-of-the-art composition

Gopi, Lee, and Wutschitz, Numerical Composition of Differential Privacy, NeurIPS 2021

<latexit sha1_base64="q4DFDLRM/z4Hic4qj/vk9krLWh4=">AAAXx3ichZjvbuS2EcA3adomTv9cGiD+kC9KnEPSw57hNYomDXBA7LN9vovdk+21sz7LXpASd6Wu/pnirnfDU4C8Q9+hX5PH6dt0KGlXFEd2Ddim+BsOyeFwOCRNwyATW1v/fefd37z329/9/v0P1j78wx//9OdHH/3lIkum3GXnbhImfEBJxsIgZuciECEbpJyRiIbsBzp5rvgPM8azIIn7YpGy64iM42AUuERA1fDRp3v207 </latexit>

DP-SGD:

<latexit sha1_base64="Cac0vEV74HMyZ6xXSnK/TdePr8M="></latexit>

n = 2000

<latexit sha1_base64="+8Q2vbyk969y06p51/EQ1P3m+Ko="></latexit>

subsampling = 10�2

<latexit sha1_base64="c47/UXgCINRH+f4aMrN86VWX0sE="></latexit>

� = 1



State-of-the-art composition

Gopi, Lee, and Wutschitz, Numerical Composition of Differential Privacy, NeurIPS 2021

<latexit sha1_base64="q4DFDLRM/z4Hic4qj/vk9krLWh4=">AAAXx3ichZjvbuS2EcA3adomTv9cGiD+kC9KnEPSw57hNYomDXBA7LN9vovdk+21sz7LXpASd6Wu/pnirnfDU4C8Q9+hX5PH6dt0KGlXFEd2Ddim+BsOyeFwOCRNwyATW1v/fefd37z329/9/v0P1j78wx//9OdHH/3lIkum3GXnbhImfEBJxsIgZuciECEbpJyRiIbsBzp5rvgPM8azIIn7YpGy64iM42AUuERA1fDRp3v207 </latexit>

DP-SGD:

<latexit sha1_base64="Cac0vEV74HMyZ6xXSnK/TdePr8M="></latexit>

n = 2000

<latexit sha1_base64="+8Q2vbyk969y06p51/EQ1P3m+Ko="></latexit>

subsampling = 10�2

<latexit sha1_base64="c47/UXgCINRH+f4aMrN86VWX0sE="></latexit>

� = 1

<latexit sha1_base64="8Es+OfTRy3cSIE8u5KF6hwWM7Lc="></latexit>

floating point error



Today’s talk: Develop DP numerical composition using 
saddle-point approximation:

• Runtime complexity independent of # composition

• Works for all epsilon and delta



Gopi, Lee, and Wutschitz, Numerical Composition of Differential Privacy, NeurIPS 2021

<latexit sha1_base64="q4DFDLRM/z4Hic4qj/vk9krLWh4=">AAAXx3ichZjvbuS2EcA3adomTv9cGiD+kC9KnEPSw57hNYomDXBA7LN9vovdk+21sz7LXpASd6Wu/pnirnfDU4C8Q9+hX5PH6dt0KGlXFEd2Ddim+BsOyeFwOCRNwyATW1v/fefd37z329/9/v0P1j78wx//9OdHH/3lIkum3GXnbhImfEBJxsIgZuciECEbpJyRiIbsBzp5rvgPM8azIIn7YpGy64iM42AUuERA1fDRp3v207 </latexit>

DP-SGD:
<latexit sha1_base64="2ejgPQYApJRfCZJhQM+cGYhzwnM="></latexit>

� = 0.65
<latexit sha1_base64="+8Q2vbyk969y06p51/EQ1P3m+Ko="></latexit>

subsampling = 10�2

<latexit sha1_base64="n9xuvZdxub0QkXO37kWM9uQduII="></latexit>

� = 10�5 runtime complexity
<latexit sha1_base64="+Oiz8DQX2BBcRAZt1saf+vusxkM="></latexit>

O(1)

Saddle-point  vs.  state-of-the-art



Gopi, Lee, and Wutschitz, Numerical Composition of Differential Privacy, NeurIPS 2021

<latexit sha1_base64="q4DFDLRM/z4Hic4qj/vk9krLWh4=">AAAXx3ichZjvbuS2EcA3adomTv9cGiD+kC9KnEPSw57hNYomDXBA7LN9vovdk+21sz7LXpASd6Wu/pnirnfDU4C8Q9+hX5PH6dt0KGlXFEd2Ddim+BsOyeFwOCRNwyATW1v/fefd37z329/9/v0P1j78wx//9OdHH/3lIkum3GXnbhImfEBJxsIgZuciECEbpJyRiIbsBzp5rvgPM8azIIn7YpGy64iM42AUuERA1fDRp3v207 </latexit>

DP-SGD:

<latexit sha1_base64="Cac0vEV74HMyZ6xXSnK/TdePr8M="></latexit>

n = 2000

<latexit sha1_base64="+8Q2vbyk969y06p51/EQ1P3m+Ko="></latexit>

subsampling = 10�2

<latexit sha1_base64="c47/UXgCINRH+f4aMrN86VWX0sE="></latexit>

� = 1

Saddle-point  vs.  state-of-the-art



Differential privacy

Privacy 
mechanism

M

<latexit sha1_base64="Woi7v9nSpcKI/+ABHZVjkhtF+Zo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KomIepKCHjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGNxO/+YRK81g+mlGCfkT7koecUWOlh9uTbqnsVtwpyCLxclKGHLVu6avTi1kaoTRMUK3bnpsYP6PKcCZwXOykGhPKhrSPbUsljVD72fTSMTm2So+EsbIlDZmqvycyGmk9igLbGVEz0PPeRPzPa6cmvPIzLpPUoGSzRWEqiInJ5G3S4wqZESNLKFPc3krYgCrKjA2naEPw5l9eJI2zindR8e7Py9XrPI4CHMIRnIIHl1CFO6hBHRiE8Ayv8OYMnRfn3fmYtS45+cwB/IHz+QP4cYz7</latexit>

D0

<latexit sha1_base64="63SuZFEBeKQfiWng8x2TiiGecpU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIepKCHjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK9bteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6k0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AJgtjMo=</latexit>

D

<latexit sha1_base64="6+mu7cc5uBkO6bDCnQfgu7QN+GA="></latexit>

MD0

<latexit sha1_base64="RXVTuNgAlEPviQJ5uot6L2GueNk="></latexit>

MD

<latexit sha1_base64="ojc9EYNdcy6RXtyDbw7JgjmjyOQ="></latexit>

M is (", �)-DP if 8 D ⇠ D0

<latexit sha1_base64="+ANPeesZMN0WuB6JI9IWvhoqSds="></latexit>

sup
subset A

[MD(A)� e"MD0(A)]  �

Hockey-stick divergence
<latexit sha1_base64="8R1zy5/07nppSPCpmswveoMaQXQ="></latexit>

E"(MDkMD0)

<latexit sha1_base64="ojc9EYNdcy6RXtyDbw7JgjmjyOQ="></latexit>

M is (", �)-DP if 8 D ⇠ D0

<latexit sha1_base64="JOqGzt9jsXu/q/JEWMUZXdf8/sE="></latexit>

E"(MDkMD0)  �



<latexit sha1_base64="fINGMvhCeMCoHEgAiHoBOo9+OTg="></latexit>

If (P,Q) tightly dominates M , then

Dominating distribution, PLRV

<latexit sha1_base64="HNedoufRXYd+0YH92rqtFEI9Ugk="></latexit>

L = log
dP
dQ (X) with X ⇠ P

<latexit sha1_base64="OqL/1HU+1z+qImsZOo53uxzDvho="></latexit>

where

<latexit sha1_base64="GkQk/dL1q8nDwR0iMNRK6OkhuZU="></latexit>

= E
⇣

1� e"�L
⌘

+

�
<latexit sha1_base64="PCkQ/YRnHYhhihkueWxQ2SIOrvU="></latexit>

�(") = E"(PkQ)

<latexit sha1_base64="SMlfilcSJdHZoiU9juKO6LjfMow="></latexit>

sup
D∼D′

Eε(MD‖MD′) ≤ Eε(P‖Q)

