CAS751: IT Methods in Trustworthy ML Homework 1 - Due: 10/3/2026

Information-Theoretic Measures
Instructor: Shahab Asoodeh

1. (TV distance and Hockey-stick divergence. 30 points)

Solution. Recall that 1
TV(P.Q) =5 [ Ip(o) — a(o)] do

and

E,(PIQ) = [ (@) ~2a(@) , do. 721
We will repeatedly use the following elementary identities, valid for all a,b > 0:
la —b] = a+b—2min{a, b} = 2max{a,b} —a — b,
a — min{a,b} = (a — b) 1, max{a,b} —b=(a—b)y,

and )
(a—0b)y = §(|a7b|+afb).

(a) Using the first identity with a = p(z) and b = ¢(x),
3 [ Ib@) - a(@)]da
3 [ (0la) + a(a) - 2min{p(o).g(a)}) do

31+ 1) = [ min{pla),g(@)} da

TV(P7 Q) =

(b) Again using the first identity,

TV(P,Q) = 1 / Ip(#) — q(z)| de
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(¢) Since
p(z) — min{p(z),vq(x)} = (p(z) —vq()) .

we have
E,(P[Q) = / (p(z) — min{p(z), y¢(z)}) dz
—1- / min{p(z), 1q(x)} d.



(d) Since
max{p(z),vq(x)} —va(z) = (p(z) — va(2)) .,

we obtain
£, (PQ) = [ (max{p(e). va(a)} ~ 1a(x) ds
— [ max{p(e). vqta)hdz - 4
(e) Using 1
(a=b)y = 5(la—bl+a-1)
with @ = p(z) and b = vq(z) gives
E,(PIQ) = 5 [ In(@) ~2a@)ldz + 5 [ (p(o) = ra(w)da
— 5 [ @) = va@) o + 50 -)
/\p \dx—§< - ).

2. (Rényi divergences. 10 points)
Solution. Recall that, for « € (0,1) U (1, 00),

Da(PIQ) = = log [ pla)a(a)' " .

Since P =[], P, and Q =[], Q;, we can write

o) =[Ipi@),  a@) =]]a@), == )
i=1 i=1

Hence, by factorization of the integral,

(a — 1)Da(P|Q) zlog/]R [T ()" (o' day --da,

n
= Z / i xz Qz mz adxi-

Therefore,
«(PlQ) = Z (Pi[1Qq)-

It remains to compute D, (P;]|Q;). For P = N(pui,0?) and Q; = N (v4,0?),

{_2; [ — ) + (1 — a) (z — 13)?] } :

1

pi(x)*qi(x)' 7" = ooz P




The quadratic term satisfies

(e — )’ + (L= a)(@ — 1) = (& — ap — (1 — )ui)* + a1l — @) (i — v)*.

Consequently,

a(l —a)

pi(z)%qi(z)' " dz = exp § ——=—— (i — 11)”
/ {2
= &Xp {a(a_l)(ui - Vi)Q} ;

202

where the remaining Gaussian density integrates to one. Thus

Da(PQ:) = 5 (i = i)

Finally,

o(PlQ) = 2&2_: a € (0,1)U (1, 00).

3. (Hockey-stick divergences. 20 points)

(a)

Solution. Let v = e®. Since
1
C14es’
we have
e® 5
1-6= = 9.
1+e® K

For either output symbol y € {0,1}, the two channel probabilities Py|x(y[0) and Py |x(y|1) are
6 and 1 — ¢ in some order. Therefore, for any input distribution Py, the corresponding output
distribution satisfies

§<Py(y)<1-4,  ye{01}.

The same is true for the output distribution @y induced by any other input distribution Qx.
Hence, for every y € {0,1},
Py(y) <1-90=70 <1Qy(y).

It follows that

E,(Py|Qy) = Z (Py(y) =1Qy(y)), =0

ye{0,1}

for every pair of input distributions Px,Qx. Therefore every ratio appearing in the definition of
0y (Py|x) has numerator zero, and thus

Ny (Pyix) = 0.

This problem can be solved directly and indirectly (smarter : )) via contraction coefficient. We
begin with the latter.

Solution 1. We will first show that 7, (Py|x) = 0 for the conditional distribution given in the
problem. For any x € A, we can write

_r
+k-1

Pyx—2(y) = 7 1
y+k—1



Recall that
Ny (Pyix) = sup Ey(Py|x—u | Py|x=s,)-

T1,T2€

If 1 = x5, then clearly
E\(Py|x=z, || Py|x=z,) = 0.
Now suppose that z; # 5. Using

E,(PlQ)=> (P Q).

Y

we obtain

E) (Py|x=u, [ Py|x=2,)
_( o 1 N 1 v
“\v+k—1 yxE-1), T \GrE-1 Tyre-1),
1 1
+(k—2)( -7 )
y+k-1 'y+k-1),

1—~2 1-
o (), e
y+k—-1/), y+k—=1/),

:O’

where the last equality follows from v > 1. Hence
1y (Pyix) = 0.

