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1 Introduction

A distinguishing and well-established aspect of quantum theory is the concept of complementarity.
Roughly speaking, an observation in one experimental setting excludes the possibility of gaining
any information in a complementary setting. This phenomenon has been formalised as an equation
that relates a particular collection of “classical morphisms” in the category of finite-dimensional
Hilbert spaces, giving axiomatic models of quantum theory [16].

From a programming language perspective, the natural question is whether it is possible to
extend a classical language to witness complementarity within the language. The most important
practical significance of such a construction would be that some forms of reasoning about quantum
programs would reduce to classical reasoning. Foundationally, this construction would turn around
the prevalent view of quantum computing [21, 49, 50, 53], potentially shedding light on a long-
standing foundational question in physics about the relationship between quantum and classical
theories [8].

We give just such a recipe, namely constructing a computationally universal quantum
programming language from two copies of a (particular) universal classical reversible language II.
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Technically, in one copy of I, every term is given a conventional interpretation where boolean
negation is modeled by (9 }) and controlled operations like the Toffoli gate are modeled using
classical conditional expressions. In the other copy of I, every term is interpreted as follows:
rotate by /8, apply the standard interpretation, and rotate back. This conjugation by rotations
interprets boolean negation as % 1 1), which is the Hadamard gate. Since the combined language

provides both the the Toffoli and Hadamard gates, it is computationally universal for quantum
computing [3, 51]. Complementarity is quite a bit more subtle and requires more details of the
construction beyond rotating by /8 and is the topic of Section 7.

If our goal was merely to design some computationally universal quantum programming language,
the recipe above would suffice. However, we insist that the resulting programming language is
equipped with a sound theory for reasoning about program equivalences, which we achieve as
follows. First, we do not fix an arbitrary rotation of 7/8 but assume the rotation is given by some
angle ¢. We then impose equations to define two Frobenius structures [28, Chapter 5], and force
them to be complementary [16][28, Chapter 6]). Thm. 7.3 then proves that the equations force ¢ to
be chosen such that the two copies of II combine to form a computationally universal language,
each with well-established reasoning principles, and extended with the additional equations in
Fig. 12 and Def. 7.1.

The mathematical formalism is expressed using free categorical constructions, and makes
heavy use of Hughes’ arrows [29, 31]. To show the recipe in action and explore its pragmatics
in programming and reasoning about quantum circuits, we apply it to a canonical reversible
programming language II yielding the computationally universal quantum programming language
Quantumll, and implement the entire project in Agda. !

Related work. Quantum programming languages [7, 10, 21, 43, 47, 48, 50, 53], classical reversible
languages [12, 15, 32, 33, 56, 57], their categorical semantics [14, 20, 25, 26, 30, 34, 44, 46, 52, 54],
complementarity of classical structures [16, 17], and amalgamation of categories [40] have all been
individually studied before.

Existing quantum programming languages are really “circuit description languages”, on
which this article improves by exhibiting QuantumII’s canonical status. The difference between
QuantumlI and languages like Quipper and Qunity is the language design itself: QuantumlI by
construction combines classical reversible languages, whereas the latter layer explicit quantum
constructs on top of classical ones. Similarly, complementarity is central to the ZX- [16] and ZH-
calculi [6, 19], though completeness needs more axioms. Those calculi concern general quantum
theory (all complex matrices), whereas QuantumlII concerns quantum computation (only unitary
matrices). Hence QuantumlII need not be able to emulate these calculi, and entirely circumvents
the accompanying circuit synthesis problem. Our main contribution is an infrastructure organising
these established ideas so that quantum behaviour emerges from classical programming languages
using computational effects. The quest for such a computational ‘quantum effect’ also underlies [4],
and this article improves on that very early work. We focus on reversible quantum computing, and
in Sec. 8.3 add measurement in a modular way following Heunen and Kaarsgaard [25].

Outline. Fig. 1 summarises the technical development in two parallel threads: the design of a
computationally universal quantum programming language on the left and the corresponding
categorical models on the right. Sec. 2 starts with a review of relevant background on the categorical
semantics of quantum computing, and Sec. 3 reviews the core classical reversible programming
language IT and its semantics in rig groupoids. The first step of our construction in Sec. 4 is to
take two copies of I, called ITz and Iy, and embed their semantics, in two different ways, in the
category Unitary of finite-dimensional Hilbert spaces and unitaries. These are then amalgamated

! Available from https://github.com/JacquesCarette/QuantumPi and artifact on Zenod.
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Fig. 1. Progression of languages and their categorical semantics.

in Sec. 5 to produce a language I1<> where expressions from II; and I, can be freely interleaved.
[1<>is then itself extended in Sec. 6 to the language (I1<>) which exposes the classical structures
explicitly. Sec. 7 proves our main result, the canonicity theorem. Sec. 8 introduces QuantumII, the
user-level interface of (II<>). There we provide an Agda implementation of executable circuits and
machine checkable proofs of various circuit equivalences. Our proofs show that some forms of
reasoning about quantum programs in QuantumlI indeed reduce to classical reasoning augmented
with complementarity. It also shows that QuantumlII can model gates with complex numbers and
be extended with measurement to model complete quantum algorithms. A concluding section
summarises results and discusses possible future directions.

2 Categories; Quantum Computing; Computational Universality

To fix notation and the background knowledge assumed, we briefly discuss the types of categories
that are useful in reversible programming: dagger categories and rig categories. Then we will
discuss quantum computing in categorical terms, complementarity, and computational universality.
For the basics of category theory, we refer to Leinster [37].

2.1 Dagger Categories and Groupoids

A morphism f: A — B is invertible, or an isomorphism, when there exists a morphism f~: B — A
such that f~!o f = ids and f o f~! = idg. This inverse f~! is necessarily unique. A category where
every morphism is invertible is a groupoid.

At first sight, groupoids form the perfect semantics for reversible computing. But every step
in a computation being reversible is slightly less restrictive than it being invertible. For each step
f: A — B, there must still be a way to ‘undo’ it, given by f: B — A. This should also still respect
composition, in that (g o f)T = f o ¢" and id; = id4. Moreover, a ‘cancelled undo’ should not
change anything: f'' = f. Therefore every morphism f has a partner 7. A category equipped
with such a choice of partners is called a dagger category.

A groupoid is an example of a dagger category, where every morphism is unitary, that is, f* = f~1.
Think, for example, of the category FinBij with finite sets for objects and bijections for morphisms.
But not every dagger category is a groupoid. For example, the dagger category PInj has sets as
objects, and partial injections as morphisms. Here, the dagger satisfies f o f7 o f = f, but not
necessarily f7 o f = id because f may only be partially defined. In a sense, the dagger category
PInj is the universal model for reversible computation [24, 35]. When a category has a dagger, it
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makes sense to demand that every other structure on the category respects the dagger, and we will
do so. The theory of dagger categories is similar to the theory of categories in some ways, but very
different in others [27].

2.2 Monoidal Categories and Rig Categories

Programming becomes easier when the programmer can express more programs natively. For
example, it is handy to have type combinators like sums and products. Semantically, this is modelled
by considering not mere categories, but monoidal ones. A monoidal category is a category equipped
with a type combinator that turns two objects A and B into an object A ® B, and a term combinator
that turns two morphisms f: A — Band f': A” — B’ into a morphism f ® f': A® A” > B® B'.
This has to respect composition and identities. Moreover, there has to be an object I that acts as a
unit for ®, and isomorphisms ¢: A® (B®C) » (A®B)®CandA: I® A > Aand p: A®I — A
In a symmetric monoidal category, there are additionally isomorphisms c: A® B — B® A. All these
isomorphisms have to respect composition and satisfy certain coherence conditions, see [39] or [28,
Chapter 1]. We speak of a (symmetric) monoidal dagger category when the coherence isomorphisms
are unitary. Intuitively, g o f models sequential composition, and f ® g models parallel composition.
For example, FinBij and PInj are symmetric monoidal dagger categories under cartesian product.

A rig category is monoidal in two ways in a distributive fashion. More precisely, it has two
monoidal structures @ and ®, such that @ is symmetric monoidal but ® not necessarily, and there
are isomorphisms §,: A® (B®C) » (A®B)® (A®C) and dy: A® 0 — 0. These isomorphisms
again have to respect composition and certain coherence conditions [36]. For example, FinBij
and PInj are not only monoidal under cartesian product, but also under disjoint union, and the
appropriate distributivity holds. Intuitively, f @ g models a choice between f and g.

2.3 Quantum Computing (categorically)

Quantum computing with pure states is a specific kind of reversible computing. Good references
are Nielsen and Chuang [41], Yanofsky and Mannucci [55]. A quantum system is modelled by
a finite-dimensional Hilbert space A. The category giving semantics to finite-dimensional pure
state quantum theory is therefore FHilb, whose objects are finite-dimensional Hilbert spaces, and
whose morphisms are linear maps. Categorical semantics for pure state quantum computing is
the groupoid Unitary of finite-dimensional Hilbert spaces as objects with unitaries as morphisms.
Both are rig categories under direct sum @ and tensor product ®.

The pure states of a quantum system modelled by a Hilbert space A are the vectors of unit norm,
conventionally denoted by a ket |y) € A. These are equivalently given by morphisms C — A in
FHilb that map z € C to z|y) € A. Dually, the functional A — C maps y € A to the inner product
(x|y) is conventionally written as a bra (x|. Morphisms A — C are also called effects.

FHilb is a dagger rig category. The dagger of linear map f: A — B is uniquely determined via
the inner product by (f(x)|y) = (x|f'(y)). The dagger of a state is an effect, and vice versa. In
quantum computing, pure states evolve along unitary gates. These are exactly the morphisms that
are unitary in the dagger categories sense: f' o f = id and f o f' = id, exhibiting the groupoid
Unitary as a dagger subcategory of FHilb.