<latexit sha1_base64="9rbUYuWLVAD+CFJGfJxy1azlArU="></latexit>

A pair (P,Q) is said to dominate M if

<latexit sha1_base64="c83OafIvlictwhv0V6NdGuMvFOg="></latexit>

or tightly dominate M if equality is achieved for all ".
<latexit sha1_base64="09aBPNC5WdZsDPFM4ntE6DQZXKc=">AAAX+nichZjdcuO2FYCVNGlSN2027Ux9kRu2dia7O4pHcts0uchM7LW93o2dpW3Zkdf0agASkljxzyAkS4HZp8gT5K7T27xMe9s+SA9ISgRxaEczkgB8Bwd/BwcHoEngp6LT+fdbb//inXd/+d77v1r79Qe/+e2Hjz763UUaT7nLzt04iHmfkpQFfsTOhS8C1k84IyEN2Hd08kzx72aMp34c9cQiYdchGUX+0HeJgKLBo283HY </latexit>

�(") , smallest � such that M is (", �)-DP
privacy curve

privacy loss random variable



<latexit sha1_base64="fINGMvhCeMCoHEgAiHoBOo9+OTg="></latexit>

If (P,Q) tightly dominates M , then

Dominating distribution, PLRV

<latexit sha1_base64="HNedoufRXYd+0YH92rqtFEI9Ugk="></latexit>

L = log
dP
dQ (X) with X ⇠ P

<latexit sha1_base64="OqL/1HU+1z+qImsZOo53uxzDvho="></latexit>

where

<latexit sha1_base64="GkQk/dL1q8nDwR0iMNRK6OkhuZU="></latexit>

= E
⇣

1� e"�L
⌘

+

�
<latexit sha1_base64="PCkQ/YRnHYhhihkueWxQ2SIOrvU="></latexit>

�(") = E"(PkQ)

<latexit sha1_base64="SMlfilcSJdHZoiU9juKO6LjfMow="></latexit>

sup
D∼D′

Eε(MD‖MD′) ≤ Eε(P‖Q)

<latexit sha1_base64="9rbUYuWLVAD+CFJGfJxy1azlArU="></latexit>

A pair (P,Q) is said to dominate M if

<latexit sha1_base64="c83OafIvlictwhv0V6NdGuMvFOg="></latexit>

or tightly dominate M if equality is achieved for all ".
<latexit sha1_base64="09aBPNC5WdZsDPFM4ntE6DQZXKc=">AAAX+nichZjdcuO2FYCVNGlSN2027Ux9kRu2dia7O4pHcts0uchM7LW93o2dpW3Zkdf0agASkljxzyAkS4HZp8gT5K7T27xMe9s+SA9ISgRxaEczkgB8Bwd/BwcHoEngp6LT+fdbb//inXd/+d77v1r79Qe/+e2Hjz763UUaT7nLzt04iHmfkpQFfsTOhS8C1k84IyEN2Hd08kzx72aMp34c9cQiYdchGUX+0HeJgKLBo283HY </latexit>

�(") , smallest � such that M is (", �)-DP
privacy curve

privacy loss random variable

<latexit sha1_base64="eQ4w6DhEiQHALFSDC5AOwER0tbc="></latexit>



DP-SGD



<latexit sha1_base64="PV7P5qzpGRhXlKtt7bHs7GWyDNU="></latexit>

P = pN (0,�2C2) + (1� p)N (C,�2C2)
<latexit sha1_base64="Pc0n4/kAS651xs9lZjVWeTv1IJQ="></latexit>

Q = N (0,�2C2)

DP-SGD
<latexit sha1_base64="ZsxFuF2exsCdgswOPtbHCaFrUf0="></latexit>

Tightly dominating distributions for each iteration:



<latexit sha1_base64="m0MIrq7iRjV/VORBjTfTmPeDojw="></latexit>

=)
each

iteration
is

(",�("))-D
P
for

"
�

0
and

<latexit sha1_base64="qxBGEtN+b/DvD9wXytmZgocWFyQ="></latexit>

�(") = E"

�
P
��Q

�

DP-SGD

<latexit sha1_base64="yWElNTrCItspEtju389h+Aef4NY="></latexit>

= E
h�
1� e"�L

�
+

i

<latexit sha1_base64="PV7P5qzpGRhXlKtt7bHs7GWyDNU="></latexit>

P = pN (0,�2C2) + (1� p)N (C,�2C2)
<latexit sha1_base64="Pc0n4/kAS651xs9lZjVWeTv1IJQ="></latexit>

Q = N (0,�2C2)

<latexit sha1_base64="ZsxFuF2exsCdgswOPtbHCaFrUf0="></latexit>

Tightly dominating distributions for each iteration:

<latexit sha1_base64="ODq9RmqwMb446bHkRAwC4KfvVmU="></latexit>

L = log
⇣
1� p+ p · e

C(2X�C)

2�2

⌘
, X ⇠ P



Composition of DP

M1
<latexit sha1_base64="63SuZFEBeKQfiWng8x2TiiGecpU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIepKCHjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK9bteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6k0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AJgtjMo=</latexit>

D

M2

<latexit sha1_base64="WhxDauDsIwSgom15c/lEV2c+6Oc="></latexit>

M1
D

<latexit sha1_base64="+voushQGQWSY9t6WxeStDAqtTF0="></latexit>

M2
D

<latexit sha1_base64="uVTVKft1pPKHlk2Znpb2LKhgUFA="></latexit>

�1(")

<latexit sha1_base64="i7HvmpN5m6Vdamw7KnQPaT9xgFc="></latexit>

�2(")



M1
<latexit sha1_base64="63SuZFEBeKQfiWng8x2TiiGecpU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIepKCHjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK9bteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6k0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AJgtjMo=</latexit>

D

M2

<latexit sha1_base64="WhxDauDsIwSgom15c/lEV2c+6Oc="></latexit>

M1
D

<latexit sha1_base64="+voushQGQWSY9t6WxeStDAqtTF0="></latexit>

M2
D

<latexit sha1_base64="uVTVKft1pPKHlk2Znpb2LKhgUFA="></latexit>

�1(")

<latexit sha1_base64="i7HvmpN5m6Vdamw7KnQPaT9xgFc="></latexit>

�2(")

<latexit sha1_base64="ZfDXyyx1pC+0Jkb7llnXWtVLwRo="></latexit>

M = M1 �M2

Composition of DP



M1
<latexit sha1_base64="63SuZFEBeKQfiWng8x2TiiGecpU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIepKCHjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK9bteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6k0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AJgtjMo=</latexit>

D

M2

<latexit sha1_base64="WhxDauDsIwSgom15c/lEV2c+6Oc="></latexit>

M1
D

<latexit sha1_base64="+voushQGQWSY9t6WxeStDAqtTF0="></latexit>

M2
D

<latexit sha1_base64="uVTVKft1pPKHlk2Znpb2LKhgUFA="></latexit>

�1(")

<latexit sha1_base64="i7HvmpN5m6Vdamw7KnQPaT9xgFc="></latexit>

�2(")

<latexit sha1_base64="4kxX6+ZTTQWi3M9jt7WfQZerTkE="></latexit>

What is the privacy curve �(") of M?

<latexit sha1_base64="ZfDXyyx1pC+0Jkb7llnXWtVLwRo="></latexit>

M = M1 �M2

Composition of DP



M1
<latexit sha1_base64="63SuZFEBeKQfiWng8x2TiiGecpU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIepKCHjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK9bteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6k0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AJgtjMo=</latexit>

D

M2

<latexit sha1_base64="WhxDauDsIwSgom15c/lEV2c+6Oc="></latexit>

M1
D

<latexit sha1_base64="+voushQGQWSY9t6WxeStDAqtTF0="></latexit>

M2
D

<latexit sha1_base64="uVTVKft1pPKHlk2Znpb2LKhgUFA="></latexit>

�1(")

<latexit sha1_base64="i7HvmpN5m6Vdamw7KnQPaT9xgFc="></latexit>

�2(")

<latexit sha1_base64="ZfDXyyx1pC+0Jkb7llnXWtVLwRo="></latexit>

M = M1 �M2

<latexit sha1_base64="4kxX6+ZTTQWi3M9jt7WfQZerTkE="></latexit>

What is the privacy curve �(") of M?

Composition of DP



M1
<latexit sha1_base64="63SuZFEBeKQfiWng8x2TiiGecpU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIepKCHjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK9bteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6k0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AJgtjMo=</latexit>

D

M2

<latexit sha1_base64="WhxDauDsIwSgom15c/lEV2c+6Oc="></latexit>

M1
D

<latexit sha1_base64="+voushQGQWSY9t6WxeStDAqtTF0="></latexit>

M2
D

<latexit sha1_base64="uVTVKft1pPKHlk2Znpb2LKhgUFA="></latexit>

�1(")

<latexit sha1_base64="i7HvmpN5m6Vdamw7KnQPaT9xgFc="></latexit>

�2(")

<latexit sha1_base64="Mv6lpoylBbWr0cpe2MfQz4GrzK8="></latexit>

(P 2, Q2) tightly dominates M2

<latexit sha1_base64="cvgIg21k2sw+VrtNDx+3yozBob8="></latexit>

(P 1, Q1) tightly dominates M1

<latexit sha1_base64="4kxX6+ZTTQWi3M9jt7WfQZerTkE="></latexit>

What is the privacy curve �(") of M?

