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k:(G) the number of cliques of order t in a graph G
ki(G) + k(G)
('F)
t

ci(n) = min{c(G) : |G| = n}

c(G) =

¢t = lim ¢(n)

n—oo

A 1962 conjecture of Erdos related to Ramsey’s theorem states
that
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The motivation for the conjecture:

@ ftrivially true for t = 2 (edges)
@ from Goodman'’s (1957) work follows for t = 3 (triangles)
@ true for random graphs

(1987) Shown false by A. Thomason for all t > 4 by providing
upper bounds:

® ¢, < 0.976.2°5
® c5 < 0.906-279
0 ¢ <0936-2"(2) fort > 5
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@ (1993) F. and R4d! using a computer search provided a
simpler counterexample for t = 4 with the same bound

@ (1996) Jagger, Stoviéek, Thomason: cs < 0.8801.29
@ (2002) F.: cg < 0.744514.2714

@ (1968) The only known lower bound is due to Giraud:
Cs > 25
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Quasirandom and nearly quasirandom graphs

It was known that ¢;(G) ~ 2'-(2) whenever Gis a quasirandom
graph.

Quasirandom graphs - the graphs “that behave like random
graphs" - were introduced and studied by F.R.K. Chung, R.L.
Graham, R.M. Wilson, and A. Thomason.

The aim of this presentation is to show that for t = 4, ¢;(G) >
21‘(5), if G is a nearly quasirandom graph, i.e. a graph arising
from quasirandom by a small perturbation.
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Quasirandom and nearly quasirandom graphs

Quasirandom graphs are defined as graphs with the property
that

@ [N(v)| ~ }|V|, and

@ [N(u) N N(v)| ~ 1| V| for aimost all v € V and almost all
pairs u,v € V.

where N(v) denotes the neighbourhood of vertex v.

For any fixed t, ki(R) + ki(R) ~ 2~ () (I for any sufficiently
large quasirandom graph R with vertex set V.
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Quasirandom and nearly quasirandom graphs

A quasirandom sequence of graphs R = {Rn}72,

@ for all but o(| V(Ry)|) vertices u € V(Rp), d(u) = |[N(u)|
satisfies 'd( ) — 'V(R” ‘ < o(|V(Ry)]), and

o for all but o (IVF)) ) pairs of vertices u, v € V(Ry), the

size d(u, v) of their common neighbourhood N(u) N N(v)

satisfies 'd(u, V) — 'V(f”)‘ < o(|V(Rn)|)-
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Quasirandom and nearly quasirandom graphs

Theorem (Chung,Graham,Wilson,Thomason)

LetR = {Rn} be a quasirandom sequence of graphs, then
there exists a sequence of positive reals {e,} so thate, — 0 as
n — oo and so that for every V.C V(Rp), |V| > en|V(Rn)|,

(; — €n> (Yh <e< <; +en ) (%)), where the e is the number

of edges of Ry, induced on a set V.
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Quasirandom and nearly quasirandom graphs

Foragraph D= (V,E)and U c V let dp(U) = E(r?{,ﬁj)]z denote
2

the edge density of the subgraph induced on U.

For a sequence D = {D,}and 0 < p <1 let
pD = {pD,} be any sequence with the following property:
Vi, = V(pDp) = V(Dp), and there exists ¢, — 0 such that

dpp,(U) — pop,(U)| < enas n— ooforany U C Vp,

\U| > en| Vil.
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Quasirandom and nearly quasirandom graphs

We can think of pD as a graph obtained from the graph D by
flipping a p-biased coin for each edge of D to decide to remove
it or to leave it. (p remove it, (1—p) leave i)

D = {Dy} an arbitrary sequence of graphs
R = {Rn} a quasirandom sequence

p(R,D) = {p(Rm Dn)} - {HnApDn}
A\ denotes symmetric difference

Franek, Rodl

Erdds’ conjecture for nearly quasirandom graphs



Motivation
0000000e00

Preliminaries

Quasirandom and nearly quasirandom graphs




Motivation
0000000080
Preliminaries

Quasirandom and nearly quasirandom graphs

P(R,D) = {p(Rn, Dn)} has the following property:

there exists a sequence {e,} of positive reals such that e, — 0
and for every U C Vp, |U| > ep| Vi,
|5P(Rn,Dn)(U)_ 5Rn—Dn(U)_ (1 _p)dﬂann(U)_ p(sDn—Rn(U)| <Eén:

So the farther we go in the sequence, the more it looks like the
diagram
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Quasirandom and nearly quasirandom graphs

dy(QG) = M where iy(G) is the number of isomorphic
copies (not necessarily induced) of H in G.

d(G) = dz(G).