Once orthonormal bases {|i)} and {|j)} for finite-dimensional Hilbert spaces A and B are fixed,
we can express morphisms f: A — B as a matrix with entries (i|f]j). The dagger then becomes the
complex conjugate transpose, the tensor product becomes the Kronecker product of matrices, and
the direct sum becomes a block diagonal matrix. The Hilbert spaces C" come with the canonical
computational basis consisting of the n vectors with a single entry 1 and otherwise 0, also called
the Z-basis and denoted {|0),...,|n —1)}.

Proc. ACM Program. Lang., Vol. 8, No. ICFP, Article 236. Publication date: August 2024.
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We can embed the category FPInj of finite sets and partial injections in to FHilb, that sends
{0,...,n— 1} to C" preserving composition, identities, tensor product, direct sum, and dagger; we
get a dagger rig functor £2: FPInj — FHilb, that restricts to a dagger rig functor FinBij — Unitary.
Thus reversible computing (FinBij) is to classical reversible theory (FPInj) as quantum computing
(Unitary) is to quantum theory (FHilb). In particular, the Toffoli gate, which is universal for reversible
computing, transfers to a quantum gate that acts on vectors.

There are many such embeddings, one for every uniform choice of computational basis [24]. If
we only care about computation with qubits (rather than qutrits or the more general qudits), we
could also send a bijection f to (H®")" o £2(f) o H®", where H is the Hadamard matrix, to compute
in the X basis rather than the computational (Z) basis.

2.4 Complementarity

A choice of basis {|i)} on an n-dimensional Hilbert space A defines a morphism §: A - A® A in
FHilb that maps [i) to |ii) = |i) ® |i). In fact, the morphisms arising this way are characterised by
certain equational laws that make them into so-called classical structures, or commutative special
dagger Frobenius structures [28, Chapter 5].

(6®idy) 05 = (idg®8) 08 0an08=205 (1)
(ida ® 8 o (6 ®idy) = (57 ®idy) o (ids ® ) 5§ o8 =1idy (2)

As A is finite-dimensional, the basis vectors determine a state Y-, |i) that is in uniform superposition.
For the computational basis, this state is also denoted |+) = \/%(|0) + |1)). Similarly, we shorthand

|-) = %(|O) —|1)). Now {|+), |-)} forms an orthogonal basis for C?, called the X-basis, different
from the Z-basis.

As far as picking a basis to treat as ‘the’ computational basis is concerned, all bases are created
equal. But once that arbitrary choice is fixed, some other bases are more equal than others. The
Z-basis and the X-basis are mutually unbiased, meaning that a state of the one basis and an effect
of the other basis always give the same inner product: (0|+) = (1]+) = (0|—) = (1]-). That is,
measuring in one basis a state prepared in the other gives no information at all. This can also be
expressed by an equation between the associated Frobenius structures §;, 52: A — A ® A (see [16]
or [28, Chapter 6]):

(8] ®ida) o (ids ® ) o (ida ® &) 0 (8, ® ida) = id s 3)

(To be precise, we adopt a simplified version using Heunen and Vicary [28, Prop. 6.7], and the fact
that in finite dimension any injective morphism A — A is an isomorphism.)

Two complementary classical structures A — A ® A determine a unitary gate A — A,
corresponding to the linear map that turns the basis corresponding to one classical structure
into the basis corresponding to the other. In the case of the Z and X bases, this is the Hadamard
gate. Notice that the Hadamard gate is involutive: H o H = id.

2.5 Computational Universality

The inner product of a Hilbert space A lets us measure how close two vectors |x), |y) € A are
by looking at the norm of their difference ||x — y||? = (x — y | x — y). This leads to the dagger rig
category Contraction of finite-dimensional Hilbert spaces and contractions: linear maps f: A — B
satisfying || f(a)|| < ||a|| for all a € A. In Contraction, the notion of state is relaxed from a vector
of unit length to a vector of at most unit length (these are sometimes called subnormalised states or
simply substates). This categorical model adds to pure state quantum computation the ability to
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bx=0|1|b+b|bxb (value types)
tu=beb (combinator types)
iu=id | swap* | assocr™ | assocl’ | unite*l | uniti*l (isomorphisms)

| swap™ | assocr™ | assocl* | unite*l | uniti*l
| dist | factor | absorbl | factorzr

cu=ilcgc|c+c|exce|inve (combinators)
Fig. 2. II syntax

terminate without a useful outcome, where the norm ||x|| of a state x signifies the probability of a
nondegenerate outcome when measured; interpreting a state of norm 0 as complete failure,

A finite set of unitary gates {Uy, ..., Uy} on qubits is strictly universal when for any unitary U
and any ¢ > 0 there is a sequence of gates Uj, o - - - o U, with distance at most ¢ to U. This means
that any computation whatsoever can be approximated by a circuit from the given set of gates up
to arbitrary accuracy. The set is computationally universal when it can be used to simulate, possibly
using ancillae and/or encoding, to accuracy within ¢ > 0 any quantum circuit on n qubits and ¢
gates from a strictly universal set with only polylogarithmic overhead in n, ¢, and % This means
that the gate set can perform general quantum computation without too much overhead.

THEOREM 2.1. [3, 51] The Toffoli and Hadamard gate set is computationally universal. In fact, Toffoli
is computationally universal in conjunction with any real basis-changing single-qubit unitary gate.

Notice that this theorem only needs sequential composition o and parallel composition ®, and
not sum types @. Correspondingly, it only applies to Hilbert spaces of dimension 2".

3 The Classical Core: II

Our eventual goal is to define a computationally universal quantum programming language from
two copies of a classical reversible language. In this section, we review the syntax and semantics
of IT [33], alanguage that is universal for reversible computing over finite types and whose semantics
is expressed in the rig groupoid of finite sets and bijections.

3.1 Syntax and Types

In reversible boolean circuits, the number of input bits matches the number of output bits. Thus,
a key insight for a programming language of reversible circuits is to ensure that each primitive
operation preserves the number of bits, which is just a natural number. The algebraic structure of
natural numbers as the free commutative semiring (or, commutative rig), with (0, +) for addition,
and (1, X) for multiplication then provides sequential, vertical, and horizontal circuit composition.
Generalizing these ideas, a typed programming language for reversible computing should ensure
that every primitive expresses an isomorphism of finite types, i.e., a permutation. The syntax of
the language II in Fig. 2 captures this concept. Type expressions b are built from the empty type
(0), the unit type (1), the sum type (+), and the product type (X). A type isomorphism c : b; < b,
models a reversible circuit that permutes the values in b; and b;. These type isomorphisms are
built from the primitive identities and their compositions. These isomorphisms correspond exactly
to the laws of a rig operationalised into invertible transformations [11, 12] which have the types in
Fig. 3. Each line in the top part of the figure has the pattern ¢; : b; < by : c; where ¢; and c; are
duals; ¢; has type b; & b; and c; has type by < b;.

Proc. ACM Program. Lang., Vol. 8, No. ICFP, Article 236. Publication date: August 2024.
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id b & b :id
swap* bi+b, < by+b : o swap®
assocr™ 1 (by+by)+bs; <  by+(by+b3) : assoclt
unitetl 0+b < b : unititl
swap* bixby, & byxb ;o swap”™
assocr™ @ (by X by) xbs < by X (by Xbs) : assocl®
unite*l 1xb < b : uniti*l

dist : (by+by)Xbs & (byxXbs)+(byxbs) : factor
absorbl bx0 < 0 . factorzr
Clzblez C22b2<—>b3 C1b1<—>b2
018C21b1(—>b3 invc:b2<—>b1
C1:b1<—>b3 Cz:b2<—>b4 Clib1<—>b3 C21b2<—>b4
C1+Cz:b1+b2(—>b3+b4 C1XCz:b1Xb2Hb3Xb4

Fig. 3. Types for IT combinators

CTRL ¢ = dist §id + (id X c¢) § factor: (1+1) Xx — (1+1) X x
X=swap*:1+1—>1+1
cx=cTRLswap : (1+1) X (1+1) > (1+1) x (1+1)
ccx =CTRLCX: (1+ 1) X ((1+1) X (1+1)) > (1+1) X ((1+1) X (1+1))

Fig. 4. Derived II constructs.

To see how to express reversible circuits, we first define n-bit words, i.e. 2". We define 2 as
the type 1 + 1, with the left injection representing false and the right injection representing true.
Boolean negation (the x-gate) is then the primitive combinator swap*. Then n-bit words are an
n-ary product of values of 2. To express the cx- and ccx-gates we need to encode a notion of
conditional expression. Such conditionals turn out to be expressible using the distributivity and
factoring identities of rigs as shown in Fig. 4. An input value of type 2 X b is processed by the dist
operator, which converts it into a value of type (1 X b) + (1 X b). Only in the right branch, which
corresponds to the case when the boolean is true, is the combinator ¢ applied to the value of type b.
The inverse of dist, namely factor is applied to get the final result. Using this conditional, cx is
defined as cTRL x and the Toffoli ccx is defined as CTRL cx.

THEOREM 3.1 (I1 ExPRESSIVITY). II is universal for classical reversible circuits, i.e., boolean bijections
2" — 2" (for any natural number n).

3.2 Semantics

By design, IT has a natural model in rig groupoids [12, 15]. Indeed, every atomic isomorphism of
IT corresponds to a coherence isomorphism in a rig category, while sequencing corresponds to
composition, and the two parallel compositions are handled by the two monoidal structures.
Inversion corresponds to the canonical dagger structure of groupoids. This interpretation is
summarised in Fig. 5. The denotational semantics directly suggests a big-step operational semantics
where each combinator ¢ : b; < by maps to a (bijective) function [b1] — [b2] [15, 33]. With a
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Types
[o] = O [ =1
[br+0:] = [b:] @ [b2] [brxb2] = [ba] ®[Pe]
Terms
[d] = id linve] = [dF [ease] = lelolal
[assocrt] = ag lassocl'] = az' [swap™] = oe
lunititl] = A3 [unite*l] = Ae
[assocr*] = as lassocl*] = ag' [swap*] = og
luniti*l] = 23! [uniteXl] = Ae
[dist] = 6r [factor] = 65" [ei+c] = [ei] @ [ez]
[absorbl] = & Ifactorzr] = 6;' [eixc] = [e1] ® [e2]

Fig. 5. The semantics of IT in rig groupoids with monoidal structures (O, ®) and (I, ®).

little more effort, it is possible to derive an equivalent presentation using a small-step abstract
machine [13].