<latexit sha1_base64="ZfDXyyx1pC+0Jkb7llnXWtVLwRo="></latexit>

M = M1 �M2

Composition of DP



M1
<latexit sha1_base64="63SuZFEBeKQfiWng8x2TiiGecpU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIepKCHjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK9bteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6k0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AJgtjMo=</latexit>

D

M2

<latexit sha1_base64="WhxDauDsIwSgom15c/lEV2c+6Oc="></latexit>

M1
D

<latexit sha1_base64="+voushQGQWSY9t6WxeStDAqtTF0="></latexit>

M2
D

<latexit sha1_base64="uVTVKft1pPKHlk2Znpb2LKhgUFA="></latexit>

�1(")

<latexit sha1_base64="i7HvmpN5m6Vdamw7KnQPaT9xgFc="></latexit>

�2(")

Zhu, Dong, and Wang, Optimal Accounting of Differential Privacy via Characteristic Function, AISTAT 2022

<latexit sha1_base64="Mv6lpoylBbWr0cpe2MfQz4GrzK8="></latexit>

(P 2, Q2) tightly dominates M2

<latexit sha1_base64="cvgIg21k2sw+VrtNDx+3yozBob8="></latexit>

(P 1, Q1) tightly dominates M1

<latexit sha1_base64="4kxX6+ZTTQWi3M9jt7WfQZerTkE="></latexit>

What is the privacy curve �(") of M?

<latexit sha1_base64="gpOiFPBwLbADALonO66icGQUkF8="></latexit>=) <latexit sha1_base64="sbaiPuS+1Bb9uPp8bH509056AgA="></latexit>

(P 1 ⇥ P 2, Q1 ⇥Q2) dominates M

<latexit sha1_base64="ZfDXyyx1pC+0Jkb7llnXWtVLwRo="></latexit>

M = M1 �M2

Composition of DP



M1
<latexit sha1_base64="63SuZFEBeKQfiWng8x2TiiGecpU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIepKCHjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK9bteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6k0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AJgtjMo=</latexit>

D

M2

<latexit sha1_base64="WhxDauDsIwSgom15c/lEV2c+6Oc="></latexit>

M1
D

<latexit sha1_base64="+voushQGQWSY9t6WxeStDAqtTF0="></latexit>

M2
D

<latexit sha1_base64="uVTVKft1pPKHlk2Znpb2LKhgUFA="></latexit>

�1(")

<latexit sha1_base64="i7HvmpN5m6Vdamw7KnQPaT9xgFc="></latexit>

�2(")

Zhu, Dong, and Wang, Optimal Accounting of Differential Privacy via Characteristic Function, AISTAT 2022

<latexit sha1_base64="Mv6lpoylBbWr0cpe2MfQz4GrzK8="></latexit>

(P 2, Q2) tightly dominates M2

<latexit sha1_base64="cvgIg21k2sw+VrtNDx+3yozBob8="></latexit>

(P 1, Q1) tightly dominates M1

<latexit sha1_base64="4kxX6+ZTTQWi3M9jt7WfQZerTkE="></latexit>

What is the privacy curve �(") of M?

<latexit sha1_base64="gpOiFPBwLbADALonO66icGQUkF8="></latexit>=) <latexit sha1_base64="sbaiPuS+1Bb9uPp8bH509056AgA="></latexit>

(P 1 ⇥ P 2, Q1 ⇥Q2) dominates M

<latexit sha1_base64="gpOiFPBwLbADALonO66icGQUkF8="></latexit>

=)

<latexit sha1_base64="ZfDXyyx1pC+0Jkb7llnXWtVLwRo="></latexit>

M = M1 �M2

Composition of DP

<latexit sha1_base64="bitQB9Y42xuw78jT0gudGHmc38k="></latexit>

�(")  E"(P 1 ⇥ P 2
��Q1 ⇥Q2)



M1
<latexit sha1_base64="63SuZFEBeKQfiWng8x2TiiGecpU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIepKCHjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK9bteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6k0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AJgtjMo=</latexit>

D

M2

<latexit sha1_base64="WhxDauDsIwSgom15c/lEV2c+6Oc="></latexit>

M1
D

<latexit sha1_base64="+voushQGQWSY9t6WxeStDAqtTF0="></latexit>

M2
D

<latexit sha1_base64="uVTVKft1pPKHlk2Znpb2LKhgUFA="></latexit>

�1(")

<latexit sha1_base64="i7HvmpN5m6Vdamw7KnQPaT9xgFc="></latexit>

�2(")

Zhu, Dong, and Wang, Optimal Accounting of Differential Privacy via Characteristic Function, AISTAT 2022

<latexit sha1_base64="Mv6lpoylBbWr0cpe2MfQz4GrzK8="></latexit>

(P 2, Q2) tightly dominates M2

<latexit sha1_base64="cvgIg21k2sw+VrtNDx+3yozBob8="></latexit>

(P 1, Q1) tightly dominates M1

<latexit sha1_base64="4kxX6+ZTTQWi3M9jt7WfQZerTkE="></latexit>

What is the privacy curve �(") of M?

<latexit sha1_base64="gpOiFPBwLbADALonO66icGQUkF8="></latexit>=) <latexit sha1_base64="sbaiPuS+1Bb9uPp8bH509056AgA="></latexit>

(P 1 ⇥ P 2, Q1 ⇥Q2) dominates M

<latexit sha1_base64="gpOiFPBwLbADALonO66icGQUkF8="></latexit>

=)

<latexit sha1_base64="40gZRY5m1N7X7LxIqAT4G6wLe4s="></latexit>

= E
h�
1� e"�(L1+L2)

�
+

i

<latexit sha1_base64="ZfDXyyx1pC+0Jkb7llnXWtVLwRo="></latexit>

M = M1 �M2

Composition of DP

<latexit sha1_base64="bitQB9Y42xuw78jT0gudGHmc38k="></latexit>

�(")  E"(P 1 ⇥ P 2
��Q1 ⇥Q2)



M1
<latexit sha1_base64="63SuZFEBeKQfiWng8x2TiiGecpU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIepKCHjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK9bteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6k0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AJgtjMo=</latexit>

D

M2

<latexit sha1_base64="WhxDauDsIwSgom15c/lEV2c+6Oc="></latexit>

M1
D

<latexit sha1_base64="+voushQGQWSY9t6WxeStDAqtTF0="></latexit>

M2
D

<latexit sha1_base64="uVTVKft1pPKHlk2Znpb2LKhgUFA="></latexit>

�1(")

<latexit sha1_base64="i7HvmpN5m6Vdamw7KnQPaT9xgFc="></latexit>

�2(")

Zhu, Dong, and Wang, Optimal Accounting of Differential Privacy via Characteristic Function, AISTAT 2022

<latexit sha1_base64="Mv6lpoylBbWr0cpe2MfQz4GrzK8="></latexit>

(P 2, Q2) tightly dominates M2

<latexit sha1_base64="cvgIg21k2sw+VrtNDx+3yozBob8="></latexit>

(P 1, Q1) tightly dominates M1

<latexit sha1_base64="4kxX6+ZTTQWi3M9jt7WfQZerTkE="></latexit>

What is the privacy curve �(") of M?

<latexit sha1_base64="gpOiFPBwLbADALonO66icGQUkF8="></latexit>=) <latexit sha1_base64="sbaiPuS+1Bb9uPp8bH509056AgA="></latexit>

(P 1 ⇥ P 2, Q1 ⇥Q2) dominates M

<latexit sha1_base64="gpOiFPBwLbADALonO66icGQUkF8="></latexit>

=)

<latexit sha1_base64="ZfDXyyx1pC+0Jkb7llnXWtVLwRo="></latexit>

M = M1 �M2

Composition of DP

<latexit sha1_base64="GK+uyx11U761foKYSQD1J8Y9q/I="></latexit>

PLRV for M1
<latexit sha1_base64="tnwGUc2zgRGoPrR147g+euvBOGk="></latexit>

PLRV for M2

<latexit sha1_base64="40gZRY5m1N7X7LxIqAT4G6wLe4s="></latexit>

= E
h�
1� e"�(L1+L2)

�
+

i
<latexit sha1_base64="bitQB9Y42xuw78jT0gudGHmc38k="></latexit>

�(")  E"(P 1 ⇥ P 2
��Q1 ⇥Q2)



M1

<latexit sha1_base64="63SuZFEBeKQfiWng8x2TiiGecpU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIepKCHjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK9bteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6k0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AJgtjMo=</latexit>

D
M2

<latexit sha1_base64="WhxDauDsIwSgom15c/lEV2c+6Oc="></latexit>

M1
D

<latexit sha1_base64="+voushQGQWSY9t6WxeStDAqtTF0="></latexit>

M2
D

Zhu, Dong, and Wang, Optimal Accounting of Differential Privacy via Characteristic Function, AISTAT 2022

<latexit sha1_base64="4kxX6+ZTTQWi3M9jt7WfQZerTkE="></latexit>

What is the privacy curve �(") of M?

