
Preliminaries of probability :

- Random Variables are denoted by upper-care letters ;e.g .. X , & its
or alphabet

suppor setdenoted by calligraphic letters : X.

- we write XN Px to denote X is distributed according the dist I

-
In this course

,
we are only concerned with either discrete (Xisa

continuous rv (X is a continuoum) .
set

-
DiscreteVr are usually characterized by their PmF : Xw4x>

-continuousvv Pr(X=x)= Py()

-
cdf : Ex := PriX(x) ·

~ pa PaPity
,
I E

- Expected value : Xwix : E[X] : = [xPy()
comeare PriXEA) =Sexde

A

or ETX] := JxpPdf



-
kth Moment : EIXY]

-

For example :
2ndmoment : ETX =Eas or ETX] = Spr .

d

- Variance : Var(x) : = Et(X-EtX])) = F[X]-ETX])

* Examples of discrete V .V : imf

1 . Bernoulli : XN Bernoullic p) x : = Pr (X=x) x40 ,13
&

o <P & / = por <-ps1
X = 20 , 13

E[X] = P = Ep

x= 1

Var(X) = P - 11-p) 4112- , 47 x= 0

2- Uniform : XV UCEE) For some integer K : Pxx =& Ete
E[X] = E

Varix) = k = tFLxEth3



integer n
3. Binomial : Xn Bin (n , P) & peto11]

Let B -- , B d Barip) . Then X= B
,

+B + --+ Bu

It can be easily shown that

Pr(X= k) =

&
(e) . p? K-p)"oxken
O On

E[X] = up

Var(X) = n .p() -P)



Example of continuum dist :

1 Exponential : Xn Exp(X) with x70 :

ye-xx 170 X = IR+

Em = Go or

verity that x5
M
x = 1 # The above is a valid pdf.

Also , Verify that :
E[X] = -a varixiet

↓
Scale Parameter

2- Laplace Xv -(p , b) MER & b) o

Pdf : E= X = IR



Verity that-x = 1 -

-

ETX] = M e(0, 1)
2

Var(x) = 2b
?

floir)
2(2,2)

Exercise: Let Xn[lb) T
2

-
-.

snow PrLIX-MK
-
+) = e

Approach 5 : Directly Approach # : First verity that:

(x-M1-Exp16



3 - Gaussian XN NIM , 2) M FIR

-
070

pot : Ex: e X= IR

& Note that Gaussian

dx = 17
has a Faster

Verify that%
,-

decay than Lap

E[(X-1)] central
moment

-EEXEM a Varieda
Exercise : In L (x -M1 2 t) = 2 &(4) &

where double

factorial
QLast- n!! = n . (-2)(-3)

----



Next
,
we need to define a family of distance measure between

distributions. But before that
, we need to discussJensen's inequality.

Detour: Jensen's inequality :
-

Definition : let f be a real-valued function . We say thatf is comex
-

if Flaty) < fa + Ify) Vary · Fattoli] (*)

* Strictly convex if I strict inequality.

* concave ifL

* Strictly cheare >



We can generalize (*) :

(** )

f [xi) < [P: Fail For all p, suchthatent
For example : -(4 +E+ ) = F(G +4-5)), i)

=[
,
( + 74).
x + 21-9) .[F(J
- 9

,
fi + Efee+ defi

More general statement (**) Can be proved by induction
.

~



Geometric Interpretationt!
x

/
xz

Line
V

Any segment connecting any two points

hies above the function.



Theorem. Iff is twice differentiable
,
then

f is convex E Fr 20

- is st
. convex se Fix> 0

f is concave E 10

f is St . concave ES Firs 0



Jensen's Inequality :

Let of be a convex function & X be a random Variable.

Them :

Etfex] < FLETX) "Iff
X =ETX]

·
ETX]



Distance measure among distributions

Question : Given two distributions Poc , how to quantity the "distance" between
-

them ?

In math
, any appropriate measure of "distance" between

any

Pair of objects , must satisfy the following :

can be distributions
↳ daibi = o Ex a = b Example :

Euclidean
2- d(a ,b) = d(b,a) Symmetry Y

&

distance

3. Trinagle inequality : dia
, 2) < diaib) +&(b , c) ↓
·

We often ignore some of these properties to define a

"divergence" instead ofdistance. "



I
.