4 Models of IT from Automorphisms

When IT is used as a stand-alone classical language, FinBij is the canonical choice for the semantics.
As we aim to recover quantum computation from two copies of II, we need more structure. We
begin by explaining the categorical construction needed to embed a rig groupoid in the category
Aut,(Unitary) parameterised by a family of automorphisms a. We then use this construction to
give two models for IT embedded in Aut,(Unitary) (for different a).

4.1 Aut,(Unitary)

We generalize the category Unitary to a family of categories parameterised by automorphisms that
are pre- and post-composed with every morphism.

Definition 4.1. Let C be a category, and for each object C let ac: C — C be an automorphism
(that is not necessarily natural in any sense). Form a new category Aut,(C) with:

e Objects: objects of C.
e Morphisms: morphisms are those of the form al‘g1 o foaguforevery f: A— Bof C.
e Composition: as in C.

We note that C and Aut,(C) are equivalent as categories, but not as rig categories — their additive
monoidal structure differ.

PrOPOSITION 4.2. When C is a rig groupoid, so is Aut,(C).

Proor. To see that Aut,(C) is a category, observe that, since Aut,(C) inherits composition
from C, identities are those from C since a;ll oidg oay = a;ll o ay = idy, and composition is
conjugated composition of morphisms from C since az! o goagoag' o foay=az' ogo foan.
Associativity and unitality of composition in Aut,(C) follow directly. That Aut,(C) is a groupoid
when C is follows since for every isomorphism f:

aélofoaAoa;‘l Of_loaB =a§1 ofof_l oag =a§10a3=id3

and analogously a,,' o f~1 oagoag' o foay =ida.

Proc. ACM Program. Lang., Vol. 8, No. ICFP, Article 236. Publication date: August 2024.
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Supposing now C is symmetric monoidal, define a symmetric monoidal structure on objects as
in C (with unit I as in C), and on morphisms a;' o f 0 as and aj ' o f" 0 @, by

apgp © (ap o (ag' o foan)oay’) ® (ago (ag' of oa))oay’)oarsa

in C, which simplifies to ag 5, o (f ® ') © aagar. In other words, monoidal products of morphisms
in Aut,(C) are merely monoidal products of morphisms from C conjugated by the appropriate
automorphisms. Coherence isomorphisms are those from C, but conjugated by the appropriate
automorphisms.

The rest of the proof (bifunctoriality, naturality of coherence isomorphisms, coherence conditions
and rig structure) proceed in much the same way. The details are omitted for length, but are found
in the extended version. O

4.2 Models of [Tz and II,4: Unitary and Autg, (Unitary)

The choice of semantics for I is easy to justify: it will use the family of identity automorphisms,
i.e, it will use the canonical category Unitary itself. The semantics for ITg will be “rotated” by some
angle with respect to that of I17. By that, we mean that the semantics of I1 will use a family of
automorphisms that is parameterised by a rotation matrix r? = ( gﬁg _Czlsnf) for some yet-to-be

determined angle ¢.

Definition 4.3. The canonical model of II; is the rig groupoid Unitary of finite-dimensional
Hilbert spaces and unitaries.

We recall that as a rig category, Unitary is semi-simple in the sense that all of its objects are
generated by the rig structure (this is a direct consequence of the fact that each finite-dimensional
Hilbert space is isometrically isomorphic to C” for some n [38]). In other words, every object in
Unitary can be written (up to isomorphism) using the two units O and I as well as the monoidal
product ® and sum &. We will use this fact to define a family of automorphisms Ri in Unitary
which will be used to form a model of IT.

Definition 4.4. Given an angle ¢, we define a family Rﬁ of automorphisms in Unitary as follows:

RY = ido R = id

Ko - Kok

Rioy = (65'@05) 01?0 (04®05) (whenA=~1I=B)
Ri.y = R,®R) (when A # Tor B # I)

The morphisms 64 and 63 in this definition refer to the isomorphisms witnessing A ~ I and B = |
respectively. In particular, this definition requires one to decide isomorphism with I. This sounds
potentially difficult, but is fortunately very simple: an object is isomorphic to I iff it can be turned
into I by eliminating additive units O and multiplicative units I using the unitors Ag, pe, Ag, and
pe as well as the associators ag and ag as necessary.

Essentially, Autgs (Unitary) consists of unitaries in which qubit (sub)systems are conjugated by
the unitary r?. This is significant, because it means that the additive symmetry oe on I & I is no
longer (9 {) as usual, but instead the potentially much more interesting gate:

(cos¢ sinqS) (0 1)(cos¢ —sin¢)_ sin 2¢ cos2¢).

—sing cos¢/\1 0f\sing cos¢ _(0052¢ —sin 2¢

This leads us to the family of models of T1,.
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Definition 4.5. Given a value for ¢, a model of II is the rig groupoid Autgy (Unitary) of finite-

dimensional Hilbert spaces and unitaries of the form (Rg)’1 oUo Ri.

5 1< from Amalgamation

The aim of this section is to define the language I1<> that combines the separate definitions of IT;
and Iy into a combined language that interleaves expressions from each. We begin by explaining
the amalgamations of categories in Secs. 5.1, 5.2, and 5.3. We use these constructions to define
categorical models of [1<> in Sec. 5.4. These models justify the definition of I1<> as an arrow over
the individual sublanguages as shown in Sec. 5.5.

5.1 Amalgamation of Categories

Programs in I1<> are formal compositions of IT; programs and Il programs that respects product
types. To account for this semantically, we need to combine models of Iz and Iy in a way that
preserves the monoidal product. This construction is known as the amalgamation of categories (see,
e.g., MacDonald and Scull [40]). We now recall this construction in the slightly simpler case where
the two categories have the same objects, and go on to extend it to the symmetric monoidal case.

Definition 5.1. Given two categories C and D with the same objects, form a new category
Amalg(C, D) as follows:

e Objects: Objects of C (equivalently D).

o Morphisms: Morphisms A; — A+ are equivalence classes of finite lists [fp, ..., fi] of
morphisms f;: A; — A4 of C or D tagged with their category of origin, under the equivalence
~ below.

e Identities: Empty lists [].

e Composition: Concatenation of lists, [gn, ..., g1] © [fim,-- -, fil = [9ns-- -5 915 fns - - -5 il
When the origin category is important we will write, e.g., € to mean that f is tagged with C and
so originated from this category. Let ~ denote the least equivalence satisfying

lid] ~ [} ) (%64 ~ [f* o g"] (5)
as well as the congruence:

U il ~ s A [gms - g1] ~ [gpys - -5 91]
s fil o [Gms oo s g1] ~ [fs oo s {1 0 [Gs - -5 97]

Note that the inner composition in (5) refers to composition in the category A, which in turn
refers to either C or D. To verify that this forms a category, we notice that concatenation of
lists is associative and has the empty list as unit; however, since these are not lists per se but
equivalence classes of lists, we must check that composition is well-defined. To see this, consider
the normalisation procedure that repeats the following two steps until a fixed point is reached:

(6)

(1) Remove all identities using (4) and (6).
(2) Compose all composable adjacent morphisms using (5) and (6).

That a fixed point is always reached follows by the fact that both of these steps are monotonically
decreasing in the length of the list, which is always finite.
As we would hope, there are straightforward embeddings C — Amalg(C,D) « D.

PROPOSITION 5.2. There are embeddings & : C — Amalg(C,D) and &g : D — Amalg(C,D)
given on objects by X + X and on morphisms by f +— [f].

Proor. &(id) = [id] ~ [] and &L(go f) = [go f] ~ [g, f] = &EL(g) 0 EL(f), likewise for &r. O
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Since IT and IT4 are both reversible, we would expect I1<> to be so, by taking inverses pointwise.
We show that the amalgamation of groupoids is, again, a groupoid.

ProrosITION 5.3. Amalg(C, D) is a groupoid when C and D are.

Proor. Define [f....,fil™" = [fi7",....f; '] (where f;"! is the inverse to f; in the origin
category), and proceed by induction on n. When n = 0, [] o [][7! = [] o [] = []. Assuming
the inductive hypothesis on all lists of length n we see on lists of length n + 1 that

etts s il © Ut s A170 = Ut oo S i oo Sl ~ Ut s fro fh o £k
= [forts oo fodd 5 fid ]~ Uit ees oo fi oo S ]
= [fasts- o Bl o [ e fud] = U ol 0 [ 171 = (1

where the last identity follows by the inductive hypothesis. O

5.2 Amalgamation of Symmetric Monoidal Categories

Categorically, the amalgamation of categories (with the same objects) has a universal property
as a pushout of (identity-on-objects) embeddings in the category Cat of (small) categories and
functors between them [40]. While a good first step towards a model of 1<, it is not enough.
This is because it is only a pushout of mere functors between unstructured categories, so it will
not necessarily respect structure present in the categories being amalgamated, such as symmetric
monoidal structure. Thus we extend the amalgamation of categories to one for symmetric monoidal
categories, and later that this yields an arrow over the symmetric monoidal categories involved.