<latexit sha1_base64="gpOiFPBwLbADALonO66icGQUkF8="></latexit>=)

Mn
<latexit sha1_base64="DXRb4qx0C6CKUZLrA2Zsh6RZT8Y="></latexit>

Mn
D

<latexit sha1_base64="bAZ7FSTRhCJdasNibMump434Ajk="></latexit>

M = M1 � · · · �Mn

…

<latexit sha1_base64="Xz7TvhyFpD0LhTinINld8NHD830="></latexit>

(P i, Qi) tightly dominates M i
<latexit sha1_base64="jI9Y0nwgQ4SLDBUe7jX9IFuU7Lg="></latexit>

(P 1 ⇥ · · ·⇥ Pn, Q1 ⇥ · · ·⇥Qn) dominates M

Composition of DP



M1

<latexit sha1_base64="63SuZFEBeKQfiWng8x2TiiGecpU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIepKCHjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK9bteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6k0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AJgtjMo=</latexit>

D
M2

<latexit sha1_base64="WhxDauDsIwSgom15c/lEV2c+6Oc="></latexit>

M1
D

<latexit sha1_base64="+voushQGQWSY9t6WxeStDAqtTF0="></latexit>

M2
D

Zhu, Dong, and Wang, Optimal Accounting of Differential Privacy via Characteristic Function, AISTAT 2022

<latexit sha1_base64="4kxX6+ZTTQWi3M9jt7WfQZerTkE="></latexit>

What is the privacy curve �(") of M?

<latexit sha1_base64="gpOiFPBwLbADALonO66icGQUkF8="></latexit>=)
<latexit sha1_base64="gpOiFPBwLbADALonO66icGQUkF8="></latexit>

=)

Mn
<latexit sha1_base64="DXRb4qx0C6CKUZLrA2Zsh6RZT8Y="></latexit>

Mn
D

<latexit sha1_base64="bAZ7FSTRhCJdasNibMump434Ajk="></latexit>

M = M1 � · · · �Mn

…

<latexit sha1_base64="Xz7TvhyFpD0LhTinINld8NHD830="></latexit>

(P i, Qi) tightly dominates M i
<latexit sha1_base64="jI9Y0nwgQ4SLDBUe7jX9IFuU7Lg="></latexit>

(P 1 ⇥ · · ·⇥ Pn, Q1 ⇥ · · ·⇥Qn) dominates M

Composition of DP

<latexit sha1_base64="l8mpHkOGFG3bLb6CTvB5tlWi/Ts="></latexit>

�(")  E"(P 1 ⇥ · · ·⇥ Pn
��Q1 ⇥ · · ·⇥Qn)



M1

<latexit sha1_base64="63SuZFEBeKQfiWng8x2TiiGecpU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIepKCHjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK9bteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6k0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AJgtjMo=</latexit>

D
M2

<latexit sha1_base64="WhxDauDsIwSgom15c/lEV2c+6Oc="></latexit>

M1
D

<latexit sha1_base64="+voushQGQWSY9t6WxeStDAqtTF0="></latexit>

M2
D

Zhu, Dong, and Wang, Optimal Accounting of Differential Privacy via Characteristic Function, AISTAT 2022

<latexit sha1_base64="4kxX6+ZTTQWi3M9jt7WfQZerTkE="></latexit>

What is the privacy curve �(") of M?
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Composition Results

• Moments accountant: [Abadi et al’16], [Mironov’17]  

• Central limit theorem: [Dong et al’19], [Sommer et al’19] 

• Fast Fourier transform: [Koskela et al’20], [Koskela and Honkela’20], [Koskela et al’21], 
[Gopi et al’21], [Ghazi et al’22]

• Characteristic function: [Zhu et al’22] 

• Piece-wise linearization of HS divergence: [Doroshenko et al’22] 
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<latexit sha1_base64="Z8NX1HmuIZX9DZiY7puFNc/qIPs="></latexit>

Take t to be saddle-point of F":



Saddle-point accountant
<latexit sha1_base64="zffpdqg6TVfREEpK6VTY6l9b3+4="></latexit>

�(")  1

2⇡

Z 1

�1
eF"(t+is)ds

<latexit sha1_base64="NiRL2lEYty4/ebNm4TNUlCpx//0="></latexit>

F"(z) , KL(z)� z"� log z � log(1 + z)

<latexit sha1_base64="X/NBg70ScYHR4KqzO5ecXoDNIWs="></latexit>

K 0
L(t⇤) = "+

1

t⇤
+

1

t⇤ + 1

<latexit sha1_base64="ddmq+AEqNr4/oPfUuCTmAdB6nqI="></latexit>

First approximation:
<latexit sha1_base64="eOsBS7iLwvxctvr/cLOg4Xtsp4c="></latexit>

Second approximation:

<latexit sha1_base64="HyP1UPgfJK6HogGCvJ+MQ2QbhxE="></latexit>

Unique t⇤ satisfying F 0
"(t⇤) = 0, i.e.,

<latexit sha1_base64="Z8NX1HmuIZX9DZiY7puFNc/qIPs="></latexit>

Take t to be saddle-point of F":



Saddle-point accountant
<latexit sha1_base64="zffpdqg6TVfREEpK6VTY6l9b3+4="></latexit>

�(")  1

2⇡

Z 1

�1
eF"(t+is)ds

<latexit sha1_base64="NiRL2lEYty4/ebNm4TNUlCpx//0="></latexit>

F"(z) , KL(z)� z"� log z � log(1 + z)

<latexit sha1_base64="X/NBg70ScYHR4KqzO5ecXoDNIWs="></latexit>

K 0
L(t⇤) = "+

1

t⇤
+

1

t⇤ + 1

<latexit sha1_base64="ddmq+AEqNr4/oPfUuCTmAdB6nqI="></latexit>

First approximation:
<latexit sha1_base64="eOsBS7iLwvxctvr/cLOg4Xtsp4c="></latexit>

Second approximation:
<latexit sha1_base64="EXrf9nYAeB8vwU5U/vX6ZQQw31k=">AAAX8nichZhbc+O2FYCVpJfUvW3amfohL2y9mb1U8ViaNJeHzMTetda7sbu0LTvymrYGJCGJEW8GIVlaLPsr+tS3Tl/za/rWaX9MD0hKAHFoxzO2QXwHB8DBwcEB3DQMMr6z85/33v/gJz/92c8//MXGL3/169/89sFHvzvPkhnz6JmXhAkbuCSjYRDTMx7wkA5SRknkhvQ7d/pM8u/mlGVBEvf5MqVXERnHwSjwCIeq4YPew4 </latexit>

F"(z) ⇡ F"(t⇤) +
1

2
(z � t⇤)

2F 00
" (t⇤)

<latexit sha1_base64="HyP1UPgfJK6HogGCvJ+MQ2QbhxE="></latexit>

Unique t⇤ satisfying F 0
"(t⇤) = 0, i.e.,

<latexit sha1_base64="Z8NX1HmuIZX9DZiY7puFNc/qIPs="></latexit>

Take t to be saddle-point of F":

<latexit sha1_base64="ANqJ5pgpHeHuiELvXgJHzmJ6g9c="></latexit>

Vanilla saddle-point approximation
<latexit sha1_base64="ANqJ5pgpHeHuiELvXgJHzmJ6g9c="></latexit>

Vanilla saddle-point approximation



Saddle-point accountant
<latexit sha1_base64="zffpdqg6TVfREEpK6VTY6l9b3+4="></latexit>

�(")  1

2⇡

Z 1

�1
eF"(t+is)ds

<latexit sha1_base64="NiRL2lEYty4/ebNm4TNUlCpx//0="></latexit>

F"(z) , KL(z)� z"� log z � log(1 + z)

