
General Properties for F-divergence :

1- Delpla) ? o

2 If A is strictly connex at 1 , then DypIA) = 0 -DP=&.
&

* ifFtE & Af1011) Such that xx+ Ey = &
,

then : F(1) < *Ex+fy)
RiFj

or equivalently ↓

* Note that P =Re Py(plia)=0 if [x,= 1

e,Fais
profi Pyplia) = Zacl .Fi) L Fly&
If f is strictly convex at 1 Fin<IQ ·Fe,
(because I &M . I=)

thus
, equality in (*) happens only ifd= K



A more direct proof :

Suppose , for the sake of a contradiction, that DelPlIQ) =0 for

some PER
.

Then there exists some set A Such that Pla& A).

Let p := P(A) & gi=&(A) · h Ber(p)

Bereq)
By DPI J which is about to be proved in Etems) ,

we have

Dq) Beripill Berg) < Delpla) = 0

=> Dy(Berpl) Bercq))= 0

Pf(Barp) /1 Bercqs)= qf)Pq)+ ↑ F(P) = f(1)
&
contradicts the

definition of
strict convexity .



3. (PateDyplIG) is jointly convex

Pf(xp,+1/lxa ,
+59) < XD(PIIRIDIPIIe

Define : glab)= b . F(9(b) [pospective of]
If F is convex g is jointly convex

(b+[3)f)(11) =I = AP)F(
*

convex G= 3 . Ig(p
,
m ,q .) - [[g(P,M

DP)[
= >b

,
779/)+ 437(9462)



4 - conditioning increase F-divergence

i BL4) &[4Pe(Pux-1) &y(x= )
(Pak-Repla

&xPe(Pyld) De (B ·RollP · Byxen (

= De (4,118)
5. DPIXA Pg (4y/1&y) <R(4y118x)

ARecall Proof of DPI for KL depends on chain rule which

doesn't hold for E-divergence !



Pe(Px110x) = zexm . FC )
-Paxym1 . Ex ·

E Pa Pile)
backward

channel
I

= Byys. Bipklys Finetutuy)
- By exymys· FC)

Jensen

2 sys .

F Eynylys· D)

-> Brings .In
I

- zanlys ·FL ~



Remark ..
-

1) As we proved : PfipIIa) = 0 = P=& Only if

L - is strictly convex at 4

"I not strict convexity -For example : For hockey-stick divergence ,

=for 17
&not strictly

Hence
,
in general ECP18) = 0 * P =&. convex

Example : El Dec 11Berl-y)) =(+↳
For 271

= ( - (-1)+L = 0

in
< O



Example : ELBerpid/Beriq) = (P--q)
+
+ (p- vq)

+
- (-2)+

Example2: P = to .1 , 0 .2
,
0 . 3

,
0 .4) 2 = [0 . 4 , 0 . 5 ,

0 . 1
, 07

Erp11a) = (0 . 1 - 2x0 · 3)+ + 10 . 2-2x0 .5) + (0 .3- 2x0-1+

= (0 . 1 - 0 .4 .2)
+
+ 10 .2- 0 .50+ 10 .3- 0 .15)+ 0 . 4-
gl=-du

20 .4
-2. 0

-

Exam: En (No,illNM ,3) = @b-e-rac
where the same result holds even

B = 1 NLM , ota) NDGId
C

with
&= IIM-Mell/o



Properties of E-divergence
Exp11a) : = < (pa -wam)

+
- (1 -r)

+

what is E
,
(p11a)

S

- ExpIld) - Fiallp)
Equivalent forms :

- Expla) = =Zipa-wac) -El-)
2 (a) = 191+a

so : Eiplia= 7 (Pul-Q(xi) - (1-u)+

=[ -I
2

= [[(p-rai)+- 121 - if



For U2
Z

2- Elplia) = Sup (Plai-Ugia) = PLA* ) -UglAt)

For U21 : Sup (WRAS-PA) where

AE 2x : PaZWA]
Proof requires two Step :

& For any E : PLAI-URIA) 1 ExpIIa).

& - At such that PLAY-WRAY=EC plia) .

↓ PLAI-URIA) = 2 pay-wars()-wai)CLEA ↓

&Because we ignore all

negative terms

(p-wa)
= ELp1IQ)



becau on At, we alway pac-U & I,

2 plats-ualat)= -wa = 2 (444-vamx1)
CLEA
* t

= (p-va+<(p-way
~

= D

= (pm-vani) = Explia) .

A

Properties of E-divergence :

1) Given Pe , Ute ELPIIG) is non-increasing a convex
forI

&
is non-decreasing & connex



· monofinicity is obvious : Note that for U
use the other def.