Definition 5.4. Given two symmetric monoidal categories C and D with the same objects, such
that their symmetric monoidal products agree on objects (specifically, their units are the same),
form a new category SymMonAmalg(C, D) as follows:

¢ Objects, Morphisms, Identities, and Composition as in Amalg(C, D) (Def. 5.1).

e Monoidal unit: I, the monoidal unit of C and D.

e Monoidal product: On objects, define A ® B to be as in C and D. On morphisms, define
[for-- 5 il ®[Gms - sq1] = [fu®id, ..., i®idid®gm,...,id®g;] where fi®id andid® g;
are formed in the origin category of f; and g; respectively, up to the extended equivalence
below.

e Coherence isomorphisms: The coherence isomorphisms «, o, A, p, and their inverses are
given by equivalence classes of lifted coherence isomorphisms from C and D (e.g., [a€]) up
to the extended equivalence below.

The extended equivalence is the least one containing (4), (5), and (6) from Def. 5.1 as well as
[feidid®g] ~ [Id® g, f ®id] (7)
I ~ ["] [6°] ~ ["] [A€] ~ [AP] [p°1~ [p°1 (®)
in addition to the congruence:
s il ~ oo T [gme- g1l ~ g7, -1 1]
s il © [gms - g1] ~ S [T @ LG -0 91]

Note that (7) above holds even when f and g originate from different categories, such that this is
not simply a consequence of (5) and bifunctoriality in the origin category.
It follows that this defines a category, but we also need:

[

©)

ProposITION 5.5. SymMonAmalg(C, D) is symmetric monoidal.
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For reasons of space, we omit this proof, which contains no ideas not already seen in previous
proofs. An extended version of this paper has all the details.

As with the amalgamation of mere categories, one can show that this extends to a pushout of
monoidal embeddings. Further, the embeddings we presented earlier into the amalgamation of
mere categories extends to well-behaved ones in the symmetric monoidal case well:

PROPOSITION 5.6. There are strict monoidal embeddings & : C — SymMonAmalg(C,D) and
&g : D — SymMonAmalg(C, D) given by X — X on objects and f +— [f] on morphisms.

Proor. We show the case for &, as &y is entirely analogous. &, was shown to be functorial in
Prop. 5.2, so suffices to show that it preserves coherence isomorphisms and the monoidal product
exactly on objects and morphisms. On objects &.(A® B) = AQ B = &1 (A) ® & (B). On morphisms

E(feg =1fogl=[f®idoidag] ~ [f®idid®g] = [f] ® [g] = EL(f) ® EL(g). Finally, on
coherence isomorphisms f, & () = [B¢] ~ [BP] = Gr(p), as desired. o

From the construction of inverses in Prop. 5.3, it follows that amalgamation preserves symmetric
monoidal groupoids as well:

COROLLARY 5.7. SymMonAmalg(C, D) is a symmetric monoidal groupoid when C and D are.

Lastly we show that whenever a functor out of a symmetric monoidal amalgamation is needed,
it is sufficient to consider functors out of each of the underlying categories. The lemma will be used
to prove the existence of a computationally universal model of I1<> in Thm. 5.11.

LEMMA 5.8. Let C and D be symmetric monoidal categories with the same objects such that their
monoidal structures agree. For any other symmetric monoidal category E, to give a strict monoidal
identity-on-objects functor SymMonAmalg(C, D) — E is to give strict monoidal identity-on-objects
functorsC — E andD — E.

ProorF. Given a strict monoidal identity-on-objects functor F : SymMonAmalg(C,D) — E, we
compose with the (strict monoidal identity-on-objects) functors &, and &g to obtain the required
functors Fo&;: C > Eand Fo &g: D — E.

In the other direction, given strict monoidal identity-on-objects functors G: C - Eand H: D —
E, we define a functor Fg gy : SymMonAmalg(C,D) — E on objects by Fg g(A) = G(A) = H(A) = A.
Given some morphism [f,, ..., fi], assume without loss of generality that each f; originates in C
for all even i, and in D for all odd n. We define Fs g ([]) = id and

Fou([fa,-- -, fil) = G(fa) o H(fu-1) © -+ 0o H(f1)
This is immediately functorial. To see that it is strict monoidal, Fg g(A ® B) = Fgu(A) ® Fg u(B)
follows trivially, while
Fou(lfus- - fil ® [gms---»q1]) = Fou([fa®id,..., fi®id,id® gm,...,id® g1])

=G(f,®id)o---oH(fi®id) o G(id ® g;) © - - - o H(id ® g1)
=G(fy) ®ido---oH(f;) ®idoid® G(gm) 0 ---0id ® H(g1)
=(G(fa) o---0H(f1)) ®ideid ® (G(gm) o ---°H(g1))
=(G(fa) 0--- 0 H(f1)) ® (G(gm) ©---© H(g1))
=Fou(lfn--- i) ® Fou(lgm, - --»91])

That this preserves coherence isomorphisms such as the associator [a€] ~ [aP] follows by
G(a) = Fou([a®]) = Fou([aP]) = H(a) = a, and similarly for the unitors A, p and symmetry o.
Further, Fg g is clearly uniquely determined by G and H, i.e., Fgg o8, =Gand Fggo&r=H. O
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5.3 The Amalgamation Arrow

Semantically, arrows correspond to (identity-on-objects) strict premonoidal functors between
premonoidal categories [31, 45], a special case of these being the more well-behaved (identity-on-
objects) strict monoidal functors between monoidal categories. In this way, the strict monoidal
functors Unitary — SymMonAmalg(Unitary, Autgs (Unitary)) < Autgs (Unitary) of Prop. 5.6
provide a semantics for the arrow combinators.

PROPOSITION 5.9. The strict monoidal functors & and &g are arrows over the categories Unitary
and Autgy (Unitary).

5.4 Model of [I<>: SymMonAmalg(Unitary, Autps (Unitary))
Given models of IT; (Def. 4.3) and T (Def. 4.5), using Def. 5.4 we can give a model of I1<>:

Definition 5.10. Given a value for ¢, a model of [1<> is the symmetric monoidal groupoid
SymMonAmalg(Unitary, Autps (Unitary))

with Unitary and Autgg (Unitary) considered as symmetric monoidal groupoids equipped with
their monoidal products (®, I).

In other words, SymMonAmalg(Unitary, Autgs (Unitary)) identifies the monoidal products
(®,1) in Unitary and Autge (Unitary), but leaves their respective monoidal sums (@, O) alone.
This may seem like a very curious choice—perhaps even a wrong one!—but is done for very
deliberate reasons, which we describe here.

First, identifying the two monoidal products is entirely reasonable, since Ri® 5= Rﬁ ® Rﬁ, so the
monoidal product on morphisms in Autgpe (Unitary) is really

(Bop) o (f@Q R, = (R)) @ ®)) " o(feg R, eR)
(RS) o foRD) ® ((R)) 1 og®RY))

i.e., the monoidal product in Unitary of morphisms from Autgs (Unitary) (on objects, the two
monoidal products agree on the nose). From this it also follows that the coherence isomorphisms
for the monoidal product (i.e, the associator ag, unitors dg and pg, and symmetry og) in
Autgy (Unitary) all coincide with those in Unitary by naturality, since, e.g.

R) '@ (R e ®)oao (R, @R @R
R)" & (R @ (R ™ oR\® (Rj@RL) o
o

oaoR¢

¢ -1
(RA®(B®C)) (A®B)®C

and likewise for the unitors and symmetry. Thus all of the morphisms identified by the amalgamation
SymMonAmalg(Unitary, Autpe (Unitary)) are ones which were equal to begin with.

Second, one may wonder why we do not go further and identify the monoidal sums in Unitary
and Autgg (Unitary) as well. In short, this is because it would confine I1<> to being a classical

language! We saw in Sec. 4.2 that the symmetry of the monoidal sum og in Autgs (Unitary) was

sin2¢ cos2¢
( cos2¢ —sin2¢
both of these is central to our approach. However, identifying the monoidal sums would force us

to identify these as well, destroying any hope of I1<> being more expressive than II or II5 on
their own. One cannot even hope to identify the monoidal sums as mere monoidal structures (as
opposed to as symmetric monoidal structures), since the bifunctoriality clause of the equivalence
(i.e., clause (7) of Def. 5.4) fails for Unitary and Autgs (Unitary) on I @ I in all nontrivial cases.

) whereas in Unitary it is the usual swap (¢}), and, indeed, the fact that we have
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bx=0|1]|b+b|bxb (value types)
tu=b ez b (combinator types)
me=[]]czuml|cym (amalgamations)
c:by 7z by cs:iby ez bs c:by oy by cs:by ezg bs
[1:b ez b cies:by emzy by cies:by emzy by

Fig. 6. Syntax and type rules of I1<>. The combinators cz and ¢ are IT combinators (Fig. 2) tagged with their
sublanguage of origin.

mu=...|m@m (derived amalgamations)
di=m|arrzcz|arrgcy|d>>d (derived combinators)
| id : b e~ z4 b | swap™ : by X by «~z4 by X by | assocr™ | assocl”

| unite™ | uniti* | first d | secondd | d == d | invd

Fig. 7. Derived I1<> constructs. The combinators first : by X by vz b1 and second : by X by vz by are
instances of the standard arrow constructors [29].

5.5 II<>: Syntax, Arrow Combinators, and Computational Universality

As the two languages Tz and II4 share the same syntax, their syntactic amalgamation in Fig. 6 is
rather straightforward. We simply build sequences of expressions coming from either language. To
disambiguate amalgamations, we will annotate terms from ITz and ITy4 by their language of origin
and write, e.g., Xy for the X isomorphism from Ily. Further, we will consider the cons operator ::
to be right associative, and use list notation such as [swapg, swap?,] as syntactic sugar for the
amalgamation swap;5 = swaph, = [].