<latexit sha1_base64="X/NBg70ScYHR4KqzO5ecXoDNIWs="></latexit>

K 0
L(t⇤) = "+

1

t⇤
+

1

t⇤ + 1

<latexit sha1_base64="ddmq+AEqNr4/oPfUuCTmAdB6nqI="></latexit>

First approximation:
<latexit sha1_base64="wsgFTzz0qg2rKbHUj0uCbrgnaJs="></latexit>

KL(z) ⇡ KL(t⇤) +
1

2
(z � t⇤)

2K 00
L(t⇤)

<latexit sha1_base64="eOsBS7iLwvxctvr/cLOg4Xtsp4c="></latexit>

Second approximation:
<latexit sha1_base64="EXrf9nYAeB8vwU5U/vX6ZQQw31k=">AAAX8nichZhbc+O2FYCVpJfUvW3amfohL2y9mb1U8ViaNJeHzMTetda7sbu0LTvymrYGJCGJEW8GIVlaLPsr+tS3Tl/za/rWaX9MD0hKAHFoxzO2QXwHB8DBwcEB3DQMMr6z85/33v/gJz/92c8//MXGL3/169/89sFHvzvPkhnz6JmXhAkbuCSjYRDTMx7wkA5SRknkhvQ7d/pM8u/mlGVBEvf5MqVXERnHwSjwCIeq4YPew4 </latexit>

F"(z) ⇡ F"(t⇤) +
1

2
(z � t⇤)

2F 00
" (t⇤)

<latexit sha1_base64="HyP1UPgfJK6HogGCvJ+MQ2QbhxE="></latexit>

Unique t⇤ satisfying F 0
"(t⇤) = 0, i.e.,

<latexit sha1_base64="Z8NX1HmuIZX9DZiY7puFNc/qIPs="></latexit>

Take t to be saddle-point of F":

<latexit sha1_base64="ANqJ5pgpHeHuiELvXgJHzmJ6g9c="></latexit>

Vanilla saddle-point approximation
<latexit sha1_base64="ANqJ5pgpHeHuiELvXgJHzmJ6g9c="></latexit>

Vanilla saddle-point approximation



Saddle-point accountant
<latexit sha1_base64="zffpdqg6TVfREEpK6VTY6l9b3+4="></latexit>

�(")  1

2⇡

Z 1

�1
eF"(t+is)ds

<latexit sha1_base64="NiRL2lEYty4/ebNm4TNUlCpx//0="></latexit>

F"(z) , KL(z)� z"� log z � log(1 + z)

<latexit sha1_base64="X/NBg70ScYHR4KqzO5ecXoDNIWs="></latexit>

K 0
L(t⇤) = "+

1

t⇤
+

1

t⇤ + 1

<latexit sha1_base64="ddmq+AEqNr4/oPfUuCTmAdB6nqI="></latexit>

First approximation:
<latexit sha1_base64="wsgFTzz0qg2rKbHUj0uCbrgnaJs="></latexit>

KL(z) ⇡ KL(t⇤) +
1

2
(z � t⇤)

2K 00
L(t⇤)

<latexit sha1_base64="eOsBS7iLwvxctvr/cLOg4Xtsp4c="></latexit>

Second approximation:
<latexit sha1_base64="EXrf9nYAeB8vwU5U/vX6ZQQw31k=">AAAX8nichZhbc+O2FYCVpJfUvW3amfohL2y9mb1U8ViaNJeHzMTetda7sbu0LTvymrYGJCGJEW8GIVlaLPsr+tS3Tl/za/rWaX9MD0hKAHFoxzO2QXwHB8DBwcEB3DQMMr6z85/33v/gJz/92c8//MXGL3/169/89sFHvzvPkhnz6JmXhAkbuCSjYRDTMx7wkA5SRknkhvQ7d/pM8u/mlGVBEvf5MqVXERnHwSjwCIeq4YPew4 </latexit>

F"(z) ⇡ F"(t⇤) +
1

2
(z � t⇤)

2F 00
" (t⇤)

<latexit sha1_base64="HyP1UPgfJK6HogGCvJ+MQ2QbhxE="></latexit>

Unique t⇤ satisfying F 0
"(t⇤) = 0, i.e.,

<latexit sha1_base64="Z8NX1HmuIZX9DZiY7puFNc/qIPs="></latexit>

Take t to be saddle-point of F":



Saddle-point accountant
<latexit sha1_base64="zffpdqg6TVfREEpK6VTY6l9b3+4="></latexit>

�(")  1

2⇡

Z 1

�1
eF"(t+is)ds

<latexit sha1_base64="NiRL2lEYty4/ebNm4TNUlCpx//0="></latexit>

F"(z) , KL(z)� z"� log z � log(1 + z)

<latexit sha1_base64="X/NBg70ScYHR4KqzO5ecXoDNIWs="></latexit>

K 0
L(t⇤) = "+

1

t⇤
+

1

t⇤ + 1

<latexit sha1_base64="ddmq+AEqNr4/oPfUuCTmAdB6nqI="></latexit>

First approximation:
<latexit sha1_base64="wsgFTzz0qg2rKbHUj0uCbrgnaJs="></latexit>

KL(z) ⇡ KL(t⇤) +
1

2
(z � t⇤)

2K 00
L(t⇤)

<latexit sha1_base64="eOsBS7iLwvxctvr/cLOg4Xtsp4c="></latexit>

Second approximation:

<latexit sha1_base64="zffpdqg6TVfREEpK6VTY6l9b3+4="></latexit>

�(")  1

2⇡

Z 1

�1
eF"(t+is)ds

<latexit sha1_base64="zlRTxoUbPaKQsOqA1JMMKGBhYwk="></latexit>

⇡ eF"(t⇤)

p
2⇡F 00

" (t⇤)

<latexit sha1_base64="5dgpFQR33zwS488jk8X9RilpLKM="></latexit>

=)

<latexit sha1_base64="EXrf9nYAeB8vwU5U/vX6ZQQw31k=">AAAX8nichZhbc+O2FYCVpJfUvW3amfohL2y9mb1U8ViaNJeHzMTetda7sbu0LTvymrYGJCGJEW8GIVlaLPsr+tS3Tl/za/rWaX9MD0hKAHFoxzO2QXwHB8DBwcEB3DQMMr6z85/33v/gJz/92c8//MXGL3/169/89sFHvzvPkhnz6JmXhAkbuCSjYRDTMx7wkA5SRknkhvQ7d/pM8u/mlGVBEvf5MqVXERnHwSjwCIeq4YPew4 </latexit>

F"(z) ⇡ F"(t⇤) +
1

2
(z � t⇤)

2F 00
" (t⇤)

<latexit sha1_base64="HyP1UPgfJK6HogGCvJ+MQ2QbhxE="></latexit>

Unique t⇤ satisfying F 0
"(t⇤) = 0, i.e.,

<latexit sha1_base64="Z8NX1HmuIZX9DZiY7puFNc/qIPs="></latexit>

Take t to be saddle-point of F":



Saddle-point accountant
<latexit sha1_base64="zffpdqg6TVfREEpK6VTY6l9b3+4="></latexit>

�(")  1

2⇡

Z 1

�1
eF"(t+is)ds

<latexit sha1_base64="NiRL2lEYty4/ebNm4TNUlCpx//0="></latexit>

F"(z) , KL(z)� z"� log z � log(1 + z)

<latexit sha1_base64="X/NBg70ScYHR4KqzO5ecXoDNIWs="></latexit>

K 0
L(t⇤) = "+

1

t⇤
+

1

t⇤ + 1

<latexit sha1_base64="ddmq+AEqNr4/oPfUuCTmAdB6nqI="></latexit>

First approximation:
<latexit sha1_base64="wsgFTzz0qg2rKbHUj0uCbrgnaJs="></latexit>

KL(z) ⇡ KL(t⇤) +
1

2
(z � t⇤)

2K 00
L(t⇤)

<latexit sha1_base64="eOsBS7iLwvxctvr/cLOg4Xtsp4c="></latexit>

Second approximation:

<latexit sha1_base64="zffpdqg6TVfREEpK6VTY6l9b3+4="></latexit>

�(")  1

2⇡

Z 1

�1
eF"(t+is)ds

<latexit sha1_base64="zlRTxoUbPaKQsOqA1JMMKGBhYwk="></latexit>

⇡ eF"(t⇤)

p
2⇡F 00

" (t⇤)

<latexit sha1_base64="SywKkuA1rE8Nuo9ict848XoN09c="></latexit>

=
eKL(t⇤)�"t⇤

q
2⇡

⇥
t2⇤(1 + t⇤)2K 00

L(t⇤) + t2⇤ + (t⇤ + 1)2
⇤

<latexit sha1_base64="5dgpFQR33zwS488jk8X9RilpLKM="></latexit>

=)