Now let Px and Qx be arbitrary distributions on A, and let Py and Qy be the corresponding
output distributions. By the definition of the contraction coefficient,

E,(Py|Qy) < ny(Pyx)E,(Px[|Qx) =0.

Since the hockey-stick divergence is nonnegative,

E,(PyllQy) = 0.

On the other hand,
E,(Py|Qy) = jlclli {Py(4) =1Qy(A)}.

Therefore,
Py(A) —vQy(A) <0 for every A C A,

and thus
Py(4) <1Qy(4), VAC A

Solution 2. For every y € A,

E:PX (z) Py x (ylz)
z€eA
YPx (y) + 34y, Px (2)
y+k-1
1+ (y—1)Px(y)
y+k—1




Similarly,

1+ (v— 1)Qx(y)_

Qv (y) = v k—1

Since 0 < Px(y) <1 and Qx(y) >0,
1+ (y=1)Px(y) <v

and
Y1+ (v =1DQx(y) =7
Therefore
Py (y) <vQy (y) for every y € A.

Summing this pointwise inequality over any A C A gives

|Pr(4) <4Qv(4),  ACA

4. (Mazimal coupling and TV. 20 points)

Solution. We first prove that every coupling satisfies
TV(P,Q) <Pr(X £Y).
Let Pxy be an arbitrary coupling of P and Q. For every A C A,
P(A)—Q(A)=Pr(X € A) —Pr(Y € A)
Pr(X €AY ¢A) —Pr(X ¢AY €A
Pr(X € AY ¢ A)
Pr(X £Y).

IN A

Taking the supremum over A C A and using

TV(P,Q) = sup (P(A) — Q(4))

ACA

gives
TV(P,Q) <Pr(X £Y).

Since this is true for every coupling,

TV(P,Q) < Ii)nf Pr(X £Y).

We now construct a coupling that attains equality. Define

A=Y " min{P(z),Q(z)}.

zeA

By the discrete analogue of Problem 1(a),
TV(P,Q)=1-A.

If TV(P,Q) =0, then P = @, and the coupling X =Y ~ P gives Pr(X # Y) = 0. Thus suppose that
t:=TV(P,Q) > 0. Define



Since

Y (P(z) = Q@)+ = Y (Qz) - P(x))+ = 1t,

both R and S are probability distributions. Moreover, R(z)S(z) = 0 for every z.
Define the joint distribution

Pxy(z,y) = min{P(z), Q(z)} H{z =y} + tR(x)S(y).
Its first marginal is
Z Pxy (z,y) = min{P(z), Q(z)} + tR(z)
= min{P(z), Q(z)} + (P(z) — Q(z))+
= P(x),

and similarly its second marginal is Q(y). Hence Pxy is a coupling of P and Q.

Because R(x)S(z) = 0 for every x, the second term never places mass on the diagonal. Therefore
Pr(X = V) = 3 min{P(2),Q(x)} = A,
€A

and hence
PriX#Y)=1-A=TV(P,Q).

Thus

TV(P.Q) = inf Pr(X #Y).

. (Strong DPI. 20 points)

Solution. Define
*

n = sup EW(PYIX:lePYIX:m)‘
r1,L2€X

We prove the two inequalities separately. For notational simplicity, we write the proof using sums; the
same argument holds with integrals whenever the alphabets are not discrete.

First, n,(Py|x) > n*. Fix 11 # x2 and choose
PX:(SIN QX:(SIQ

Then
E,(Px[@x) =1,

while the corresponding output distributions are Py |x—,, and Py|x—,,. Hence
1y (Py x) = Ey (Pyx=s, || Py|x=2)-
Taking the supremum over x1, rs gives
ny(Pyix) > 1"
(The case x1; = xo contributes zero and therefore does not affect the supremum.)
Next, n,(Py|x) < n*. Fix arbitrary input distributions Px,Qx such that

t:=E,(Px[Qx) > 0.



Following the positive/negative decomposition of Px —vQx, define

¢"(x) = (Px(z) = 1Qx(z)),, ¢~ (x) = (vQx(2) — Px(x)), .

Then
Px(z) = 7Qx(x) = 6" (x) — ¢ (v)
and St =t
Also, '
d o (@)=Y o (@) =) (vQx(x) — Px(x))
. . L
Therefore

¢ =t+y-1.