Total Variation distance (TV
PmF

TV (P,a) := [Ipui-ai) discrete

:Jax continuous

Fact : TV is in fact a distance metric
, meaning itsatisfies

-

1. Tripia) = 0 El P =R

2. TVIP ,R = TVLRIP)

3. TV (P , R) < TVIPR) + TVIORI
↓

~
Triangle inequality

of 1 . 1

why ? TVLP,R) = 12/PC-RM1 < ---

12

+&x -&()



Example : ↑V (Benonthips , Bernoullicqs) = & (P(O-a(01) +2) pil-a(1)

= 1) 1 -p - x -q)) + z(p-q)

= (P-q)

inc &(0
,b) , timbi) = 1-

e-
↓

assume My o

-E
#ifle --[]

Exercise:
> TV (N10 , 2) , NLMT) = &L-) - (4)

=-- a)



theorem. For
any dist . P && on Support setAt , we have :

TVLP ,a) = Sup [PCAL- &LA1]
Act

Equivalent expression
for Th

d Pla-Ria) & Tripia) Fact
Proof we need to prove :

& A
*EA Sit

. plaFQ) = Trip ,a) -

Note PLA)-Q(A)= E(MAI-GIA))
S --PA)

① Take arbitrary A : PLA)-QA) = (PIA-DIA)) +HO= (p-amEI
- As

= t 1px-aml + Elacs-pas

=[(pul-acul = +V(p ,d)



What's the maximizing A ? A
*
=Ex : pal2Q

Tripal = E1pm-am) = [IPK-a)+pail
- E[ (PK-aw)+ c (am-prap]
= P(A

*

) - &A
*

) D

Another equivalent expression for TV :

TVLp ,@)= Sup Elfix] - Elf(x]
1 full) Fr

Proof is Similar !



there are two other equivalent expressions for TV .

supported on finite set

v

* Theorem : For any P & & , we have :

TV(p,Q) = inf Pr (X*Y)
Pxy

LPXEP minimization is over a

""of P &Q-coupling

*
theorem : For

any p ,& ,
we have :

TV(P ,Q)= 1- 9 minhpas , quess de
= 1- minipies , q(e)]



Klo

II . Kullback-LeiblerDivergence :

discrete

DP/la := estlos.logaieA

natural
log.

Example D (Bernoullips 11Permouthi (91)
= Pil · LogP + PLo log P
=

Plog E + (437 · Log
- D([20 , b) /(b)=elmlsb- Im

&
assume M30

2Jee=



- (a)
2

252

=
- DINIaElINIbioT)ET logI ap J

252

-

202 . ET (a-b) (2X-a-b)] toge

- EF2 (9-b1 . loge E2b1]
a-b

= 2)2
252

Exercise :
-

D(Na, 1/NS,Y)=logt



Properties of KL divergence:

1) D(p19) 10 FI ,0 ,

"

= "If o only if p=&

Polk exhik
marginal*

2) D(Plaxy) = DLix1@x) + [PxD(PixeI(@=)
"chain rule

-
or DLIyIQY)

b) D(kyll@xy) < DLPXlIQx) monotonicity

3) Let P & By be Output dist .
of Peix & By with Common

input Px :

the

DLpKi) < per . DLMixex(l@w= )



channel
5) Datan Processing Inequality : *

DLP/@7) > DL4x11&X) - outputs of a channel are

closer than the corresponding

profs . 1 . DLPIG) = [pe - logP inputs .

- a . P log D =
Za.   )

Jenseni & the flogt

ing FLIQm. ) = f() = F



2. DLMAxi) = 2 Payl · logP =2 par . Ry Log Pe
My dy & (x) -Aly(x /

= I pixpyblogp.py logyacy(x)
- pul -log+p. pyke · tog By

&(y()

3. Note DLxylIQxi) = D(Pyll@x) +Eac.DLPT
=> DLPxyl Roy) DLPyllax)

4.

consider joint dist . Pxy = Px-Pix & Exy -x &Y

DLPxill@xt)) + Ipo
. DPixle l



By monotonicity : DLPyll@i) < P(Pxylexi) = [par . P(4
+ (x=

11&4x= )

PxPex
5. 2

axPex

DLPxill@xy) = P(ix1(Qx) + [pe . DL Pix 11441)

By monotonicity : D(Pylley) = PlAyllOxy) = DLPxll@x) .