<latexit sha1_base64="EXrf9nYAeB8vwU5U/vX6ZQQw31k=">AAAX8nichZhbc+O2FYCVpJfUvW3amfohL2y9mb1U8ViaNJeHzMTetda7sbu0LTvymrYGJCGJEW8GIVlaLPsr+tS3Tl/za/rWaX9MD0hKAHFoxzO2QXwHB8DBwcEB3DQMMr6z85/33v/gJz/92c8//MXGL3/169/89sFHvzvPkhnz6JmXhAkbuCSjYRDTMx7wkA5SRknkhvQ7d/pM8u/mlGVBEvf5MqVXERnHwSjwCIeq4YPew4 </latexit>

F"(z) ⇡ F"(t⇤) +
1

2
(z � t⇤)

2F 00
" (t⇤)

<latexit sha1_base64="HyP1UPgfJK6HogGCvJ+MQ2QbhxE="></latexit>

Unique t⇤ satisfying F 0
"(t⇤) = 0, i.e.,

<latexit sha1_base64="Z8NX1HmuIZX9DZiY7puFNc/qIPs="></latexit>

Take t to be saddle-point of F":



<latexit sha1_base64="EXrf9nYAeB8vwU5U/vX6ZQQw31k=">AAAX8nichZhbc+O2FYCVpJfUvW3amfohL2y9mb1U8ViaNJeHzMTetda7sbu0LTvymrYGJCGJEW8GIVlaLPsr+tS3Tl/za/rWaX9MD0hKAHFoxzO2QXwHB8DBwcEB3DQMMr6z85/33v/gJz/92c8//MXGL3/169/89sFHvzvPkhnz6JmXhAkbuCSjYRDTMx7wkA5SRknkhvQ7d/pM8u/mlGVBEvf5MqVXERnHwSjwCIeq4YPew4 </latexit>

F"(z) ⇡ F"(t⇤) +
1

2
(z � t⇤)

2F 00
" (t⇤)

Saddle-point accountant
<latexit sha1_base64="zffpdqg6TVfREEpK6VTY6l9b3+4="></latexit>

�(")  1

2⇡

Z 1

�1
eF"(t+is)ds

<latexit sha1_base64="NiRL2lEYty4/ebNm4TNUlCpx//0="></latexit>

F"(z) , KL(z)� z"� log z � log(1 + z)

<latexit sha1_base64="X/NBg70ScYHR4KqzO5ecXoDNIWs="></latexit>

K 0
L(t⇤) = "+

1

t⇤
+

1

t⇤ + 1

<latexit sha1_base64="ddmq+AEqNr4/oPfUuCTmAdB6nqI="></latexit>

First approximation:
<latexit sha1_base64="wsgFTzz0qg2rKbHUj0uCbrgnaJs="></latexit>

KL(z) ⇡ KL(t⇤) +
1

2
(z � t⇤)

2K 00
L(t⇤)

<latexit sha1_base64="eOsBS7iLwvxctvr/cLOg4Xtsp4c="></latexit>

Second approximation:

<latexit sha1_base64="HyP1UPgfJK6HogGCvJ+MQ2QbhxE="></latexit>

Unique t⇤ satisfying F 0
"(t⇤) = 0, i.e.,

<latexit sha1_base64="Z8NX1HmuIZX9DZiY7puFNc/qIPs="></latexit>

Take t to be saddle-point of F":



Saddle-point accountant
<latexit sha1_base64="zffpdqg6TVfREEpK6VTY6l9b3+4="></latexit>

�(")  1

2⇡

Z 1

�1
eF"(t+is)ds

<latexit sha1_base64="NiRL2lEYty4/ebNm4TNUlCpx//0="></latexit>

F"(z) , KL(z)� z"� log z � log(1 + z)

<latexit sha1_base64="X/NBg70ScYHR4KqzO5ecXoDNIWs="></latexit>

K 0
L(t⇤) = "+

1

t⇤
+

1

t⇤ + 1

<latexit sha1_base64="wsgFTzz0qg2rKbHUj0uCbrgnaJs="></latexit>

KL(z) ⇡ KL(t⇤) +
1

2
(z � t⇤)

2K 00
L(t⇤)

<latexit sha1_base64="eOsBS7iLwvxctvr/cLOg4Xtsp4c="></latexit>

Second approximation:

<latexit sha1_base64="zffpdqg6TVfREEpK6VTY6l9b3+4="></latexit>

�(")  1

2⇡

Z 1

�1
eF"(t+is)ds

<latexit sha1_base64="5dgpFQR33zwS488jk8X9RilpLKM="></latexit>

=)

<latexit sha1_base64="NgVzC1E5FWvXOV+MK6dirOQc+OI="></latexit>

⇡ eKL(t⇤)�"t⇤E
h
et⇤("�Z)

�
1� e"�Z

�
+

i

<latexit sha1_base64="EXrf9nYAeB8vwU5U/vX6ZQQw31k=">AAAX8nichZhbc+O2FYCVpJfUvW3amfohL2y9mb1U8ViaNJeHzMTetda7sbu0LTvymrYGJCGJEW8GIVlaLPsr+tS3Tl/za/rWaX9MD0hKAHFoxzO2QXwHB8DBwcEB3DQMMr6z85/33v/gJz/92c8//MXGL3/169/89sFHvzvPkhnz6JmXhAkbuCSjYRDTMx7wkA5SRknkhvQ7d/pM8u/mlGVBEvf5MqVXERnHwSjwCIeq4YPew4 </latexit>

F"(z) ⇡ F"(t⇤) +
1

2
(z � t⇤)

2F 00
" (t⇤)

<latexit sha1_base64="ddmq+AEqNr4/oPfUuCTmAdB6nqI="></latexit>

First approximation:

<latexit sha1_base64="HyP1UPgfJK6HogGCvJ+MQ2QbhxE="></latexit>

Unique t⇤ satisfying F 0
"(t⇤) = 0, i.e.,

<latexit sha1_base64="Z8NX1HmuIZX9DZiY7puFNc/qIPs="></latexit>

Take t to be saddle-point of F":



Saddle-point accountant
<latexit sha1_base64="zffpdqg6TVfREEpK6VTY6l9b3+4="></latexit>

�(")  1

2⇡

Z 1

�1
eF"(t+is)ds

<latexit sha1_base64="NiRL2lEYty4/ebNm4TNUlCpx//0="></latexit>

F"(z) , KL(z)� z"� log z � log(1 + z)

<latexit sha1_base64="X/NBg70ScYHR4KqzO5ecXoDNIWs="></latexit>

K 0
L(t⇤) = "+

1

t⇤
+

1

t⇤ + 1

<latexit sha1_base64="wsgFTzz0qg2rKbHUj0uCbrgnaJs="></latexit>

KL(z) ⇡ KL(t⇤) +
1

2
(z � t⇤)

2K 00
L(t⇤)

<latexit sha1_base64="eOsBS7iLwvxctvr/cLOg4Xtsp4c="></latexit>

Second approximation:

<latexit sha1_base64="zffpdqg6TVfREEpK6VTY6l9b3+4="></latexit>

�(")  1

2⇡

Z 1

�1
eF"(t+is)ds

<latexit sha1_base64="5dgpFQR33zwS488jk8X9RilpLKM="></latexit>

=)

<latexit sha1_base64="NgVzC1E5FWvXOV+MK6dirOQc+OI="></latexit>

⇡ eKL(t⇤)�"t⇤E
h
et⇤("�Z)

�
1� e"�Z

�
+

i

<latexit sha1_base64="EXrf9nYAeB8vwU5U/vX6ZQQw31k=">AAAX8nichZhbc+O2FYCVpJfUvW3amfohL2y9mb1U8ViaNJeHzMTetda7sbu0LTvymrYGJCGJEW8GIVlaLPsr+tS3Tl/za/rWaX9MD0hKAHFoxzO2QXwHB8DBwcEB3DQMMr6z85/33v/gJz/92c8//MXGL3/169/89sFHvzvPkhnz6JmXhAkbuCSjYRDTMx7wkA5SRknkhvQ7d/pM8u/mlGVBEvf5MqVXERnHwSjwCIeq4YPew4 </latexit>

F"(z) ⇡ F"(t⇤) +
1

2
(z � t⇤)

2F 00
" (t⇤)

<latexit sha1_base64="ddmq+AEqNr4/oPfUuCTmAdB6nqI="></latexit>

First approximation:

<latexit sha1_base64="HyP1UPgfJK6HogGCvJ+MQ2QbhxE="></latexit>

Unique t⇤ satisfying F 0
"(t⇤) = 0, i.e.,

<latexit sha1_base64="Z8NX1HmuIZX9DZiY7puFNc/qIPs="></latexit>

Take t to be saddle-point of F":



Saddle-point accountant
<latexit sha1_base64="zffpdqg6TVfREEpK6VTY6l9b3+4="></latexit>

�(")  1

2⇡

Z 1

�1
eF"(t+is)ds

<latexit sha1_base64="NiRL2lEYty4/ebNm4TNUlCpx//0="></latexit>

F"(z) , KL(z)� z"� log z � log(1 + z)

<latexit sha1_base64="X/NBg70ScYHR4KqzO5ecXoDNIWs="></latexit>

K 0
L(t⇤) = "+

1

t⇤
+

1

t⇤ + 1

<latexit sha1_base64="wsgFTzz0qg2rKbHUj0uCbrgnaJs="></latexit>

KL(z) ⇡ KL(t⇤) +
1

2
(z � t⇤)

2K 00
L(t⇤)

<latexit sha1_base64="eOsBS7iLwvxctvr/cLOg4Xtsp4c="></latexit>

Second approximation:

<latexit sha1_base64="zffpdqg6TVfREEpK6VTY6l9b3+4="></latexit>

�(")  1

2⇡

Z 1

�1
eF"(t+is)ds

<latexit sha1_base64="5dgpFQR33zwS488jk8X9RilpLKM="></latexit>

=)

<latexit sha1_base64="NgVzC1E5FWvXOV+MK6dirOQc+OI="></latexit>

⇡ eKL(t⇤)�"t⇤E
h
et⇤("�Z)

�
1� e"�Z

�
+

i

<latexit sha1_base64="fQWFtu45cqgRtRgDGcm24d+atug="></latexit>

Z ⇠ N
⇣
K 0

L(t⇤),K
00
L(t⇤)

⌘

<latexit sha1_base64="EXrf9nYAeB8vwU5U/vX6ZQQw31k=">AAAX8nichZhbc+O2FYCVpJfUvW3amfohL2y9mb1U8ViaNJeHzMTetda7sbu0LTvymrYGJCGJEW8GIVlaLPsr+tS3Tl/za/rWaX9MD0hKAHFoxzO2QXwHB8DBwcEB3DQMMr6z85/33v/gJz/92c8//MXGL3/169/89sFHvzvPkhnz6JmXhAkbuCSjYRDTMx7wkA5SRknkhvQ7d/pM8u/mlGVBEvf5MqVXERnHwSjwCIeq4YPew4 </latexit>

F"(z) ⇡ F"(t⇤) +
1

2
(z � t⇤)

2F 00
" (t⇤)

<latexit sha1_base64="ddmq+AEqNr4/oPfUuCTmAdB6nqI="></latexit>

First approximation:

<latexit sha1_base64="HyP1UPgfJK6HogGCvJ+MQ2QbhxE="></latexit>

Unique t⇤ satisfying F 0
"(t⇤) = 0, i.e.,

<latexit sha1_base64="Z8NX1HmuIZX9DZiY7puFNc/qIPs="></latexit>

Take t to be saddle-point of F":



Saddle-point accountant: Algorithm

<latexit sha1_base64="NgNkjrSa5v8HRBqFDe3LMvoWR0o="></latexit>

(since Li are independent)

<latexit sha1_base64="4FnzalT6lXOgKvi7KAskT+IB5ns="></latexit>

Input: Tightly dominating pairs {(Pi, Qi)}ni=1 for mechanisms {Mi}ni=1 and "

• Compute (numerically estimate) KLi(t) = logE[etLi ]

• KL(t) =
X

i

KLi(t)

• Find saddle-point t⇤ by solving K 0
L(t⇤) = "+ 1

t⇤
+ 1

t⇤+1

Outputs:



Saddle-point accountant: Algorithm

<latexit sha1_base64="unUQAEZXOmQN/1jdI0REytqxAxY="></latexit>

�̂1(") =
eKL(t⇤)�"t⇤

q
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⇥
t2⇤(1 + t⇤)2K 00

L(t⇤) + t2⇤ + (t⇤ + 1)2
⇤

<latexit sha1_base64="NgNkjrSa5v8HRBqFDe3LMvoWR0o="></latexit>

(since Li are independent)

<latexit sha1_base64="kgu7cg4vBynGHVjY49ZcbgcNcFo="></latexit>
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<latexit sha1_base64="4FnzalT6lXOgKvi7KAskT+IB5ns="></latexit>
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i

KLi(t)

• Find saddle-point t⇤ by solving K 0
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+ 1
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Saddle-point accountant: Algorithm

<latexit sha1_base64="NgNkjrSa5v8HRBqFDe3LMvoWR0o="></latexit>

(since Li are independent)

<latexit sha1_base64="4FnzalT6lXOgKvi7KAskT+IB5ns="></latexit>

Input: Tightly dominating pairs {(Pi, Qi)}ni=1 for mechanisms {Mi}ni=1 and "

• Compute (numerically estimate) KLi(t) = logE[etLi ]

• KL(t) =
X

i

KLi(t)

• Find saddle-point t⇤ by solving K 0
L(t⇤) = "+ 1

t⇤
+ 1

t⇤+1

Outputs:

<latexit sha1_base64="dlQuH4YKugilQQuLRDEKpVwZQtM="></latexit>moments accountant

<latexit sha1_base64="mJalF4tQ/anfHKFJqbb/EXw580k="></latexit>

Both are “corrected” versions of

<latexit sha1_base64="unUQAEZXOmQN/1jdI0REytqxAxY="></latexit>

�̂1(") =
eKL(t⇤)�"t⇤

q
2⇡

⇥
t2⇤(1 + t⇤)2K 00

L(t⇤) + t2⇤ + (t⇤ + 1)2
⇤

<latexit sha1_base64="kgu7cg4vBynGHVjY49ZcbgcNcFo="></latexit>
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h
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�
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�
+

i



Numerical experiments
<latexit sha1_base64="q4DFDLRM/z4Hic4qj/vk9krLWh4=">AAAXx3ichZjvbuS2EcA3adomTv9cGiD+kC9KnEPSw57hNYomDXBA7LN9vovdk+21sz7LXpASd6Wu/pnirnfDU4C8Q9+hX5PH6dt0KGlXFEd2Ddim+BsOyeFwOCRNwyATW1v/fefd37z329/9/v0P1j78wx//9OdHH/3lIkum3GXnbhImfEBJxsIgZuciECEbpJyRiIbsBzp5rvgPM8azIIn7YpGy64iM42AUuERA1fDRp3v207 </latexit>

DP-SGD:
<latexit sha1_base64="2ejgPQYApJRfCZJhQM+cGYhzwnM="></latexit>

� = 0.65
<latexit sha1_base64="+8Q2vbyk969y06p51/EQ1P3m+Ko="></latexit>

subsampling = 10�2

<latexit sha1_base64="n9xuvZdxub0QkXO37kWM9uQduII="></latexit>

� = 10�5



Numerical experiments
<latexit sha1_base64="q4DFDLRM/z4Hic4qj/vk9krLWh4=">AAAXx3ichZjvbuS2EcA3adomTv9cGiD+kC9KnEPSw57hNYomDXBA7LN9vovdk+21sz7LXpASd6Wu/pnirnfDU4C8Q9+hX5PH6dt0KGlXFEd2Ddim+BsOyeFwOCRNwyATW1v/fefd37z329/9/v0P1j78wx//9OdHH/3lIkum3GXnbhImfEBJxsIgZuciECEbpJyRiIbsBzp5rvgPM8azIIn7YpGy64iM42AUuERA1fDRp3v207 </latexit>

DP-SGD:
<latexit sha1_base64="2ejgPQYApJRfCZJhQM+cGYhzwnM="></latexit>

� = 0.65
<latexit sha1_base64="+8Q2vbyk969y06p51/EQ1P3m+Ko="></latexit>

subsampling = 10�2

<latexit sha1_base64="n9xuvZdxub0QkXO37kWM9uQduII="></latexit>

� = 10�5

<latexit sha1_base64="NiRL2lEYty4/ebNm4TNUlCpx//0=">AAAX53ichZhbc9u4FYC129vWvWXbmfqhL2ydnU1SrUbSbLbpdHZm7cSOk8gNbcteOaajAUhIZMWbQUiWjLB/oS+dTl/31/S1fey/6QFJCSBAu55JBOA7OAAODg4OiNMwyFi3+9+PPv7e93/wwx998uOtn/z0Zz//xYNPf3meJXPqkjM3CRM6wigjYRCTMxawkIxSSlCEQ/Itnj0X/NsFoVmQxEO2SslVhKZxMAlcxKBp/OBPDx </latexit>