For convenience, we introduce the meta-operation -@- that takes two amalgamations and forms
the amalgamation given by their concatenation, e.g., [c1, c2] @ [c3, ca] = [c1, c2, €3, c4]. As such, any
amalgamation can be uniquely described as a finite heterogeneous list of terms from I14 and IT,.
But there is no need to reason about raw lists since II<X> is an arrow over both IT; and I14 that
lifts the underlying multiplicative structure to the combined language (see Fig. 7 for the derived
arrow constructs). We recall that the construction only involves lifting products (via the arrow
combinators first, second, and =) and not also sums; in other words, we merely define an arrow
and not an arrow with choice [29]. The reason is that doing so in any meaningful way would require
semantically identifying the sum structures of II; and I1y, and that this, in turn, would prevent
quantum behaviours from emerging from the construction.

The semantics of [1<> (in SymMonAmalg(Unitary, Auty, (Unitary))) is given in Fig. 8. First the
lifting of combinators builds singleton lists arrz(cz) = [cz] and arrg(cg) = [cg], and composition
of amalgamations is given by their concatenation: cs; > cs; = ¢s; @ cs3. To define first we need to
make use of meta-level recursion in order to traverse amalgamations. To do this, we notice that both
17 and I1y are trivially arrows, with arrow lifting given by the identity, arrow composition given by
composition, and first ¢ given by first ¢ = ¢ X id. As such, first can be defined in I1<> by mapping this
underlying combinator over the list, i.e., first xs = map first xs. To derive second, we note that we
can define all of the combinators relating to X (precisely: swap*, assocr™, assocl™, unite™, uniti*) by
lifting them from either IT or I1,. It turns out not to matter which we choose, as they are equivalent.
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Semantics of new constructs

[ler,--senl]l = el ---s [en]]

Derived identities

larrzc] = &u([c]) [arrg ] = &r([c]) ,
[id] = I [di>>do] = [do] o [di] [invd] = [d]'
[assocr*] = [as] lassocl] = [ag'] [swap*] = [oe]
[unite*] = [ps] [uniti*] = [pg']
[firstd] = [d]®id [secondd] = id® [d] [di == do] = [di] ® [dz]

Fig. 8. The arrow semantics of <.

Arbitrarily, we define their liftings in T1<> to be those from I1z, e.g., swap™ = arrz(swap’) and so
on for the remaining ones. We can then derive second and *#+ in the usual way as:

second = swap™ > first 3> swap™  and  xs s ys = first xs > second ys

We conclude this section by showing that there exists a particular model in which I1<> is
computationally universal for quantum circuits.

THEOREM 5.11. If ¢ is chosen to be /8, the model of 11<> is computationally universal for quantum
circuits, i.e., unitaries on Hilbert spaces of dimension 2" (for any natural number n).

Proo¥. Define a functor Autgas (Unitary) — Unitary givenby A — A and (Rg/ 5-lof ORZ/ ¥

(Rg/ 5-1o fo RZ/ 8. this is strict monoidal and identity-on-objects. By Lem. 5.8, this functor, along
with the identity Unitary — Unitary uniquely define a (strict monoidal identity-on-objects) functor
[-] : SymMonAmalg(Unitary, Autg/s (Unitary)) — Unitary sending I1; programs to their usual
interpretation lifted into unitaries, and I programs to the meaning of the corresponding I
program conjugated by appropriate RZ/ 85, Under this interpretation, [arrz ccx] is the Toffoli
gate, and [arrg x] is the Hadamard gate, while at the same time [c; #& 3] = [¢1] ® [c2] and
[e1 => ca] = [c2] o [e1], allowing parallel and sequential composition of gates. But then it follows
by Thm. 2.1 that [1<> is computationally universal. O

6 (II<>) from States and Effects

In the previous section, we arbitrarily chose a value of ¢ to induce quantum behaviour. We will
now demonstrate that the “right” values of ¢ emerge from requiring the categorical model to satisfy
one complementarity equation relating states and effects. Towards that goal, we generalise in this
section 1> with the notions of states |-) and effects (-| yielding the language (I1<>).

6.1 Classical Structures
The no-cloning theorem states that it is not possible to clone an arbitrary quantum state. However,
it is possible to clone the subset of quantum states that are “classical” For example:
[0) +— ]00)
) = [11)
N2 (j0)+11) = 1/v2(00) +[11))
If partial operations are allowed, then these maps are reversible, i.e, the classical clone maps are

injective but not surjective and their inverses are only partial injective functions. An important
property of these classical clone maps is that their behaviour is basis dependent. In particular, the
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above maps assume the clone operation is defined in the computational Z-basis. If we instead use
the X-basis = {|+),|—)}, we get that cloning |+) = 1/V2 (|0) + |1)) produces |++) = 1/2(|00) +
|01) +|10) + |11)) which is quite different from cloning the same state in the Z-basis.

As we will establish, the cloning operations in ITz and Iy each satisfy the properties of classical
structures necessary for quantum behaviour to emerge in the next section.

6.2 Monoidal Indeterminates

At a categorical level, the only missing ingredient is to allow for morphisms to manipulate ancilla
systems #n(U) generated by a single object N. The first step in this construction involves (strong
monoidal) functors out of the free symmetric monoidal category on a single distinguished object x.

Definition 6.1. Let Gen, denote the free symmetric monoidal category of one generator, which
we denote *. Given an object N of a symmetric monoidal category C, let Zy : Gen, — C denote
the evident strong monoidal functor such that #y(x) = N.

See, e.g., [1] for an explicit description of the free symmetric monoidal category. The functor #xy
allows us to form a new category Cy.

Definition 6.2. Define a symmetric monoidal category Cy as follows:

e Objects: As in C.

e Morphisms: Morphisms A — B are equivalence classes of triples [U, f, V] consisting of
two objects U and V of Geny (C) and a morphism f: A® #n(U) — B® #n(V) under the
equivalence ~ below.

o Identities: The identity A — A is the equivalence class of id4g; (since #n(I) = I).

e Composition: The composition of [U, f, V] and [W, g, X]| with f: A® In(U) — B® (V)
andg: B® N(W) — C® #n(X) is the equivalence class of the representative A ® n(U ®
W) - C® In(V ®X) in C given by

[U®W,ag0g®idg (v) 0 ag' 0idg ® 0g 0 ag o f ®id gy (w) 0 ag', V & X].

e Monoidal structure: On objects as in C. On morphisms, the monoidal product of [U, f, V]
and [W,¢,X]| with f: A® N(U) - B® #n(V) and g: C® AN(W) — D ® In(X) is
[UW,9lof®god,Ve®X], where §: (A®C) ® (B®D) — (A® B) ® (C® D) is the
evident isomorphism. Coherence isomorphisms f are given by [I, f ® idy, I].

Define the equivalence relation ~ as the least such satisfying (for all U and V)

f® An(idy) ~ f ® fn(idy) (10)

and f ~ g if there exist mediators m: U — U’ and n: V — V’ in Geny (C) making the square
below commute:

A® In(U) I v Be IN(V)
id®jN(m)l lid@]N(n) (11)
A® In(U) —= B In(V)

This construction is a dual pair of monoidal indeterminates constructions of Hermida and Tennent
[23] (using the simplified form for the equivalence due to Andrés-Martinez et al. [5, Def. 8]). This
describes a symmetric monoidal category [23]. Note that the two clauses in the equivalence relation
are necessary precisely to ensure uniqueness of identities and associativity of composition. For a
given morphism [X, f, Y], we will collectively denote the objects X and Y as the ancilla system of

(X, f.Y].
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Importantly, this also defines an arrow over C in the form of a strict monoidal functor:

PROPOSITION 6.3. There is a strict monoidal functor Fy: C — Cy (for any choice of N) given by
A — A onobjects and f — [I, f ® idy, I| on morphisms.

ProOF. See Hermida and Tennent [23, Remark 2.4]. O

The category Cy contains all morphisms f of C by lifting them into the trivial ancilla system
[L f ® id;, I]. However, it also adds a state I — N (as the equivalence class of 65 : I® N > N ® 1,
i.e, [N, o0g,I]) and an effect N — I (as the equivalence class of 65 : N® I — I ® N, i.e, [I, 0g, N]).

One may reasonably wonder whether this construction adds more than this unique state and
effect: the answer, informally, is no. The trivial ancilla system (e.g., [I, f,I]) is needed to account
for morphisms that do not use states or effects at all, while ancilla systems involving N ® --- ® N
represent multiple uses of the unique state or effect. The more formal answer to this question is
that the functor Fy is universal with the following property:

PROPOSITION 6.4. Given any symmetric monoidal category D outfitted
with distinguished morphisms I — N and N — I, and strict monoidal

CL)CN
I
.

functor F : C — D, there is a unique strict monoidalfunctorl?: Cy — P J
D satisfying F(N) = N and making the triangle on the right commute. D

Proor. See Hermida and Tennent [23, Theorem 2.9], noting that this straightforwardly extends
to strict monoidal functors when all functors involved are strict monoidal. O

Note that the morphisms I — N and N — I are considered part of the structure of D. While D
has other choices of morphisms I — N and N — I, the theorem states that for any such choice of
morphisms and strict monoidal functor C — D, there is a unique strict monoidal functor Cy — D.
Observe further that Cy is a dagger category when C is, with [X, f,Y]" = [Y, fT, X]. With this
dagger structure, the adjoint of the state I — N is the effect N — I and vice versa.

6.3 Models of (II1<>): SymMonAmalg(Unitary, Auty, (Unitary));er and Contraction

In order to model quantum computation, we specialize the free model Cy over an arbitrary
model C built in the last section by fixing the semantics of the state and effect to correspond
to the traditional basis vector |0) and dual vector (0|. This is achieved by choosing N = I & I
making SymMonAmalg(Unitary, Autgs (Unitary))re; a model of (II<>). This model embeds in
Contraction, the universal dagger rig category containing all unitaries, states, and effects [5] as
follows.