* Note that

↓ DLp1a) # Dalp) aNot Symmetric A

2) DLPIR) <DLpIa) +DLalp) No triangle
inequality

M



* So KL-divergence is no a distance metric

Theorem. (Pinsker's inequality .) * Note that ocTV(P,&) &I
↑ &

"
="P=de If po &

Trip .a)e are mutually
However ; singular ; i.e,
of P(P118) so they have-

*You may see
different constant in RHS

,
but & ↑ non-overlapping

is optimal. Note that this doesn't mean that
"
=
"

↑=& support.
ifa only if

this is the best inequality connecting +V & D. -> E Supp(p)

Proof : We first show that it suffices to prove this inequality
but Supp(a).

Equivalently
for Pernoulli dist

.
Then

,
we prove it assuming Supp(a) &Sup(P)

DO & are Bernoulli.



P
I. consider the Following "Channel : - Y = 1xE)

&
where E= Gx : PRI&(1Note that when XWPED YWBULPE- Because

Prvel-CPX=)· PrEY= (x=x)XNR YM BENRIE)
DPJ
↓

P(pIla) < PLBrIPLE) 1) PerQu) - Pass · Prx(k) = PLE) .

-

Pinskers int
2 TV(BPEs) , BenQEl)) = 2 . (PE)-QLE1)2

*
4x72

for Bernoulli 2

= 2 TV (P ,9)
So we only need to prove it for binary :

#I. Suppose P= Beaps & D = Periq) . WLOG
,
we assume PC-A.

[Note that D(benpllpeng) = DLBOLIIBers) So we can change assum

Pc- q]



PLPIIa) = Plog + Flog & TPR = (P-1

Definer

g(p . q) it plus+log-2L1-9)? We need to show that

8(q120 Fpq.

-3) - (P-9) [0&

s qtegipig) is decreasing for E1P -D g(q)[g( , 4) = 0

*

* Important Observation : a relationship between TV & KL

man obtained just by looking at the binary Case !

-We discussed two measures of "distance" : TV & KL
.

we can construct a family of other divergences :



Pet. Let F :10 ,00) -> I be a connex function

Satisfying FLI) = 0 : Given two distributions po &,

their f-divergence is :

De(P1(d) := Eptf(x)]
- Amf( ofdis Fac ·Fe

= jq . F(P da pdf as

P &&
&



Examples :-

1. F(t=(t : Delpla) = ET-11]
discrete t E .

2 acc . 1 P -11/

= [(px -&(x)

= TVLP ,a)

2 fiteflogt : Relpla) = D(plID)



3 fit = (Vt-12 : Deiplia) = Zoo . (vi)
=I4px + am)- 2() .am)

Squared Hellinger
= 2.za

distance => H(p , d)

Can be obtained by Fitt = 2) -#)

4- F(ti = (t - 1)
2

X& divergen u same thing
For Fitzt? 1

.

5- f(i = t For at (0, 1)0 (1 ,0
a- 1

or fit
= Int

X divergence



xinal- [pa-1)
x= 12- Squared Hellinger distance:

we are often interested in a function of X*

Palpla) : = E [log( + (-1 ·
xp(e))]

* Renyi divergence *

2 Fit = flogt-(+t) · log) (

Peplia) = D(p1) ** ) +D(all Pe
& Symmetric



7 . Hockey - Stick divergence : Fix U20 : fr (t) = (t- r)- (1 -2)
+

or E-divergene

E(p112) : = PfrLPIIal I
r21

Hens
, Epid* [au . (P-0) = 2 (Pu-w&D)

24
&

= (19) E [am (P)-l = [(pra)
pinscai)

= Zamas (r-=-Pl
22/

we could equivalently define: FritE was

·