F"(z) , KL(z)� z"� log z � log(1 + z)

<latexit sha1_base64="zffpdqg6TVfREEpK6VTY6l9b3+4=">AAAYAnichZjdcuO2FYCVpD+p+7dJZ+qL3rD1ZrK7VTyWp02bi8zE3rXXu7G7tC0r8pq2BiAhkRX/DEKyFCx71UfoU/Su09u8SG972z5ED0hKBHFo1zO7AvEdHAAHBwcHoGkYZGJn51/vvf/B977/gx9++KONH//kpz/7+aOPPh5kyYy77MJNwoQPKclYGMTsQgQiZMOUMxLRkH1Dp88V/2bOeBYkcV8sU3YdkUkcjAOXCKgaPR </latexit>
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eF"(t+is)ds



Numerical experiments
<latexit sha1_base64="q4DFDLRM/z4Hic4qj/vk9krLWh4=">AAAXx3ichZjvbuS2EcA3adomTv9cGiD+kC9KnEPSw57hNYomDXBA7LN9vovdk+21sz7LXpASd6Wu/pnirnfDU4C8Q9+hX5PH6dt0KGlXFEd2Ddim+BsOyeFwOCRNwyATW1v/fefd37z329/9/v0P1j78wx//9OdHH/3lIkum3GXnbhImfEBJxsIgZuciECEbpJyRiIbsBzp5rvgPM8azIIn7YpGy64iM42AUuERA1fDRp3v207 </latexit>

DP-SGD:

<latexit sha1_base64="+8Q2vbyk969y06p51/EQ1P3m+Ko="></latexit>

subsampling = 10�2

<latexit sha1_base64="Cac0vEV74HMyZ6xXSnK/TdePr8M="></latexit>

n = 2000

<latexit sha1_base64="gZtVC3v8E7HSMcVg04LpYfyUOIE="></latexit>

� = 1



<latexit sha1_base64="zffpdqg6TVfREEpK6VTY6l9b3+4="></latexit>

�(")  1

2⇡

Z 1

�1
eF"(t+is)ds

<latexit sha1_base64="ddmq+AEqNr4/oPfUuCTmAdB6nqI="></latexit>

First approximation:
<latexit sha1_base64="wsgFTzz0qg2rKbHUj0uCbrgnaJs="></latexit>

KL(z) ⇡ KL(t⇤) +
1

2
(z � t⇤)

2K 00
L(t⇤)

<latexit sha1_base64="eOsBS7iLwvxctvr/cLOg4Xtsp4c="></latexit>

Second approximation:
<latexit sha1_base64="EXrf9nYAeB8vwU5U/vX6ZQQw31k="></latexit>

F"(z) ⇡ F"(t⇤) +
1

2
(z � t⇤)

2F 00
" (t⇤)

Error analysis



<latexit sha1_base64="4jV+cidG3L6llKMVyz9qT+3Wm2c="></latexit>

vanilla saddle-point approximation

Error analysis

<latexit sha1_base64="ddmq+AEqNr4/oPfUuCTmAdB6nqI="></latexit>

First approximation:
<latexit sha1_base64="wsgFTzz0qg2rKbHUj0uCbrgnaJs="></latexit>

KL(z) ⇡ KL(t⇤) +
1

2
(z � t⇤)

2K 00
L(t⇤)

<latexit sha1_base64="eOsBS7iLwvxctvr/cLOg4Xtsp4c="></latexit>

Second approximation:
<latexit sha1_base64="EXrf9nYAeB8vwU5U/vX6ZQQw31k="></latexit>

F"(z) ⇡ F"(t⇤) +
1

2
(z � t⇤)

2F 00
" (t⇤)

<latexit sha1_base64="2lxcznPYiOH3HDSwv7ayAb/Tj30="></latexit>

Edgeworth expansion

<latexit sha1_base64="zffpdqg6TVfREEpK6VTY6l9b3+4="></latexit>

�(")  1

2⇡

Z 1

�1
eF"(t+is)ds



Error analysis

<latexit sha1_base64="ddmq+AEqNr4/oPfUuCTmAdB6nqI="></latexit>

First approximation:
<latexit sha1_base64="wsgFTzz0qg2rKbHUj0uCbrgnaJs="></latexit>

KL(z) ⇡ KL(t⇤) +
1

2
(z � t⇤)

2K 00
L(t⇤)

<latexit sha1_base64="eOsBS7iLwvxctvr/cLOg4Xtsp4c="></latexit>

Second approximation:
<latexit sha1_base64="EXrf9nYAeB8vwU5U/vX6ZQQw31k="></latexit>

F"(z) ⇡ F"(t⇤) +
1

2
(z � t⇤)

2F 00
" (t⇤)

<latexit sha1_base64="jZ+BHBqAd3Bfw8DKWXR92mzvr6U="></latexit>

For any " � 0

<latexit sha1_base64="zffpdqg6TVfREEpK6VTY6l9b3+4="></latexit>
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2⇡

Z 1
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eF"(t+is)ds

<latexit sha1_base64="Vcj0bhvAjp9ZLzNoZPfiqPg7ZC4="></latexit>���
1

2⇡

Z 1

�1
eF"(t+is)ds� �̂2(")

���  eKL(t⇤)�"t⇤
⇣ t⇤
1 + t⇤

⌘t⇤ Pt⇤

K 00
L(t⇤)

3/2



<latexit sha1_base64="jZ+BHBqAd3Bfw8DKWXR92mzvr6U="></latexit>

For any " � 0

<latexit sha1_base64="Vcj0bhvAjp9ZLzNoZPfiqPg7ZC4="></latexit>���
1

2⇡

Z 1

�1
eF"(t+is)ds� �̂2(")

���  eKL(t⇤)�"t⇤
⇣ t⇤
1 + t⇤

⌘t⇤ Pt⇤

K 00
L(t⇤)

3/2

Error analysis

<latexit sha1_base64="ddmq+AEqNr4/oPfUuCTmAdB6nqI="></latexit>

First approximation:
<latexit sha1_base64="wsgFTzz0qg2rKbHUj0uCbrgnaJs="></latexit>

KL(z) ⇡ KL(t⇤) +
1

2
(z � t⇤)

2K 00
L(t⇤)

<latexit sha1_base64="eOsBS7iLwvxctvr/cLOg4Xtsp4c="></latexit>

Second approximation:
<latexit sha1_base64="EXrf9nYAeB8vwU5U/vX6ZQQw31k="></latexit>

F"(z) ⇡ F"(t⇤) +
1

2
(z � t⇤)

2F 00
" (t⇤)

<latexit sha1_base64="Ey5G7RTwagIz7R4NTqwlQ5iEtAo="></latexit> nX

i=1

E
⇥
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⇤

<latexit sha1_base64="zffpdqg6TVfREEpK6VTY6l9b3+4="></latexit>
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�1
eF"(t+is)ds



Error analysis

<latexit sha1_base64="ddmq+AEqNr4/oPfUuCTmAdB6nqI="></latexit>

First approximation:
<latexit sha1_base64="wsgFTzz0qg2rKbHUj0uCbrgnaJs="></latexit>

KL(z) ⇡ KL(t⇤) +
1

2
(z � t⇤)

2K 00
L(t⇤)

<latexit sha1_base64="eOsBS7iLwvxctvr/cLOg4Xtsp4c="></latexit>

Second approximation:
<latexit sha1_base64="EXrf9nYAeB8vwU5U/vX6ZQQw31k="></latexit>

F"(z) ⇡ F"(t⇤) +
1

2
(z � t⇤)

2F 00
" (t⇤)

<latexit sha1_base64="vxv0ErhMKzwjb8WformK13iNVa4="></latexit>���
1

2⇡

Z 1

�1
eF"(t+is)ds� �̂2(")
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n

<latexit sha1_base64="zffpdqg6TVfREEpK6VTY6l9b3+4="></latexit>

�(")  1

2⇡

Z 1

�1
eF"(t+is)ds

<latexit sha1_base64="VpshtzrpGDvy75yoR0WJCA3yg+o="></latexit>

For any " = E[L] + b · var(L), we have



Error analysis
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• Runtime complexity independent 
of # composition

• Works for all epsilon and delta
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• Tightly dominating distribution of 
composed mechanisms

• Tighter error analysis

• Efficient estimator for CGF