Since E,(Px||Qx) < 1, we also have 0 <t < 1.
Define two probability distributions

Ux(z) = , Vx(z) = P f_fy(z_) T

and let Uy and Vy denote their corresponding output distributions through the channel Py|x. Then,
for every y,

Py(y) =@y (y) = Y _ Prix (yl2) (Px(z) — 1Qx(v))

=tUy(y) — (t+v— )W (y)
=t(Uy(y) =7V (y)) — (v = 1)(1 = t)Vy (y)
<t({Uy(y) =7V (y))

Taking positive parts and summing over y yields
E,(PyllQy) <tE,(Uy|[Vy). (1)

It remains to upper-bound E, (Uy||Vy). We use the joint convexity of hockey-stick divergence. Indeed,
if {\;} are nonnegative weights summing to one, then

E, (Z AP, ZAC}) =3 (Z Xi(Pily) — in(y))>
< Z A Y (Pily) —1Qiw))
= Z)\iEv(PiHQi)-

+

Now observe that
UY = Z UX(.T)VX (II)PY|X:w



and
Vy = Z UX (JE)VX (II)PY\X:g;'-

Therefore, by joint convexity,

E,(Uyl[Vy) < Ux(2)Vx (2)Eq (Pyix o || Pyix—=o')

x,x’

<n".
Combining this with (1)) and recalling that ¢ = E. (Px||Qx), we obtain
E,(PyQy) < nEy(Px|Qx).

Thus, for every admissible pair Px,Qx,

E,(Py||Qy)

E(PxlQx) =

Taking the supremum gives
Ny (Pyix) < 0"

Combining the two directions,

1y (Pyix) = sup Ey(Pyix—u | Py|x=s,)-

T1,T2€X

. [Bonus| (Mazimal list coupling and hockey-stick. +25 points)

Solution. We prove the lower bound first, and then construct a coupling that attains it.

v,, € ' (P, Q) and define the failure event

77777 m

F=1{X¢{¥i,...,Yn}).

For any A C A, if X € A and F* occurs, then X =Y for at least one 7, and hence Y; € A for at least
one 7. Thus

Lower bound. Fix an arbitrary Pxy,

{XeAyc Fu| J{vi e A}
i=1
By the union bound and the fact that each Y; ~ @,
m
P(A) <Pr(F)+ ) Pr(Y; € A)
i=1

= Pr(F) + mQ(A).

Therefore
Pr(F) > P(A) —mQ(A) for every A C A.

Taking the supremum over A and using

Em (P[IQ) (P(4) —mQ(A))

= sup
ACA

gives
Pr(F) > E,n(P||Q).



Since the coupling was arbitrary,

inf Pr(F) > E,,(P|Q).
Px,vy,..., i:erm(p,Q) r(F) 2 (PlQ)

Achievability. For x € A, define
¢, = min{P(z),mQ(x)}, A= Z Co-
z€EA
By the discrete analogue of Problem 1(c),
En(PIQ) =1- A,

We now construct a joint distribution in I'y, (P, Q) for which the failure probability is exactly 1 — A.
Introduce an auxiliary random variable J € {0,1,...,m} and define the joint distribution of (X, J) by
Pr( X =2,J=0)=P(z) —c,

and, fori=1,...,m,
Pr(X =z,J=14)=—.
m

These numbers are nonnegative, and for every =,
e
Pr(X =) = P(z) — ¢z + 2 E’” = P(x),
i

so indeed X ~ P. Moreover,

and
Pr(J=0)=1-A.

Except for the trivial case m = 1 and A = 1, define the probability distribution

Qy) —cy/m

L= A/m yc A

R(y) =

This is well defined because ¢, < mQ(y), and
c A
Z(Q(y)—*y) =1-—.
m m
y
Conditional on (X, J), generate Y7, ...,Y,, as follows:
o if J=ie{l,...,m}, set ¥; = X, and generate each Y}, j # 4, according to R;
e if J =0, generate every Y; according to R.

For definiteness, the variables generated according to R may be taken conditionally independent,
although no independence is required by the problem.

We check the marginal of each Y;. For every y € A,
Pr(Y; = y) = Pr(J = i, X = y) + Pr(J # i) R(y)

=Q(y).



Hence Y; ~ @Q for every i, and therefore the constructed joint distribution belongs to T, (P, Q).

It remains to identify the failure event. If J =7 > 1, then Y; = X, so failure does not occur. On the
other hand, suppose J = 0 and X = z. If this event has positive probability, then

P(z) —cy > 0.

Hence ¢, < P(x), and by the definition ¢, = min{P(x), mQ(z)} we must have

¢z = mQ(x).
Consequently,
R(z) = W —0.
Thus, conditional on J = 0 and X = z, none of the variables Y7,...,Y,, can equal x. Therefore
F={J=0} almost surely,
and

Pr(F) = Pr(J = 0) =1 — A = E,.(P||Q).

The only case excluded above is m = 1 and A = 1. In that case E;(P||@) = 0, which implies P = Q,
and taking Y7 = X ~ P gives failure probability zero.

Hence the lower bound is attainable, and

En(P||Q) = inf Pr(X ¢ {Yi,...,Ym}).
(PQ) by ) (X ¢ (M D
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