Recall how we gave semantics to [1<> via an (identity-on-objects) strict monoidal functor
[-] : SymMonAmalg(Unitary, Autgs(Unitary)) — Unitary. Recall further that the category
Contraction of finite-dimensional Hilbert spaces and contractions contains all states as morphisms
I — A (as these are isometries), all effects as morphisms A — I (as these are coisometries). Since
all unitaries are contractions we get an inclusion functor Unitary — Contraction (which is easily
seen to be a strict monoidal dagger functor), and precomposing with the strict monoidal functor
[-]: SymMonAmalg(Unitary, Autgs (Unitary)) — Unitary yields a functor:

SymMonAmalg(Unitary, Autpe (Unitary)) — Contraction

Now, choosing |0) as the distinguished state I — I & I, and (0| as the distinguished effect & — I,
by Prop. 6.4 we get a unique extended functor

[-]: SymMonAmalg(Unitary, Autge (Unitary));e; — Contraction

which assigns concrete semantics to {[I<>) in Contraction.
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bu=0|1|b+b|bxb (value types)
nz=1|1+1|nXn (ancilla types)
tu=bewb (combinator types)
pu=liftm (primitives)

xs:by X ny ewvzg by X ny
lift xs : by e~ by

Fig. 9. (II<) syntax and type rules. Amalgamations m are defined in Figs. 6 and 7.

du=p|arrm|d>>d| firstd| secondd | d e d (derived combinators)
| id | swap™ | assocr™ | assocl™ | unite™ | uniti®

| invd | zero | assertZero

Fig. 10. Derived (II<>) constructs. The combinators first and second are instances of the standard arrow
constructors [29].

Semantics of new constructs
lliftxs] = [[m] [xs], [n2]]

Derived identities

[id] = [Lid]] [invd] = [d]" ldi > do] = [do] o[di]
[assocr*] = [l ag ®id,I] [assoc*] = [I, aél ®1id,I]
[unite*] = [, pe ®id, 1] [uniti] = [Lpg' ®idI] [swap*] = [I,0e ®id,I]
[firstd] = [d]®id [secondd] = id® [d] [di s do] = [di] ® [d2]
[zero] = [I®Log, Il [assertZero] = [I,0g,I®]I] [arrm] = ZFrer([m])

Fig. 11. The arrow semantics of (I1<>).

The only difference between SymMonAmalg(Unitary, Autzg (Unitary))rer and Contraction is
that the latter has more morphisms, which can only be approximated with morphisms from the
former — which matches our main theorem that (I1<>) is (only) computationally (and not exactly)
universal.

6.4 Syntax, States, and Effects

In (T1<>), we allow the creation and discarding of a restricted set of values of ancilla types. As
given in Fig. 9, the ancilla types are restricted to be collections of bits. The construct [ift allows
the discarding of some ancilla n; and the creation of some ancilla ny. The new language defines an
arrow over [1<> with the derived combinators in Fig. 10. Most notably, the language includes two
new derived constructs zero and assertZero whose semantics are |0) and (0| respectively.

We summarise the arrow semantics of ([1<>) in Fig. 11. To see that this is an arrow, we must
define arr, >, and first. Bringing combinators from I1<> into (1>} is straightforwardly done by
adding the trivial ancilla 1 to both the input and output, arr m = lift(unite* >> m >> uniti*).
This allows us to lift the isomorphisms id, swap™, assocr™, assocl™, unite*, and uniti* of TI<> by
applying arr to them. To compose lifted IT<> terms m : by X ny «w~s 74 by X ng and p : by X nz <~ 74
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copyy > (id #e¢ copy,)
copy, > swap™

copyy >> (inv copy)
(copy,,; et id) > (id #+¢ inv copy.,)

copyx 3> (id e copyy)
copyy >> swap™

copyx 3> (inv copyy)
(copyy e+ id) > (id == inv copyy)

zero > assertZero

zero sex id > CTRL ¢
one ¢ id > CTRL ¢
zero >> Xy 3> assertOne

copy, > (copy,, #= id) >> assoc™
copyz

id

(id #ex copy,;) > (inv copy, == id)
copyy > (copyy e+ id) >> assoc™
copyx

id

(id =ex copyy) > (inv copyy #=+ id)
id

zero ¢ id

one ik C

one >> Xy 3> assertZero

236:19

Fig. 12. Equations satisfied in (II<>).

bs X ny, since ancillae are closed under products, we can form this as the lifting of a term of type
by X (n1 X n3) e~ z4 bz X (ng4 X ny), namely

(lift m) >> (lift p) = lift(assocl™ >> first m > assocr™ > second swap™ >>
assocl >> first p > assocr™) .
Then, first can be defined using first in T1<>, since this allows us to extend a lifted term of type
by X ny w74 by X ny to one of type (by X nq) X by e 74 (by X 1) X b3, so we need only swap the
ancillae back into the rightmost position from there, i.e,
first(lift m) = lift(assocr™ > second swap™ > assocl > first m >>
assocr™ >> second swap™ 3> assocr™) .
In turn, second and =« are derived exactly as in I1<>. Inversion is simple since lifted terms are
symmetric in having an ancilla type on both their input and output, so we have inv(lift m) =

lift(inv m). Finally, the state zero and effect assertZero exist as the lifting of swap™ : 1 X (1+1) e 74
(1+1)x1and swap™ : (1+1) X1 ewsz5 1 X (1+1), Le,

zero = lift(swap™) : 1 e 1+ 1 and assertZero = lift(swap™) : 1+ 1 e 1,

bringing the state into and out of focus respectively. A pleasant consequence of these definitions is
that inv(zero) = asseriZero and vice versa. More generally, states and effects in ([1<>) satisfy the
following properties.

PROPOSITION 6.5 (CLASSICAL STRUCTURES FOR II; AND IIy AND THEIR EXECUTION LAWS). To
avoid clutter, we will implicitly lift 11, and I1y gates to (I1<>), writing ¢z for arr (arrz c) and cy for
arr (arry c). Introduce the following abbreviations:

copy, = uniti® > id = zero > cxz COpYx = Xp 3> COpy, 3> Xp e+ Xg

one = zero >> Xy assertOne = xz > assertZero
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The equations in Fig. 12 are satisfied in (II<>).

Proor. The first two groups state that copy, and copyy are each a classical cloning map for
the relevant basis: the Z-basis in the case of copy, and some rotated basis depending on ¢ for
copyy. Because we fixed the semantics of I to be the standard semantics in Unitary without any
rotation, the action of copy, on input o is to produce the pair (v, v). The rotated version copy, has
the same semantics but in another basis. The last group of equations are the execution equations,
which are so named as they describe how the states (and, by duality, effects) interact with program
execution. The first shows that preparing the zero state and then asserting it does nothing at all.
The remaining equations define how states (and, by dualising the equations, effects) must interact
with control, and with one another: e.g., the second equation shows that passing |0) to a control
line prevents the controlled program from being executed, while the third shows that passing |1)
on a control line executes the controlled program. ]

6.5 Computational Universality

Like in the previous section, we can conclude that there exists a particular model in which (I1<>) is
computationally universal for quantum circuits equipped with arbitrary states and effects.

THEOREM 6.6 (EXPRESSIVITY). If ¢ is chosen to be n/8, the model of (II<>) is computationally
universal for quantum circuits equipped with arbitrary states and effects.

The more technical presentation of this theorem is the following. Say that a preparation of states
on a 2"-dimensional Hilbert space is a tensor product s; ® - - - ® s,,, where each s; is either a state
or an identity. Dually, a preparation of effects is the adjoint s;r ®---®s)toa preparation of states
$1®- - - ®sy,. The theorem then states that {I1<>) is approximately universal for contractions A — B
between Hilbert spaces A (of dimension 2") and B (of dimension 2™) of the form SUE, where S is a

preparation of states, U is unitary, and E is a preparation of effects.

PRrROOF. Lets; ® - - - ® s, be some state preparation, U be some unitary, and t}L ®--® t}; be some
effect preparation. In the state preparation s; ®- - - ®s,, for each non-identity s;, choose some unitary
S; mapping |0) to s;. Likewise, in the effect preparation tf ®---® 1), choose for each non-identity
t;r a unitary Tl.T mapping (0| to t;f . Produce now a state preparation s; ® - - - ® s;, where s; = |0) if s;
is a state, and s; = id if s; is an identity. Produce an effect preparation ¢; ® - - - ® t;, similarly. Notice
that ($1® - ®S,)(s]® - ®5;)=51® - Qs,and (M1 Q- QT,)(H] @ QL) =1 @ D ty.
However, the state preparation s; ® - - - ® s, involves only identities and |0), and so has a direct
representation in [1<> as a product of a number of id and zero terms—call the resulting term p.
Likewise, t{ ® -+ ® t} has a direct representation in I1<> as a product of a number of id and
assertZero terms—call the resulting term gq. Finally, by Thm. 5.11 we can approximate the unitary
S1®---® S,,)’LI(TIT @ - ® T,j) by some [1<> term u. But then p > u >> ¢ approximates
(51®- - @s) Ut ®---®1)). o
Though the proof above may at first glance appear to be non-constructive (as it involves choice

among unitaries), we note that a unitary in finite dimension mapping |0) to some |v) (of norm 1)
can be constructed using the Gram-Schmidt process.

7 Canonicity and Quantum Computational Universality

This section proves the main result of the paper. So far, we have built a particular model of (I1<>)
in Contraction and proved that by imposing ¢ = /8, we get a computationally universal quantum
programming language. In fact, it turns out that we have a much stronger result. Any model of
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(I1<>) in Contraction satisfying the equations for classical structures and their execution laws defined
in Prop. 6.5 as well as the complementarity equation in Def. 7.1 is computationally universal!

Definition 7.1 (Complementarity). Using the same lifting notation as before, the complementarity
law requires the following identity:

id = (copy, w= id) >> assocr™ >>
(id = (inv copyy)) > (id === copyy) > assocl* >>
((inv copy) »er id)

Recall that the complementarity law is equivalent to the two bases being mutually unbiased. In
particular, it holds in SymMonAmalg(Unitary, Autgs (Unitary)) ey if and only if ¢ = +/8.