For G = {Gn}, d(G) = lim inf d(Gp).

Z = K4 less one edge
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Theorem 1

Theorem

Let G be a sequence of graphs. Then d(G) > % and equality
holds if and only if G is a quasirandom sequence.

This answered a question of Erdds
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Theorem

For every \ > % there exists py, 0 < p) < 1, such that for every
quasirandom sequence of graphs R = {Ry}, and for every
sequence of graphs D = {Dp} with d(RAD) > A, if c4(p(R, D))
exists, then c4(p(R, D)) > 55+ (X — 3)p* whenever
0<p<pn

Loosely speaking: counterexamples to Erdds’ conjecture have
to differ essentially from quasirandom graphs.

We call p(R, D) a nearly quasirandom sequence.
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Basic Ideas for the Proofs

We use t-vectors to represent sequences of graphs.
X is a t-vector with t? real valued entries x;;, 1 < /,j < t and so
that Xij = Xji-

Bi = {X c R : Xis a t-vector & |x;;| <1 forall1 <i,j < t}. unit
ball

V, W disjoint sets of vertices of a graph G are e-uniform if
[o(V, W) —46(V', W)| < e whenever V' C V and |V'| > | V]|,
and W' c Wand |W'| > e-|W|.
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Basic Ideas for the Proofs

t-vector X e-represents a graph G

@ the vertex set of G can be partitioned into ¢ disjoint classes
A, LA

o ||Aj| —|Ajl| <tforall1 <ij<t and

e all but t? pairs {A;, A;}, are e-uniform, and

o 6(A,A) = L(1+x;) forall 1 <ij<t, i#j and
@ §(Ai,A)=0(A)forall1 <i<t
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Basic Ideas for the Proofs

t-vector X represents a sequence of graphs g iff there is a
sequence of positive reals {e,} so that ¢, — 0 and X
ep-represents Gy, for every n.

Theorem 1 can be reformulated as: X represents a
quasirandom sequence iff X = 0.
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Basic Ideas for the Proofs

0 Cy(X) =
s > (X)) xi) (1+x0) (1450 (4x3,) (T4Xk )+
1<ijk,I<t
(x0T —xis) (30— (1—x5) (1 —35)]
o D(¥) =
wa Y [+ +x0) x50+ (14X, +
1<ijk,I<t
(—x)( x50 —x) (x50 —x1)]

x|
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Basic Ideas for the Proofs

o o(¥) = 5

At > XXkt D> XijXk

1<ij k<t 1<ij .k I<t

N
~

v 3
0 b(X) =2 | D XiXiXkXki+4 D XiXiXXe
1<ijk i<t 1<ijk /<t

- 1
© aX) = zmm Y XijXikXiiXjkXj Xk
1<ijkl<t
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Basic Ideas for the Proofs

@ Ife, — 0, th — oo, each t,-vector X, e-represents G, then
liMp—oo C4(Gn) = liMp_oo C4(;n)

@ If t-vector X represents a graph sequence G, then d(G) =
D(x)

@ For any t-vector X, C4(X) = 31—2 + ¢(X) + b(X) + a(X)

@ For any t-vector X, D(X) = 8 + 4(20( ) + b(x ))

@ For any t-vector X € By, |a(X)| < 55

@ For any t-vector X, ¢(X) >0
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Basic Ideas for the Proofs

The facts established up to here are sufficient to prove
Theorem 1. More facts needed to prove Theorem 2.
@ D(X) is strictly minimal for X = 0
@ For any t-vector X, 2¢(X) + b(X) > 0 The equality is
attained iff X = 0

@ Forany A > 3 thereis puy, 0 < p1\ < 1, so that for any
positive integer t and for any U € B; with D(4) > A, f;(u) =
a(U)u® + b(U)u* + c(U)u? > (A — §)u forany u € [0, )]
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Basic Ideas for the Proofs

@ Szemerédi’s Uniformity Lemma
Given ¢ > 0, and a positive integer /. Then there exist
positive integers m = m(e, /) and n = n(e, /) with the
property that the vertex set of every graph G of order > n
can be partitioned into t disjoint classes Ay, ..., A; such that
(@) I<t<m,
(b) [|A— A <tforall1<ij<t,
(c) All but at most t? pairs A;, Aj, 1 < i,j < t, are e-uniform.

The facts established up to here are sufficient to prove
Theorem 2.
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Summary

@ When counting monochromatic copies of Z, the
quasirandom graph attains the minimum > g answering a
question of Erdds

@ For counting monochromatic copies of K, Erdés’
conjecture holds true for nearly quasirandom graphs
though in general the conjecture is not true

@ Further research will concentrate on pushing down the
upper bounds (cf. presentation by A. Baker).
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