Explia[(wom-p(1)+
27

· convexity : Expla = Sup PLAI-WAIAS W Supremum of
um
hintan LinearFunction

is convex
Direct approach

E
+w +Ev
(Pla) = Sup [PA1-HUEry) &u]

= <p [PlE)-tr,&(A) -ERA)

= ap [ + (4) - U,&()
+ EXPE) -rai

[t . Cap PH)-U,&I,
+ E <p PAs-UnQIA)



2) Reciprocity : ELPIIa) = U. E (&NP)

suppose 221 : Expla) = [lp-re) +
& For r(1 : Erika)= [(VR-P)+

r2l

~ ELapE r. [ [Lp-e+] = 2 (p-rol
If NO&

Z
are supported
un the

some3)hi Expla = 0 hi Erp1(2) = 0
alphabetKore



Strong DPI
we saw that all f-divergences satisfies DPI. But in many

cases
,a for many channels , DPI

is List.

Pe(Pyllay) < PelPyllax)

&
we wish to improve this

So
,

me wish to find smallest x such that

De(Pyley) 1 x DeLeyllax) # Box

What's the best X !



Smallesta is given byMS
we call this number : contraction coefficient of

channel Pix under f-divergence.
Px

By definition*
Repla) > Ye(1 · Pe(Pylex)

If Me(Pix) <1 then this inequality is strictly



better than DPF = Strong DPF

we the call the channel Pix Contractive.

computing 1144) is not easy : Infinite-dimensional
optimization :

But we know a lot about them for specific Dy :

- (2()=So is relateda

Reny ; maximal correlation : Sup P L fex , g(Y)
Fig

2 MailPix) is related propogation of information

over network.



3-M/Pix) has been a central quantity in

studying Markov chain
, graph theory , dynamical

apster : (v(ix) : =sy2x=

Theorem : (Dobrushins two-point characterization (
For any channel Pix , we have

M(Pax) = max TVL Pixe , Pixey
x,

&
Dobrushin coefficientProof : Strategy : DTV(Px ·Pix) = Mili) for any pair at 12832

-

②SM .TPM



degenerate
& Pick P & ex distribution on some arbitrary points :

↑ x) = 1 witha Tryex) = 1

Rxx) = 1

corresponding in = Pixe
,

& Ry = Pyeh

So : TV(P) = TV) Pyx > Pixel

thre : Nrix)=STr( Please

& Fix two dist . Ex &&x & define = 22 : P_&1 .

V,
Now

, we can write: For any BC7
&
output support



P (B) -&y1B) = [P-x(B( Py(1 - PyxBky · &xk

= Pyx(Ble · [4x( - 2x()]

- PB . [4- &x]+ PyxDD . [P
,P

-Pe(D1 .[Px-Oxi]- -Pl

-Minal- EPlTVIP,a)
note that Zuc =TV (P,2x) U() = i VIS] =

NEA

& I vas =Tripy ,ax)
= impor .[Incan · Pixib-EveP,CEAS

Thre U is a Pit on A

& v is a put on A



=Tr(a)[upPy

-
- IV [IZnexVaIx(Bpx)= Py(x(3xj])

& TV( PylesPyx
E TVLR,x) · Sup TV(PyPx

- Pyl)-hyl) & TVL Py@x) ·Su TVLPT , Pyxf
Since it hold for all D&Y , we can take suprem over B . it



For more than 60 years ,
TV was a only F-divergence

whose contraction coefficient was known in closed- form.

However, it was proved recently , that a similar two-point

characterization can be proved for hockey-stick divergence

Notation : Let Mr(Pix) denote the contraction coefficient of Pix

under E-divergence . That is , we have

Mr (x) : = SupePx&X
ELylex+0



Theorem: For
any channel Pix &W ,

we have

((4(x) = Sup Er(Pile1)Prix2)
<

* You'll prove this result in HWI.

* Note that setting =I in this result
,
we can obtain Dobrushins

two-point characterization result ; thus this result is a natural

generalization of Dobrushin's



* Remark : This result given Mr(Pix) Only for UC1 .-

How should we compute Mr(Pixs for Ul?

Lemma Let Puxbe a channel & UKI . Then we have
M

-

Mr (Pi(x) = M
,
(PY(x)

Proof . Use reciprocity property of Er.



Example : consider channel PTX with binary input :
-

Pixo = Bernoulli(s) Pyx1 = Bernoullic6)

for some So 10 , %2). * This channel is often
referred to as

Compute ((Px) For 221eWal. Binary Symmetric Channel
with crossover probability

we know from the above theorem that o ; denoted by
BS((S)

Mr(i) = Sup ELPyxe 1Px)
For wal.x

, xz

Since input of channel is kinay ; this Supremum is over all

binay& .
Thus;

In (i) = max[(Popex= ) : E(MxPix=o)]



-

maxhBest
notethat
wE (5rS)

+g

Thre Yr(Px) = (EEs)+ For U21 . This implie that :

·Gr(Pux) = 1 -28

·(y(x) = + (25-5) For wal.