To show the canonicity theorem, we rely on the following characterisation of orthonormal bases
complementary to the Z-basis where the unitary change of basis is involutive:

PROPOSITION 7.2. Every orthonormal basis {|b,), |b2)} on C? which is complementary to the
Z-basis, and for which the associated change of basis unitary is involutive, is either of the form

by =+ (e_lig ) b2y = & (e_"‘j) or of the form |b1) = - (ei,-le) ba) = & (e;") where 0 € [0, 277).

The proof is obtained via a straightforward matrix computation and is omitted for space (but
can be found in the extended version of the paper.)

THEOREM 7.3 (CANONICITY). If a categorical semantics [—] for (II<>) in Contraction satisfies the
classical structure laws and the execution laws (defined in Prop. 6.5) and the complementarity law
(Def. 7.1), then it is computationally universal. Specifically, it must be the semantics of Sec. 6.3 with the
semantics of X4 being the Hadamard gate (up to conjugation by X and Z) and: [copy,|: |i) = |ii),
[zero] = 10), [copyx]: |£) > |x+), and [assertZero] = (0| up to a global unitary.

ProoF. Observe that [I + I] = C? must be the qubit. Without loss of generality, we may assume
that IT; has the usual semantics in the computational (Z) basis—this is the freedom that the global
unitary affords.

The execution equations ensure that {[zero], [one]} and {[plus], [minus]} are copyable
by [copy,] and [copyy] respectively. The complementarity equations further ensure that
{[zero], [one]} and {[plus], [minus]} form complementarity orthonormal bases for C% By
assumption [zero] and [one] form the Z-basis, so the only possibility for {[plus], [minus]} is
as an orthonormal basis complementary to the Z-basis.

Since [arry swap*] is the symmetry of a symmetric monoidal category it is involutive, and by
the complementarity equations it is the change of basis unitary between orthonormal bases. It
follows then by Proposition 7.2 that

1 i0 1 _ i0
larry swap*] = % (e—lie e_l) or larry swap*] = % (e—ila el )
for some 0 € [0, 27). The execution equation zero > X¢ > assertOne = one >> Xy >> assertZero
translates to the requirement that e’ = (0| [arry swap*] |1) = (1] [arry swap*]|0) = e~
implying e’® = +1. This leaves:

i 1 1 i 1 -1 i -1 1 d i -1 -1
VA VY LY -& S R Y- S B | R - B B
as the only possibilities for [arrg swap*], which are precisely Hadamard up to conjugation by Z

and/or X. Either way, this is a real basis-changing single-qubit unitary, so computationally universal
in conjunction with the Toffoli gate (which is expressible in I1) by Thm. 2.1. O

in turn
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Observe that the Hadamard gate could already be expressed in [1<> with the appropriate choice
of ¢, without states and effects. The latter were only needed to impose equations on I1<> which
essentially forces ¢ to be /8.

8 Quantumll: Examples and Reasoning

Having shown that quantum behaviour emerges from two copies of a classical reversible
programming language mediated by the complementarity equation, we now illustrate that
developing quantum programs similarly only needs classical principles augmented with the
complementarity equation, and some forms of reasoning can similarly be expressed. Before we
proceed however, we present a sanitised version of (II<>) that fixes ¢ = 7/8, that hides some of
the constructs that were only needed for the intermediate steps, and that uses Agda syntax for ease
of experimentation and for providing machine-checked proofs of equivalences. The code shown
elides some of the routine definitions which will be made publicly available.

8.1 Quantumll: Syntax and Terms

The public interface of QuantumlI consists of two layers: the core reversible classical language IT (of
Fig. 2) and the arrow layer. We reproduce these below using the notation in our Agda specification.
The QuantumlI types are directly collected in an Agda datatype:

data U : Set where

0 ]
I : U
Aty U—-U—>U
Xy U—>U=—>U

Since commutative monoids are used multiple times, their definition is abstracted in a structure
CMon that is instantiated twice as Mx and M+. The II-combinators are encoded in a type family:

data _&_ : U —» U — Set where
ide tt e ot
add Lt M e t, =t ot
mult Dt Moty ot e ty
dist D(t fu t2) Xy t3 e (bt Xy t3) 4y (T2 %y t3)
factor s{ty t2 t3 2 Ul — (b1 xy t3) +y (L2 %y t3) © (1 +4 t2) xu t3
absorbl ttx, 00
factorzr : 0 e t x, 0
5= D (t o t) = (t2 o t3) — (41 & t3)
_G_ (o t3) o (t2 © ty) — (t1 +y t2 © t3 +y ta)
_®_ D (t e t3) = (t2 © ty) — (t xy t2 © t3 %y tg)

Finally, the syntax and types of the QuantumII combinators are encoded in another type family
that uses another instance M of our commutative monoid.

data _.&_ : U —» U — Set where
arrz c () o t)) o (t; © ty)
arr¢ c(tp © ty) — (t; © to)
mult tti Me ty -t &t
ide ttet
_>>> (1 © ty) & (ty © t3) — (1 © t3)
_kxk_ D (t & t3) = (2 & te) = (41 %y t2 © t3 xy tg)
zero Il e 2
assertZero : 2 & I

In the following, we will refer to common gates and states which we collect here. The definitions
are a straightforward transcription into Agda of the ones in previous sections. Below II refers to
the module that (abstractly) defines IT-combinators.
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XHZ:2e2 ctrlz : (t o t) - 2 x, t © 2 %, t
X = arrZ IL.swaps ctrlz ¢ = arrz (IIT.ctrl ¢)

H = arr¢ II.swaps

Z=H>>> X >>>H Xz 2% 2 & 2%, 2

cx = ctrlZ II.swap;

one plus minus : I & 2 cz = ide *x%x H >>> cx >>> ide **x H

one = zero >>> X

plus = zero >>> H COX 1 2%y 2%y 2 0 2 %y 2%y 2
minus = plus >>> Z ccx = arrZ IIT.cex

And so, as expected, the X gate and the H gate are both lifted versions of swap™ from the underlying
definition of IT. The classical gates of IT and their controlled versions are lifted using arrZ. Evidently
QuantumlI does not include complex numbers. However, the language, being computationally
universal, can express them by encoding a + ib as ( ‘ab ) [3] where an extra qubit distinguishes the
real part from the imaginary part. Under this encoding, we can express the controlled-S gate as:
ctrlS @ 2 %, 2 %, 2 & 2 % 2 % 2
ctrlS = (ide x%xx ide *xx H) >>>

CCX >>>

(ide **% ide #xx H) >>>

CCX

8.2 Proving Simple Equivalences

The laws of classical structures, the execution equations, and the complementarity law, combined
with the conventional laws for arrows and monoidal and rig categories, allow us to reason about
QuantumlI programs at an abstract extensional level that eschews complex numbers, vectors, and
matrices. As a first demonstration, we can prove that the X and H gates are both involutive:

xInv : (X >>> X) = ide

xInv =
begin
(X >>> X) =( arrZR )
(arrZ (Il.swapy+ § II.swap;)) =( classicalZ linvsl )
(arrZ ide) =( arrzidL »
ide B

hadInv : (H >>> H) = ide
hadInv = arr¢gR © classical¢g linvgl © arr¢idL

The first proof uses Agda’s equational style where each step is justified by one of the QuantumII
equivalences (see full code). The proof starts by moving “under the arrow” exposing the underlying
swap® gate, using the fact that swap* is an involution, and then lifting the equivalence back through
the arrow. The proof for H, presented as a sequence of equivalences, applies the same strategy to
the other arrow. In later examples, we also use some additional reasoning combinators that help
manage congruences, associativity and sequencing. For a more interesting example, we prove that
the z gate sends [minus] to [plus]:
minusZ=plus : (minus >>> Z) = plus
minusZ=plus =
begin
(minus >>> Z)
=( id= )
((plus >>> H >>> X >>> H) >>> H >>> X >>> H)
=( ((assoc>>>1 © assoc>>>1) »3id ) © pull” assoc>>>1 )
(((plus >>> H) >>> X) >>> (H >>> H) >>> X >>> H)
=( id)3¢ ((hadInv )$<id) © idl>>>1) )
(((plus >>> H) >>> X) >>> X >>> H)
=( pull” assoc>>>1 )
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((plus >>> H) >>> (X >>> X) >>> H)
=( id)$¢ (xInv »<id © id1>>>1) )
((plus >>> H) >>> H)
=( cancel” hadInv )
plus W

The execution equations allow us to extend this reasoning to programs involving control, e.g.:

oneMinusPlus : ((one *** minus) >>> cz) = (one **x plus)
oneMinusPlus = begin
(one **xx minus) >>> (ide *x*x H) >>> cx >>> (ide *%*x H)
=( assoc>>>1 O (homLx*x )s{id) »
((one >>> ide) *xx (minus >>> H)) >>> cx >>> (ide x*x H)
=( idr>>>1 )®<id »§<id )
(one #*x (minus >>> H))>>> cx >>> (ide ***x H)
= id1>>>r Y@< idr>>>r »cid )
((ide >>> one) *xx ((minus >>> H) >>> ide)) >>> cx >>> (ide *x*x H)
=( homR*xx )s{id ©® assoc>>>r )
(ide #%% (minus >>> H)) >>> (one **x id&) >>> cx >>> (ide **x H)
=( id)3{ (assoc>>>1 O e3L »sdid) »
(ide *** (minus >>> H)) >>> (one *** X) >>> (ide ***x H)
=( id)§( (homL**x © (idr>>>1 Y®{id)) >
(ide #** (minus >>> H)) >>> (one **x (X >>> H))
=( homLx*xx © (id1>>>1 Y®{ assoc>>>r ) )
one **%x (minus >>> H >>> X >>> H)
=( id)®{ minusZ=plus )
(one x*xx plus) WA

We can string together more involved proofs to establish more involved identities.
— B 4T7
s - {EZEe

XCXA @ ide **x X >>> cx = cx >>> ide *xx X

xcxA = begin
ide *xx X >>> cx =( arrZidR Y®<id >$(id © class*>R )
arrZ ((ide II.® II.swap;) II.§ IIT.cx) =( classicalZ xcx »
arrZ (IIT.cx I1.§ (ide I1.® II.swapy)) =< class>xL © id)s< arrzidL Y®<id )
cx >>> ide x*xx X |

zhex @ (ide x*x Z) >>> (ide *x*x H) >>> cx = cz >>> (ide **x*x H) >>> (ide x*x*x X)
zhcx = begin
(ide **x Z) >>> (ide x*x H) >>> cx
=( id= )
(ide **x (H >>> X >>> H)) >>> (id& **x H) >>> cx
=( assoc>>>1 O (homL*x** O (id1>>>1 >®<id)) »s<id »
(ide x*x ((H >>> X >>> H) >>> H)) >>> cx
=( id>®<{ pull” (cancel” hadInv) »3$<id )
ide xxx (H >>> X) >>> cx
=( (id1>>>r Y®<id © homRxxx) )${id © assoc>>>r )
(ide **x H) >>> (ide x*xx X) >>> cx
=( id)3{ xcxA )
(ide xx*x H) >>> cx >>> (ide x*x*x X)
=¢ idys¢ iddg< insert! 1xHInv )
(ide xx*x H) >>> cx >>> (ide *xx H) >>> (ide *xx*x H) >>> (ide **xx X)
=( assoc>>>1 © assoc>>>1 O assoc>>>r »3did )
(ide x%x H >>> cx >>> ide xxx H) >>> (ide *xx H) >>> (ide xxx X)
=( id= )
cz >>> (ide *xx H) >>> (ide *x*x*x X) ]
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8.3 Postulating Measurement

Heunen and Kaarsgaard [25] derive quantum measurement as a computational effect layered on
top of a language of unitaries, by extending the language with effects for classical cloning and
hiding. Since QuantumlII already has notions of classical cloning given by the copy, and copyy
combinators, we only need to extend it with hiding to obtain measurement of qubit systems.

We can extend QuantumlII with hiding using the exact same arrow construction as the one used
to introduce hiding in LTI} by Heunen and Kaarsgaard [25], with two subtle differences. The first
difference is that, since the model of QuantumlII is a (dagger) symmetric monoidal category and
not a rig category, this will yield a mere arrow over Quantumll, and not an arrow with choice:

¢:by «~ by X b3 bs inhabited
lift c: by ~ by

All available arrow combinators, including the crucial discard : b ~ 1 and the derived projections
fst:by X by ~> by and snd: by X by ~> by, are defined precisely as Heunen and Kaarsgaard [25] define
them. The second difference concerns partiality of the model. Since the model of QuantumlII is one
of partial maps (whereas the model of UTI, is one of total maps), we need to accommodate for this
in the categorical model. This is precisely what is done by the L -construction of Andrés-Martinez
et al. [5]. In short, the resulting model will not satisfy [c¢ 3> discard] = [discard] for all programs
¢, though it will satisfy it those ¢ for which ¢ > inv ¢] = [id].
With this notion of hiding, we can derive measurement in the two bases as

measurez = copy, >> fst and measurey = copyy > fst (12)

exactly as done in previous work [18, 25]. Note that, by commutativity of copying, we could
equivalently have chosen the second projection snd instead of fst. This can all be expressed in the
Agda formalisation as follows:

postulate
discard : t © I
discardL : (d : t; © ty3) — d >>> discard = discard

This postulate is dangerous, as it does not enforce that it is only applied to total maps (though
we are careful to only do so in the examples here). We hope to patch this loophole in future work.
fst : (t; x4 t2) © 44
fst = (ide *%% discard) >>> unitexr measureZ measureg : 2 & 2
measureZ = copyZ >>> fst

snd @ (t; xy t2) & to measure$ = copy$ >>> fst
snd = swapx >>> fst

From this observation, measurements in the ¢-basis are nothing more than measurement in the
Z-basis conjugated by H. Following the same principle, we can define measurement in more exotic
bases. For example, measurement in the 2-qubit Bell basis can be defined by conjugating a pair of
Z-measurements by the unitary cx > H e« id.

measure : measure¢ = (H >>> measureZ >>> H)
measure = begin
measure¢ =( id= ) -- definition
copygp >>> fst =( id= ) -- definitions
(H >>> copyZ >>> (H x** H)) >>> (id& *xx discard) >>> unitexr
=( assoc>>>1 )3¢id © assoc>>>r © id)§{ assoc>>>1 )
(H >>> copyZ) >>> ((H *x* H) >>> (id& *x* discard)) >>> unitexr
=( id)§{ homL**x )s{id )
(H >>> copyZ) >>> ((H >>> ide) #*x (H >>> discard)) >>> unitexr
=( id)§( idr>>>1 )®<( discardL H >3{id )
(H >>> copyZ) >>> H x*xx discard >>> unitexr
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=< ld>;< Seqg*** )3<1d >
(H >>> copyZ) >>> (id& ***x discard >>> H *** id&) >>> unitexr
=( assoc>>>r O id)g{ (assoc>>>1 O assoc>>>1 »g{id O assoc>>>r) »
H >>> (copyZ >>> id& #x* discard) >>> (H #** id&) >>> unitexr
=( id)gC id)g{ uniterx=r )
H >>> (copyZ >>> id& #x* discard) >>> (unitexr >>> H)
={ id)3¢ (assoc>>>1 @ assoc>>>r Yg{id) »
H >>> (copyZ >>> id& #x* discard >>> unitexr) >>> H
=( id= )
(H >>> measureZ >>> H) B

8.4 Quantum Algorithms: Simon and Grover

The language QuantumlI can easily model textbook quantum algorithms. The circuit on the right
solves an instance of Simon’s problem; it can be directly transliterated as shown:

simon : T %, I %, I %y I & 2%y 2 %, 2 %, 2 ap =10 1H H%mo
simon = map4 zero >>>
H *x%x H **x ide **x ide >>> ay = |O> 1H Hfm
arrZ cxGroup >>> by = |0) S, D To
H *x*%*x H **x% ide **x*x ide bl — |0> () C) r

The four cx-gates, and more generally an arbitrary quantum oracle consisting of classical gates,
can be implemented in the underlying classical language and lifted to QuantumII.

Having access to measurement allows us to express end-to-end algorithms as we illustrate with
an implementation of a small instance of Grover’s search [22], which, with high probability, is
able to find a particular element x, in an unstructured data store of size n by probing it only
O(+/n) times. The algorithm works by preparing a particular quantum state, and then repeating
a subprogram—the Grover iteration, consisting of an oracle stage and an amplification stage—a
fixed number of times proportional to 4/n, before finally measuring the output. The data store of
size n is implemented as a unitary U : [2"] — [2"] such that U |x) = — |x) if |x) is the element
|xo) being searched for, and U |x) = |x) otherwise. Though this uses nontrivial phases, it is still
a classical program in disguise, and one could also use a classical function instead (though this
presentation is slightly more economical). We assume that this unitary is given to us in the form
of a QuantumlII program. The final part of the algorithm is the amplification stage, which guides
the search towards |xo). This part is the same for every oracle, depending only on the number of
qubits. On three qubits, the amplifier is given by the circuit on the right. Using the fact that the Z
gate is actually negation conjugated by Hadamard, we see that this 3-qubit amplifier is expressible

as the QuantumlI program on the left:
amp : 2 %, 2%, 2 & 2 x, 2 x, 2
amp = map3 H >>>

map3 X >>> {HFo——a{H}

ide *xxx ide *%xx H >>>

cex >>> *63—'E f

ide **x ide *x*x H >>> 1H Z+HPHHF

map3 X >>> G}D». .

map3 H

To complete the implementation, suppose that we are given a unitary of the form u: 23 e 74 2

described above. The initial state before iteration should be |+ + +), and we need to repeat the
Grover iteration [%@‘l = 3 times before measuring the output in the computational basis.
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All together, this yields the following QuantumlII program implementing 3-qubit Grover search:

grovers : I x, I x, I & 2 x,, 2 x,, 2
grovers = map3 plus >>>
repeat 3 (u >>> amp) >>>
map3 measureZ

8.5 The Formalization

Figure 5 and Theorem 3.1 were previously formalized [12, 15]. We additionally formalized [9]
everything shown in Figures 2—4, and 611, Definitions 4.4-5.1, Proposition 5.2, the arrows of
Proposition 5.9, the construction of Definitions 4.5 and 6.1 as well as all examples and proofs in
this section.

We have not formalized the Aharonov-Shi Theorem 2.1, nor Proposition 6.5, Theorem 5.11,
Theorem 7.3, although all the constructions used in theorems have been implemented.

9 Future Work

The more I1, the better precision. We have shown that two copies of a classical language, when
aligned just right, are sufficient to yield computationally universal quantum computation. However,
encoding general rotation gates, such as the ones needed for the quantum Fourier transform, is
awkward and inefficient using just Toffoli and Hadamard. Can additional copies of the classical
base language, when aligned carefully, improve this—and, if so, by how much?

Completeness. An equational theory is sound and complete when any two objects in the semantic
domain are equal iff they are provably equal using the rules of the equational theory. While it is
clear that reasoning in QuantumlII is sound, completeness is wholly unclear. A complete equational
theory for the Clifford+T gate set beyond 2 qubits is already unknown.

Formal quantum experiments. Programming languages have served as tools in thought
experiments about physical theories [2, 42]. (An extension of) QuantumlI could be used similarly,
to formulate contextuality scenarios or quantum protocols, and use the reasoning capabilities of
QuantumlI to answer questions about them.

Approximate reasoning. The categorical semantics of QuantumlI only give a way to prove that two
programs are exactly equal. How can we extend the model of QuantumlI to account for reasoning
that two programs are equal not on the nose, but up to a given error?
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